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1. INTRODUCTION

The classical Lotka—Volterra type systems are very important in
models of multi-species population dynamics. There are consider-
able works on the study of global asymptotic stability of Lotka—
Volterra type systems with time delays that have been developed
in Refs. [1-3,7,8,10-15]. In addition to these, the books of
Gopalsamy [4] and Kuang [9] are good sources for the topic of
Lotka—Volterra type systems with time delays. Recently, by con-
structing appropriate Lyapunov functionals, Bereketoglu and
Gyori [2] and Teng and Yu [13] have studied the global asymptotic
stability of nonautonomous Lotka—Volterra type systems with finite
and infinite delays, respectively. The systems they considered con-
tain instantaneous delay-indenpendent terms which dominate
other intraspecific and interspecific interaction effects with delays.
However, when such delay-indenpendent terms are not present,
the Lyapunov functionals in Bereketoglu and Gyori [2] and Teng
and Yu [13] are not valid. In view of the fact that in real-life
interactions, instantaneous responses are rare or weak relative to
delayed responses, more realistic models should consist of delay
differential systems without instantaneous (negative) feedbacks.
Most of the known convergence results for delayed systems require
dominating or strong instantaneous negative feedbacks or some
restrictions on initial conditions. In order to justify the common
belief that “small delays are negligible in some modelling process
as far as stabilities are concerned”, it is thus important to show
under some reasonable assumptions that the global stability of a
Lotka—Volterra system or other general systems persist when time
delays are small enough. This is indeed a long standing question in
the qualitative analysis of systems of delay differential equations.
Kuang [7] presented a partial answer to this open question for
Lotka—Volterra type systems with a saturated equilibrium.
Motivated by the works of Bereketoglu and Gyori [2], Teng and Yu
[13] and Kuang [7], in this paper we consider delayed nonautonomous
Lotka—Volterra type systems without saturated steady state solu-
tions and without dominating instantaneous negative feedbacks. For
n-species Lotka—Volterra food-chain system with infinite delays, this
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results in the following delayed system
xi(1) = Xl(f)("l(f) - all(l‘)/o Kii(s)x1(t — s) ds — ana(1)
K —8) d:
[ Kintoatr =)
xi(1) = xi(1) (—rt(l) +a;, i—1(f)/ Ki ic1(9)xi—1(t — 8) ds — a; (1)
0

« /0 Ki&)xt — s)ds — iy 11(0) /0 Koot (5)xis1(t — 5) ds)
(i=2,....,n—1)

xn([) = xn(t)<_rn(t) + an,nfl([) /(;oo Kn,nfl(s)xnfl([ - S) ds

— (1) /0 " Kot — ) ds),
(1.1)

where x;(r) denotes the density of the prey and predator population,
respectively.

In this paper, for system (1.1) we always assume that for all
Lj=12,...,m

(H1) ri(#),a;(r) are continuous, bounded functions defined on
[0, + 00), ri(t) > 0, a;(¢) > 0 for all ¢ € [0, 00);

(H2) K;(?) : [0,00)=>[0,00) are piecewise continuous and normal-
ized functions such that

/ Ki(s)ds = 1; o = / sKij(s)ds < o0. (1.2)
0 0

Motivated by applications of system (1.1) to population dynamics,
we assume that solutions of system (1.1) satisfy the initial conditions

xi(0) = ¢i(0), 0€(—00,0], ¢:(0)>0, i=1,2,...,n, (1.3)

where each ¢; is a given nonnegative and bounded continuous function
on (—o00,0]. It is well known that by the fundamental theory of
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functional differential equations [6], system (1.1) has a unique solution
x(1) = (x1(¢), x2(2), . . ., x,(¢)) satisfying the initial conditions (1.3). It
is easy to verify that solutions of system (1.1) corresponding to initial
conditions (1.3) are defined on [0, + c0) and remain positive for all
t > 0. In this paper, the solution of system (1.1) satisfying the initial
conditions (1.3) is said to be positive.

If f(¢) is a continuous bounded function defined on [0,+ oco), we set

fr=inff0. M =sup /) (1.4)

In the following we say a positive solution of system (1.1) is globally
asymptotically stable if it attracts all other positive solutions of the
system.

The organization of this paper is as follows. In the next section, we
prove the boundedness of the positive solutions of system (1.1) with
initial conditions (1.3) under appropriate condition, and sufficient
conditions are derived for the positive solutions of system (1.1) to be
globally asymptotically stable.

2. MAIN RESULTS

Lemma 2.1 Let x(t) = (x1(8), x2(2), . . ., x,4(¢)) denote any positive sol-
ution of system (1.1) with initial conditions (1.3). If system (1.1) satisfies
(H1)—~(H2) and the following:

(H3) oM

L L
n,n—lR”—1 > a

n—l,n—lrn’

where

M
a’._ Ri_
i,i—11%—1 L

Ri=—7 -1y, i=34,...,n—1;
4y, im
M.

R, =B L

2 = L 2
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then there exits a T > 0 such that

O<xi(ty<=M; (i=12,...,n), fort>T, (2.1)
where
M
M > MT = "I ]
aky [5° Ki(s)e " ds
aMMl — }’L

]\42 > M* — = 21 2 s

2T dl, I3 Kaa(s)e™@iMi=ras s

alMi_lM,-,l — }"iL

M; > M} = : i=3,4,....,n. (2.2)

L [0 —(aM M —rb)s 5.2
ak [,7 Ki(s)e (@5 Mici=r)s g

O

The proof of Lemma 2.1 is similar to that of Theorem 2.1 in
Gopalsamy and He [5] and is therefore omitted here.

In the following, by improving the method given in Refs. [2,13], we
further discuss the global asymptotic stability of the positive solutions
of system (1.1). Now we state our main result below.

THEOREM 2.1  In addition to (H1)—(H3), assume further that there exist
¢i>0,i=1,2,...,n, such that the following hold:

(H4) liminf |:cla11(t) — /OO Ko (s)ax (¢t + s)ds
1—>00 0
= ci(r () + an(OM + ain()M>)

f f Kii(s)aj (v+s)dvds

— ZCkMk/ / /+r . Kk (8)arsc (v + $) K1 (r)

X akl(t+r)dvdsdr] >0
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(o]
(H5) liminf | ¢;a;(f) — ¢i—1 / Ki 1, i()ai—1,i(t +s)ds — cip
—00 0
0@
X / Kiv1,i(8)air1,i(t + s) ds
0

i+1 oo pt
— ¢ <r,~(t) + Z aik(t)Mk> / f Kii(s)aii(v + s) dv ds
0 t—s

k=i—1
i+1 o0 OO pttr
- Z kM f f Kt ()i (v + ) Kpei(r)
k—=i—1 0 0 t+r—s

X aki(l—i—r)dvdsdrj| >0, i=2,3,....,n—1;

(H6) 11{1’1 inf |:Cnann(t) — Cn—1 / anl,n(s)anfl,n(t +5)ds
—00 0
- C,,(V,,([) + an,n—l(Z)Mn—] + ann(l)Mn)

lo'e) t
y / / Kn($)tm(v + 5) dv ds
0 t—s

n 00 OO pltr
- > CkMk/ / Kie(s)ai(v + 5)
0 0 t+r—s

k=n—1

X Kpn(r)agn(t + 1) dv ds dri| > 0.

Then for any positive solutions x(7) = (x;(¢), x2(?), ..., x,()) and
(@) =(1(0), y2(2), - . ., yu()) of system (1.1), one has

lim () =yl =0, i=12..n. 2.3)
—00

O

Proof  For any two nontrivial solutions x(¢) = (x;(¢), x2(¢), . . ., x,(¢))
and y(t) = (y1(¢), »2(0),...,yu(¢)) of system (1.1), we have from
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Lemma 2.1 that there exist positive constants 7 and M; (i=1,
2,...,n), such that for all t > T,

0<xi(t)<M;, 0<yilt)<M, i=12,...,n (2.4)

Let

V() = Inx, (1) — In y1 (1)1 (2.5)

Calculating the upper right derivative of V;(f) along the solutions
of (1.1), it follows that

DYV = <28—%) sgn(x1 (1) —y1(1))
=sgn(xlm—yl(z))[—an(r) [ &= -nt-snas
~ano) [ OoK12(S)(X2(1—S)—yz(l—S))dS}
=sgn(x1(H)—» (l))[—al 1(O)(x1(D) = y1(1) — ara(?)

y /0 " Kias)(rali— ) —yali— ) ds+an (1)

« /0 /{_SKH(s)(fn(u)—y'l(u))duds+ m(z)}
(2.6)
where
W) = ano) / Ku()(ai(t) = x1(t — 5)) ds

—an(o) / " K601 (1) = 1(t = ) ds.
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On substituting (1.1) into (2.6), we derive

DY V(1)
= sgn(x1(1) — y1())[—an()(x1(2) — y1(2)

—mﬂOAwMAMMU—Q—WA%ﬂDﬁ
ran) [ [ ko]
—aMWANKMﬂMW—HW—aMWAmeﬂmw—ﬂW]
—nw{mm—aumAmenww—om
— alz(u) \/Ooo Ku(}")_))z(ll — I") dri| }du ds + Wl(l)i|

= sgn(x(¢) — yl(f))[ —an()(x1(t) — yi1(2)
—adﬂﬂmmmea—@—na—@wm
+mdﬂ£ Kﬂﬂkmm—wWDVW)
—a(u) fooo K (my1(u —r)dr — ap(u) /:O Kp(m)ya(u—r) dr:|
+xmm[—mmmAmewumw—o—nw—w»m
ﬂmwﬂmmWWWhﬂ—mw—mW“W$+Wwﬂ

< —an(@)|x1(t) — y1(9)|
+ad0/ Kis(s)xat — 5) — ol — )lds
0

~|—a11(f)/0 Kn(s){|x1(u) —yl(u)||:l’1(u)

+ all(u)/ Kiy(myi(u—rydr+ alz(u)/ Kp(m)ya(u—r) dri|
0 0

+xwopnwx4<KKOWKM—0—yKu—ﬂMr

+admﬂmmmew—n—mw—mWHmMwawn @7
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Define

V12(l)=/0°°/ Kio(8)ar(u+ )| x2(u) — y2(u)|duds
+/OOO/”/V K11(s)a11(v+s)[r1(u)—i—an(u)/ooo](ll(,)yl(u_r)dr

+ app(u) /000 Kp(m)ya(u—r) dri| |x1(1) — y1(u)|dudvds

2 00 pt {
+Z/ / / Kii()an (v + s)aie(u)xi(u)
=170 t—sJv
X |:/ Klk(r)|xk(u—r)—yk(u—r)|dri|dudvds. (2.8)
0
It then follows from (2.7) and (2.8) that

DTV(t) + Via(t) < —an(@)|xi(t) — y1(D)]

+ / Kia()aa(t + 5) dslxa(t) — ya(1)]
0
+/(; /I_X K”(s)a”(v+s)dvds|:r1(t)
+an() / Ku(i(t — ) dr
0
+an() /0 Kot — 1) dr} () = 30
2 00 t
+ x1(2) ; alk(l)/o /[_S Kii(s)aj(v+s)dvds

< /0 KDt — 1) — yilt — Oldr + W1 (0).
(2.9)

Define

Vi(t) = Vi(®) + Via(2) + Vi3(0), (2.10)
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in which

V13(1)=gfow //Ow [:;Kn(s)an(ws)

x Kye(ray(u+ r)xi(u 4+ r)|xi(u) — ye(u)|\dv ds dudr.
Then it follows from (2.9), (2.10) and (2.11) that

DYVi(1) < —an(0)|xi(1) — y1 ()]

+ /0 Kin(s)an( + 5) dslxa(t) — y2(0)|
+/:o/ Kn(s)a”(v+s)dvds[r1(t)
+an() / Kt =y dr

0

+an() /0 " Ki(yali— 1) dr] () = 3 (0

2 00 OO pltT
—l—Z/ / / Ki(s)an(v+s)
k=170 0 tHr—s

(2.11)

x Kye(na(t + r)xi(t + r) dvds dr|xi () — ye (O] + W1 ()]

= —(111([)|X1(t) _yl([)|

+ /0 " Kia(s)aa(t + ) dspa(t) — v2(0)

10 [ [ Kuan-+9dvdsin(d - o)

= T
+/0 /tSK11(S)a11(v+s)dvds{au(t)/0 Kyt — rydr

=T
+an() /0 Kinwalt = 1) dr} 1 (6) = 1 ()

2 o0 o0 pt4r
+Zf / / Kii(s)ay (v + )Ki(r)ay(t +r)
k=170 0 t+r—s

x x1(t+r)dvds dr|xi() — yi()] + W1 ()| + B1(2),

(2.12)
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where
Bi(t) = /000/ .Kll(S)Cln(V+S)dVdS|:au(1) /"‘; Kyt —r)dr
+an [ KiGr—n dr] (0 - n().
T

By (2.4), x1(¢) < My, yi(t) < Mi(k =1,2), for ¢t > T. This, together
with (2.12), for ¢t > T, leads to

D V(1) = —an@)lxi(0)—y1(2)] +/0 Kia(s)ar(14s)ds|x2(1) = y2(2)|

2 00 pt
+(”1([)+Zalk(l)Mk>/0 /ﬂKll(S)dn(V‘i‘S)dVdS

k=1
2 00 poo  pltr
xba@-nO+3 Y [ [ [ K@K
k=170 0 t+r—s
x ay(t+r)dvdsdr x | xi(t) — yi ()| + | W1(6)|+ By (2). (2.13)
Next, fori=2,...,n—1, let
Vi(t) = V(1) + V(1) + Via (1), (2.14)

where
Vi(5) = [ Inx;(t) — In y; (1),

Via(t) = fo /7'1(,',1‘—1(5")6!1‘, i—1(u+ 9)|x;i—1(w) — yi—1(w)| duds

lo'e] 1
+ / / Kiois1(5)a i1t ) 101 () — v ()] du i
0 1—s

N /0 ~ /ti / ’ Kii(s)aii(v+s)[ri(u)

i+1 00
£ 3w [ Kamt =i -yl dudva

k=i—1
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+ kii:l /000 /t; /vt Kii(s)ai(v + s)ai(u)x;(u)

X |:/Oo Ky () xe(u — 1) — yie(u — r)|dr:|du dv ds, (2.15)
0

i+1 0o pt 00 pUAT
a0 = [ [T &iaitr+s
k=i—170 t—r JO u+r—s

x K (Nag(u + r)xi(u+ r)|xi(u) — yr(u)ldvds dudr.
Then it follows from (1.1), (2.14) and (2.15) that for t > T
DtV < —aii(t)lxi(f)—yi(l)l'i-f Kii_1(s)aii—1(t+s)ds
0

x X1 (D) =y (O] + / Keiin(8)aii1 (4 5)ds i1 (0)— yia (1)
0

i+1 o0 pt
+ (Vi(l)+ Z aik(t)Mk>/ / Kii(s)aii(v+s)dvds
0 t—s

k=i—1
i+1 00 OO pl4r
X |xi() —yi()|+ M; Z/ / Kii(s)aii(v+s)
k=i-10 JO  Jrdr—s

X ai(t+1)Kip(r)dvdsdr x |x () =y (O 4+ W) + Bi(1), (2.16)

where

Wi(t) = an(t) / " Ku()e(0) — xi(t — ) ds
— a,'[(l)/ K,’,‘(S)(y,'(l) — yi(l — S)) dS,
B(1) = /0 N / Ku()au(v + 5) dv s
i+1 00
x> a0 [ Kyt =it = o),
j=i—1 =T

Finally, we define

Vn(t) = an([) + Vn2([) + V,ﬂ(l‘), (217)
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where

an(t) =| In xn(t) - lnyn(t)|>
00 !
VnZ(Z) = / / Kn,n—l(s)an,n—l(u + S)lxn—l(u) - yn—l(”)|du ds
0 t—s

+/oo /i Kt K,m(s)an,,(v—i-s)[rn(u)

+ Z a,,,(u)/ Kn,(l)y,(u—i)dl]lxn(u) Vu(u)|du dv ds

j=n—1

N k; /0 ~ [ / " Kon($Yan (v + 530 (10,0

[[ K ()i — 1) — yi(u — i)ldr]dudvds

ns(o—k; / / , f /:"sxnn(s>am(v+s>

119

X K (r)an,(u + r)x,(u + r)|xi (1) — yr(w)|dv ds du dr. (2.18)

Then along the solution of (1.1), we have that for t > T
D* Vu(8) < =ann(D)1x(1) — yu()]

+ / Kn,n—l (S)an,n—l (Z + S) dS|X,,_1 (t) — Vn—1 (Z)|
0

+ (rn(t)+ i ank(l)Mk>

k=n—1

X [)‘Oo /tis Ko ($)an, (v + ) dv ds|x,,(£) — v, ()]

n 00 00 1+r
+M, > / / [ Kon(8)am(v + 5)
k=n—1Y0 0 t+r—s

X aui(t + 1)Ky (r) dv ds dr

X |xx(t) =y + WO + Bau(1), (2.19)
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where

Wn(t) = ann(t) /Oo Knn(s)(xn(t) - xn(t - S)) ds

— (1) / Kn()0a(t) — 1l — 5)) s,

n

B,(t) = /Ooo /r'Knn(s)ann(v + s)dvds Z (1)

Jj=n—1
x / Ko(Pi(t — ) drlxat) — ya(D)-
—T

Now we define a Lyapunov functional V() by

V=3 Vi),
i=1

(2.20)

Then it follows from (2.13), (2.16), (2.19) and (2.20) that for t > T

DV = — Z AiO)lxi(0) = yiO| + W () + B(2),
i=1

where

A(t) = cran (1) — Cz/ K (s)aoi (t + s) ds
0
— (@) + an(OM; + app()M>)
XA [_SK11(5)011(V+S)dVdS

2 00 o0 pltr
DL / / K ($)atiie(v + 5)
k=1 0 0 t+r—s

x K (Rak (1 + r) dvds dr;

(2.21)
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00
Ai(H) = c;a;(t) — ¢iy / Ki_1i(s)ai—1,i(t+5)ds — ci1
0

00
X / Kiy1,i(s)ai1,i(t+s)ds
0

i+1 0ot
—¢ (Vi(f) + ) ai/c([)Mk> / / Kii(s)aii(v+s)dvds
0 t—s

k=im1
i+1 00 0O pltr
-> CkMk/ / Kiei($) i (v + 8)Kii(r)ai(1 +r) dv dsdr,
k=i—1 0 0 t+r—s
i=2.3....n—1:

An(l) = Cnann(t) —Cn—1 / anl,n(s)anfl,n([‘i‘s) ds
0
lee] !
_Cn(riz(t)+an,n—l(l)Mi1—l +anl1(t)Mn)/ / K,m(s)a,m(v+s)dvdv
0 t—s

n 00 00 +r
- Z C/ch/ / Kt (8) (v + 8) Kin (N aen(t + 1) dv ds dr;
k=n—1 0 0 t+r—s

W)=Y clWinl;  B)=Y_¢;B1).
i=1 i=1

By hypotheses (H4)—(HO6), there exist constants ; > 0 (i = 1,2,...,n)
and 77 > T, such that
Ai(f) >o; >0, fort> Tik (222)

We Note that

—00<s<

W) < an” |:|x1(t) —yi(Ol+ sup |x1(s) yt(S)l]/ Kii(s) ds;
i=1 !

Bl(l)<anonzau sup y/(s)|x1(l)_YI([)|/_TKI_/(S)dS;

7OO<.5
i+1 00
B < afor 3 alf swp yu -yl [ Ko
—00<s< t—T

j=i—1
i=23,....,n—1;

B1) < o Z A _sup 30 =) /_TKU,(.s)ds. (2.23)

Jj=n—1 —oo<
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By assumption (H2), [ Kj(s)ds— 0 and [, Kj(s)ds— 0 as
t—> o0, i,j=1,2,...,n. It then follows from (2.23) that there exist
8i,11,0 < 8; < (1/2)e;,0 < m; < (1/2)a; and a T* > T} such that for

t>T*
W) < Zl () — 3O+ 210,
B() < ; (0 — (o),

where

zl(r)—anl, sup 56 =) [ Kito) .

—00<s<0

Integrating both sides of (2.21) on the interval [T*, {],
n t 1
0+ Y [ A - nolds = v+ [ we
i=1 4T T
t
—i—/ B(s)ds, fort> T*.
T*
It follows from (2.22), (2.24) and (2.25) that
n !
PO+ (e b= n) [ (o)~ niolds = V()
i=1 T
!
+/ Zi(s)ds, fort>T".

Notice that for ¢t > T*

[ zon=3aa s io-sor[ [ Ko

—00<s<0

< an” sup | x;(s) —y,(v)|/ sK;i(s) ds.
0

—o00<s<0

(2.24)

(2.25)

(2.27)



STABILITY IN A DELAYED LOTKA-VOLTERRA SYSTEM 123

It therefore follows from (2.26) and (2.27) that for t > T*

YO+ Y == [ 1) = ds = €. (2.28)
i=1 *

for some constant C > 0. Therefore, V(¢) is bounded on [T*, co)
and also

lo.¢]
/ |xi(s) —yi(s)|ds < o0, i=1,2,...,n. (2.29)

5’

By Lemma 2.1, |x;(f) — y;(¢)| is bounded on [T*,00),i = 1,2,...,n.

On the other hand, it is easy to see that x;(¢) and y;(t) i = 1,2,...,n)
are bounded for ¢ > T*. Therefore, |x;(f) — y;(¢)| is uniformly continu-
ous on [T*,00),i = 1,2,...,n. By Barbalat’s Lemma (see [4]), one can
conclude that

lim xi() =y =0, i=12...n. (2.30)

O

Remark 1 By Theorem 2.1 and the notation in (1.4), one can get a set
of easily verifiable sufficient conditions that guarantee the global
asymptotic stability of the positive solution of system (1.1). The
following result gives an estimate on the size of delays in terms of

the coefficients and the upper bounds ¥, af}” and M;, i,j=1,2,...,n.

CoROLLARY 2.1  Assume (H1)—(H3) hold. Then the positive solution of
system (1.1) with initial conditions (1.3) is globally asymptotically stable
provided that

(H7) there exist ¢; >0, i =1,2,...,n, such that the following hold:

11}’11 il’lf|:61a11(l) — f Kz](S)[lZl(l ~+ 5)ds
— 00 0

2

M M M M M M .

— 6’16111011(11 —|—a“M1 +a12M2) — E ckakkakleUkki| > 0;
k=1
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li¥n iﬂf[ciaii(l) —Ci- / Ki1,i()aj—1,i(t + 5)ds — ciq
—00 0

o0
X/ Kiy1,i()ajpr,i(t + s)ds
0

i+1 i+1
ca oji r + Z alkMk — Z ckakMka%Mkakk} > 0,

k=i—1 k=i—1
i=2,3,....,n—1;

oe]
lim infl:cnann(t) — Cn—1 / Kn—l,n(s)an—l,n(t +5)ds
—00 0
.M M M
— c,,anno,m<rn +an’n71Mn 1 —|—a,mM )
n
M M
- Z ckakkaankUkk] > 0. O
k=n—1

Remark 2 1If K;j(s) =4(s), the Kronecker delta function, 7, j =1,
2,...,n, then o; =0 and system (1.1) reduces to the instantaneous
system i.e. one without delay

x1 = x1()(r1(1) — an(O)x1(2) — ara()x2(2))
xXi = X{(O(=ri(0) + ai, i-1()xi-1(2) — ai(0)xi(7)
—a; i1 (Oxi (@) (i=2,...,n—1)
Xn = Xp(O)(=1n(0) + an,n—1(DXn—1(2) — aun(0)Xn (1))

(2.31)

On substituting Kj;(s) = 8(s) and o;; =0 (i,j =1,2,...,n) into (H7),
Corollary 2.1 yields that the positive solution of system (2.31) is
globally asymptotically stable provided that

M L
H8) a,’, My >r,,
where
M M
r ay M
1 21 M1
M= M 2,
an ay
M
a M,y —r
—1iMi—1 .
M; =21 L i=34,...,n—1
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(H9) There exist positive constants ¢; (i = 1,2,...,n) such that
liminflerai(7) — e2a(1)] > 0,
—00
li{n inf[c;a;(1) — ci—1a;-1,i(1) — ciy1ai41,i(0)] > 0,
— 00

lim inf[cnann([) - Cn—lan—l,n(t)] > 0.
1—00

We therefore have the following corollary to Corollary 2.1.

COROLLARY 2.2 The positive solution of system (1.1) with initial con-
ditions (1.2) is globally asymptotically stable if the positive solution of
the corresponding instantaneous system (without time delay) is globally
asymptotically stable and oy is sufficiently small satisfying (HT). O

In this paper, we have shown that small delays are negligible for
the global asymptotic stability of the positive solution of the delayed
nonautonomous #n-species Lotka—Volterra food-chain systems pro-
vided that the delayed negative feedbacks dominate other interspecific
interaction effects with delays. We note that Theorem 2.1 cannot be
obtained from [2, Theorem 1].
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