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1. INTRODUCTION

The classical Lotka–Volterra type systems are very important in

models of multi-species population dynamics. There are consider-

able works on the study of global asymptotic stability of Lotka–

Volterra type systems with time delays that have been developed

in Refs. [1–3,7,8,10–15]. In addition to these, the books of

Gopalsamy [4] and Kuang [9] are good sources for the topic of

Lotka–Volterra type systems with time delays. Recently, by con-

structing appropriate Lyapunov functionals, Bereketoglu and

Gyori [2] and Teng and Yu [13] have studied the global asymptotic

stability of nonautonomous Lotka–Volterra type systems with finite

and infinite delays, respectively. The systems they considered con-

tain instantaneous delay-indenpendent terms which dominate

other intraspecific and interspecific interaction effects with delays.

However, when such delay-indenpendent terms are not present,

the Lyapunov functionals in Bereketoglu and Gyori [2] and Teng

and Yu [13] are not valid. In view of the fact that in real-life

interactions, instantaneous responses are rare or weak relative to

delayed responses, more realistic models should consist of delay

differential systems without instantaneous (negative) feedbacks.

Most of the known convergence results for delayed systems require

dominating or strong instantaneous negative feedbacks or some

restrictions on initial conditions. In order to justify the common

belief that ‘‘small delays are negligible in some modelling process

as far as stabilities are concerned’’, it is thus important to show

under some reasonable assumptions that the global stability of a

Lotka–Volterra system or other general systems persist when time

delays are small enough. This is indeed a long standing question in

the qualitative analysis of systems of delay differential equations.

Kuang [7] presented a partial answer to this open question for

Lotka–Volterra type systems with a saturated equilibrium.

Motivated by the works of Bereketoglu and Gyori [2], Teng and Yu

[13] and Kuang [7], in this paper we consider delayed nonautonomous

Lotka–Volterra type systems without saturated steady state solu-

tions and without dominating instantaneous negative feedbacks. For

n-species Lotka–Volterra food-chain system with infinite delays, this
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results in the following delayed system

_xx1ðtÞ ¼ x1ðtÞ r1ðtÞ � a11ðtÞ

Z 1

0

K11ðsÞx1ðt� sÞ ds � a12ðtÞ

�

�

Z 1

0

K12ðsÞx2ðt � sÞ ds

�

_xxiðtÞ ¼ xiðtÞ �riðtÞ þ ai, i�1ðtÞ

Z 1

0

Ki, i�1ðsÞxi�1ðt� sÞ ds � aiiðtÞ

�

�

Z 1

0

KiiðsÞxiðt � sÞ ds � ai, iþ1ðtÞ

Z 1

0

Ki, iþ1ðsÞxiþ1ðt � sÞ ds

�
ði ¼ 2, . . . , n � 1Þ

_xxnðtÞ ¼ xnðtÞ �rnðtÞ þ an, n�1ðtÞ

Z 1

0

Kn, n�1ðsÞxn�1ðt � sÞ ds

�

�annðtÞ

Z 1

0

KnnðsÞxnðt� sÞ ds

�
,

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

ð1:1Þ

where xiðtÞ denotes the density of the prey and predator population,

respectively.

In this paper, for system (1.1) we always assume that for all

i, j ¼ 1, 2, . . . , n:

(H1) riðtÞ, aijðtÞ are continuous, bounded functions defined on

½0,þ1Þ, riðtÞ > 0, aijðtÞ > 0 for all t 2 ½0,1Þ;

(H2) KijðtÞ : ½0,1Þ� ½0,1Þ are piecewise continuous and normal-

ized functions such that

Z 1

0

KijðsÞ ds ¼ 1; �ij ¼

Z 1

0

sKijðsÞ ds < 1: ð1:2Þ

Motivated by applications of system (1.1) to population dynamics,

we assume that solutions of system (1.1) satisfy the initial conditions

xið�Þ ¼ �ið�Þ, � 2 ð�1, 0
, �ið0Þ > 0, i ¼ 1, 2, . . . , n, ð1:3Þ

where each �i is a given nonnegative and bounded continuous function

on ð�1, 0
. It is well known that by the fundamental theory of
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functional differential equations [6], system (1.1) has a unique solution

xðtÞ ¼ ðx1ðtÞ, x2ðtÞ, . . . , xnðtÞÞ satisfying the initial conditions (1.3). It

is easy to verify that solutions of system (1.1) corresponding to initial

conditions (1.3) are defined on ½0,þ1Þ and remain positive for all

t � 0. In this paper, the solution of system (1.1) satisfying the initial

conditions (1.3) is said to be positive.

If f ðtÞ is a continuous bounded function defined on ½0,þ1Þ, we set

f L ¼ inf
t�0

f ðtÞ, f M ¼ sup
t�0

f ðtÞ: ð1:4Þ

In the following we say a positive solution of system (1.1) is globally

asymptotically stable if it attracts all other positive solutions of the

system.

The organization of this paper is as follows. In the next section, we

prove the boundedness of the positive solutions of system (1.1) with

initial conditions (1.3) under appropriate condition, and sufficient

conditions are derived for the positive solutions of system (1.1) to be

globally asymptotically stable.

2. MAIN RESULTS

LEMMA 2.1 Let xðtÞ ¼ ðx1ðtÞ, x2ðtÞ, . . . , xnðtÞÞ denote any positive sol-

ution of system (1.1) with initial conditions (1.3). If system (1.1) satisfies

(H1)–(H2) and the following:

(H3) aM
n, n�1Rn�1 > aL

n�1, n�1r
L
n ,

where

Ri ¼
aM
i, i�1Ri�1

aL
i�1, i�1

� rLi , i ¼ 3, 4, . . . , n � 1;

R2 ¼
aM
21r

M
1

aL
11

� rL2 ,

110 R. XU et al.



then there exits a T > 0 such that

0 < xiðtÞ � Mi ði ¼ 1, 2, . . . , nÞ, for t � T , ð2:1Þ

where

M1 > M

1 ¼

rM1

aL
11

R1
0 K11ðsÞe

�rM
1

sds
,

M2 > M

2 ¼

aM
21M1 � rL2

aL
22

R1
0 K22ðsÞe

�ðaM
21

M1�rL
2
Þsds

,

Mi > M

i ¼

aM
i, i�1Mi�1 � rLi

aL
ii

R1
0 KiiðsÞe

�ðaM
i, i�1

Mi�1�rL
i
Þsds

, i ¼ 3, 4, . . . , n: ð2:2Þ

œ

The proof of Lemma 2.1 is similar to that of Theorem 2.1 in

Gopalsamy and He [5] and is therefore omitted here.

In the following, by improving the method given in Refs. [2,13], we

further discuss the global asymptotic stability of the positive solutions

of system (1.1). Now we state our main result below.

THEOREM 2.1 In addition to (H1)–(H3), assume further that there exist

ci > 0, i ¼ 1, 2, . . . , n, such that the following hold:

ðH4Þ lim inf
t!1

"
c1a11ðtÞ � c2

Z 1

0

K21ðsÞa21ðt þ sÞ ds

� c1ðr1ðtÞ þ a11ðtÞM1 þ a12ðtÞM2Þ

�

Z 1

0

Z t

t�s

K11ðsÞa11ðv þ sÞ dv ds

�
X2
k¼1

ckMk

Z 1

0

Z 1

0

Z tþr

tþr�s

KkkðsÞakkðv þ sÞKk1ðrÞ

� ak1ðtþ rÞ dv ds dr

#
> 0;
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ðH5Þ lim inf
t!1

"
ciaiiðtÞ � ci�1

Z 1

0

Ki�1, iðsÞai�1, iðtþ sÞ ds� ciþ1

�

Z 1

0

Kiþ1, iðsÞaiþ1, iðtþ sÞ ds

� ci riðtÞ þ
Xiþ1

k¼i�1

aikðtÞMk

 !Z 1

0

Z t

t�s

KiiðsÞaiiðvþ sÞ dv ds

�
Xiþ1

k¼i�1

ckMk

Z 1

0

Z 1

0

Z tþr

tþr�s

KkkðsÞakkðvþ sÞKkiðrÞ

� akiðtþ rÞ dv ds dr

#
> 0, i ¼ 2, 3, . . . , n� 1;

ðH6Þ lim inf
t!1

"
cnannðtÞ � cn�1

Z 1

0

Kn�1, nðsÞan�1, nðt þ sÞ ds

� cnðrnðtÞ þ an, n�1ðtÞMn�1 þ annðtÞMnÞ

�

Z 1

0

Z t

t�s

KnnðsÞannðv þ sÞ dv ds

�
Xn

k¼n�1

ckMk

Z 1

0

Z 1

0

Z tþr

tþr�s

KkkðsÞakkðv þ sÞ

� KknðrÞaknðt þ rÞ dv ds dr

#
> 0:

Then for any positive solutions xðtÞ ¼ ðx1ðtÞ, x2ðtÞ, . . . , xnðtÞÞ and

yðtÞ ¼ðy1ðtÞ, y2ðtÞ, . . . , ynðtÞÞ of system (1.1), one has

lim
t!1

jxiðtÞ � yiðtÞj ¼ 0, i ¼ 1, 2, . . . , n: ð2:3Þ

œ

Proof For any two nontrivial solutions xðtÞ ¼ ðx1ðtÞ, x2ðtÞ, . . . , xnðtÞÞ

and yðtÞ ¼ ðy1ðtÞ, y2ðtÞ, . . . , ynðtÞÞ of system (1.1), we have from

112 R. XU et al.



Lemma 2.1 that there exist positive constants T and Mi ði ¼ 1,

2, . . . , nÞ, such that for all t � T ,

0 < xiðtÞ � Mi, 0 < yiðtÞ � Mi, i ¼ 1, 2, . . . , n: ð2:4Þ

Let

V11ðtÞ ¼ j ln x1ðtÞ � ln y1ðtÞj: ð2:5Þ

Calculating the upper right derivative of V11ðtÞ along the solutions

of (1.1), it follows that

DþV11ðtÞ¼
_xx1ðtÞ

x1ðtÞ
�

_yy1ðtÞ

y1ðtÞ

� �
sgnðx1ðtÞ�y1ðtÞÞ

¼ sgnðx1ðtÞ�y1ðtÞÞ

�
�a11ðtÞ

Z 1

0

K11ðsÞðx1ðt�sÞ�y1ðt�sÞÞds

�a12ðtÞ

Z 1

0

K12ðsÞðx2ðt�sÞ�y2ðt�sÞÞds

�

¼ sgnðx1ðtÞ�y1ðtÞÞ

�
�a11ðtÞðx1ðtÞ�y1ðtÞÞ�a12ðtÞ

�

Z 1

0

K12ðsÞðx2ðt�sÞ�y2ðt�sÞÞdsþa11ðtÞ

�

Z t

0

Z t

t�s

K11ðsÞð _xx1ðuÞ� _yy1ðuÞÞdudsþW1ðtÞ

�
,

ð2:6Þ

where

W1ðtÞ ¼ a11ðtÞ

Z 1

t

K11ðsÞðx1ðtÞ � x1ðt � sÞÞ ds

� a11ðtÞ

Z 1

t

K11ðsÞðy1ðtÞ � y1ðt � sÞÞ ds:
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On substituting (1.1) into (2.6), we derive

DþV11ðtÞ

¼ sgnðx1ðtÞ � y1ðtÞÞ½�a11ðtÞðx1ðtÞ � y1ðtÞÞ

� a12ðtÞ

Z 1

0

K12ðsÞðx2ðt � sÞ � y2ðt � sÞÞ ds

þ a11ðtÞ

Z t

0

Z t

t�s

K11ðsÞ

�
x1ðuÞ

�
r1ðuÞ

� a11ðuÞ

Z 1

0

K11ðrÞx1ðu � rÞ dr� a12ðuÞ

Z 1

0

K12ðrÞx2ðu � rÞ dr

�

� y1ðuÞ

�
r1ðuÞ � a11ðuÞ

Z 1

0

K11ðrÞy1ðu � rÞ dr

� a12ðuÞ

Z 1

0

K12ðrÞy2ðu � rÞ dr

��
du ds þ W1ðtÞ

�

¼ sgnðx1ðtÞ � y1ðtÞÞ

�
� a11ðtÞðx1ðtÞ � y1ðtÞÞ

� a12ðtÞ

Z 1

0

K12ðsÞðx2ðt � sÞ � y2ðt � sÞÞ ds

þ a11ðtÞ

Z t

0

Z t

t�s

K11ðsÞ

�
ðx1ðuÞ � y1ðuÞÞ

�
r1ðuÞ

� a11ðuÞ

Z 1

0

K11ðrÞy1ðu � rÞ dr � a12ðuÞ

Z 1

0

K12ðrÞy2ðu � rÞ dr

�

þ x1ðuÞ

�
� a11ðuÞ

Z 1

0

K11ðrÞðx1ðu � rÞ � y1ðu � rÞÞ dr

� a12ðuÞ

Z 1

0

K12ðrÞðx2ðu � rÞ � y2ðu � rÞÞ dr

��
du ds þ W1ðtÞ

�
� �a11ðtÞjx1ðtÞ � y1ðtÞj

þ a12ðtÞ

Z 1

0

K12ðsÞjx2ðt � sÞ � y2ðt � sÞjds

þ a11ðtÞ

Z 1

0

Z t

t�s

K11ðsÞ

�
jx1ðuÞ � y1ðuÞj

�
r1ðuÞ

þ a11ðuÞ

Z 1

0

K11ðrÞy1ðu � rÞ dr þ a12ðuÞ

Z 1

0

K12ðrÞy2ðu � rÞ dr

�

þ x1ðuÞ

�
a11ðuÞ

Z 1

0

K11ðrÞjx1ðu � rÞ � y1ðu � rÞjdr

þ a12ðuÞ

Z 1

0

K12ðrÞjx2ðu � rÞ � y2ðu � rÞjdr

��
du ds þ jW1ðtÞj: ð2:7Þ
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Define

V12ðtÞ ¼

Z 1

0

Z t

t�s

K12ðsÞa12ðuþ sÞjx2ðuÞ� y2ðuÞjduds

þ

Z 1

0

Z t

t�s

Z t

v

K11ðsÞa11ðvþ sÞ

�
r1ðuÞþ a11ðuÞ

Z 1

0

K11ðrÞy1ðu� rÞdr

þ a12ðuÞ

Z 1

0

K12ðrÞy2ðu� rÞdr

�
jx1ðuÞ� y1ðuÞjdudvds

þ
X2
k¼1

Z 1

0

Z t

t�s

Z t

v

K11ðsÞa11ðvþ sÞa1kðuÞx1ðuÞ

�

Z 1

0

K1kðrÞjxkðu� rÞ� ykðu� rÞjdr

� �
dudvds: ð2:8Þ

It then follows from (2.7) and (2.8) that

DþV11ðtÞ þ _VV12ðtÞ � �a11ðtÞjx1ðtÞ � y1ðtÞj

þ

Z 1

0

K12ðsÞa12ðtþ sÞ dsjx2ðtÞ � y2ðtÞj

þ

Z 1

0

Z t

t�s

K11ðsÞa11ðv þ sÞ dv ds

�
r1ðtÞ

þ a11ðtÞ

Z 1

0

K11ðrÞy1ðt� rÞ dr

þ a12ðtÞ

Z 1

0

K12ðrÞy2ðt� rÞ dr

�
jx1ðtÞ � y1ðtÞj

þ x1ðtÞ
X2
k¼1

a1kðtÞ

Z 1

0

Z t

t�s

K11ðsÞa11ðv þ sÞ dv ds

�

Z 1

0

K1kðrÞjxkðt � rÞ � ykðt � rÞjdr þ jW1ðtÞj:

ð2:9Þ

Define

V1ðtÞ ¼ V11ðtÞ þ V12ðtÞ þ V13ðtÞ, ð2:10Þ
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in which

V13ðtÞ ¼
X2
k¼1

Z 1

0

Z t

t�r

Z 1

0

Z uþr

uþr�s

K11ðsÞa11ðv þ sÞ

� K1kðrÞa1kðu þ rÞx1ðu þ rÞjxkðuÞ � ykðuÞjdv ds du dr: ð2:11Þ

Then it follows from (2.9), (2.10) and (2.11) that

DþV1ðtÞ � �a11ðtÞjx1ðtÞ � y1ðtÞj

þ

Z 1

0

K12ðsÞa12ðtþ sÞ dsjx2ðtÞ � y2ðtÞj

þ

Z 1

0

Z t

t�s

K11ðsÞa11ðvþ sÞ dv ds

�
r1ðtÞ

þ a11ðtÞ

Z 1

0

K11ðrÞy1ðt� rÞ dr

þ a12ðtÞ

Z 1

0

K12ðrÞy2ðt� rÞ dr

�
jx1ðtÞ � y1ðtÞj

þ
X2
k¼1

Z 1

0

Z 1

0

Z tþr

tþr�s

K11ðsÞa11ðvþ sÞ

�K1kðrÞa1kðtþ rÞx1ðtþ rÞ dv ds drjxkðtÞ � ykðtÞj þ jW1ðtÞj

¼ �a11ðtÞjx1ðtÞ � y1ðtÞj

þ

Z 1

0

K12ðsÞa12ðtþ sÞ dsjx2ðtÞ � y2ðtÞj

þ r1ðtÞ

Z 1

0

Z t

t�s

K11ðsÞa11ðvþ sÞ dv dsjx1ðtÞ � y1ðtÞj

þ

Z 1

0

Z t

t�s

K11ðsÞa11ðvþ sÞ dv ds

�
a11ðtÞ

Z t�T

0

K11ðrÞy1ðt� rÞ dr

þ a12ðtÞ

Z t�T

0

K12ðrÞy2ðt� rÞ dr

�
jx1ðtÞ � y1ðtÞj

þ
X2
k¼1

Z 1

0

Z 1

0

Z tþr

tþr�s

K11ðsÞa11ðvþ sÞK1kðrÞa1kðtþ rÞ

� x1ðtþ rÞ dv ds drjxkðtÞ � ykðtÞj þ jW1ðtÞj þ B1ðtÞ, ð2:12Þ
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where

B1ðtÞ ¼

Z 1

0

Z t

t�s

K11ðsÞa11ðv þ sÞ dv ds

�
a11ðtÞ

Z 1

t�T

K11ðrÞy1ðt � rÞ dr

þ a12ðtÞ

Z 1

t�T

K12ðrÞy2ðt � rÞ dr

�
jx1ðtÞ � y1ðtÞj:

By (2.4), x1ðtÞ � M1, ykðtÞ � Mkðk ¼ 1, 2Þ, for t � T : This, together

with (2.12), for t � T , leads to

DþV1ðtÞ��a11ðtÞjx1ðtÞ�y1ðtÞjþ

Z 1

0

K12ðsÞa12ðtþsÞdsjx2ðtÞ�y2ðtÞj

þ r1ðtÞþ
X2
k¼1

a1kðtÞMk

 !Z 1

0

Z t

t�s

K11ðsÞa11ðvþsÞdvds

�jx1ðtÞ�y1ðtÞjþM1

X2
k¼1

Z 1

0

Z 1

0

Z tþr

tþr�s

K11ðsÞa11ðvþsÞK1kðrÞ

�a1kðtþrÞdvdsdr�jxkðtÞ�ykðtÞjþjW1ðtÞjþB1ðtÞ: ð2:13Þ

Next, for i ¼ 2, . . . , n � 1, let

ViðtÞ ¼ Vi1ðtÞ þ Vi2ðtÞ þ Vi3ðtÞ, ð2:14Þ

where

Vi1ðtÞ ¼ j ln xiðtÞ � ln yiðtÞj,

Vi2ðtÞ ¼

Z 1

0

Z t

t�s

Ki, i�1ðsÞai, i�1ðu þ sÞjxi�1ðuÞ � yi�1ðuÞj du ds

þ

Z 1

0

Z t

t�s

Ki, iþ1ðsÞai, iþ1ðu þ sÞjxiþ1ðuÞ � yiþ1ðuÞj du ds

þ

Z 1

0

Z t

t�s

Z t

v

KiiðsÞaiiðv þ sÞ

�
riðuÞ

þ
Xiþ1

k¼i�1

aikðuÞ

Z 1

0

KikðrÞykðu � rÞ dr

�
jxiðuÞ � yiðuÞj du dv ds
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þ
Xiþ1

k¼i�1

Z 1

0

Z t

t�s

Z t

v

KiiðsÞaiiðv þ sÞaikðuÞxiðuÞ

�

� Z 1

0

KikðrÞjxkðu � rÞ � ykðu � rÞjdr

�
du dv ds, ð2:15Þ

Vi3ðtÞ ¼
Xiþ1

k¼i�1

Z 1

0

Z t

t�r

Z 1

0

Z uþr

uþr�s

KiiðsÞaiiðv þ sÞ

� KikðrÞaikðu þ rÞxiðu þ rÞjxkðuÞ � ykðuÞjdv ds du dr:

Then it follows from (1.1), (2.14) and (2.15) that for t � T

DþViðtÞ��aiiðtÞjxiðtÞ�yiðtÞjþ

Z 1

0

Ki,i�1ðsÞai,i�1ðtþsÞds

�jxi�1ðtÞ�yi�1ðtÞjþ

Z 1

0

Ki,iþ1ðsÞai,iþ1ðtþsÞdsjxiþ1ðtÞ�yiþ1ðtÞj

þ riðtÞþ
Xiþ1

k¼i�1

aikðtÞMk

 !Z 1

0

Z t

t�s

KiiðsÞaiiðvþsÞdvds

�jxiðtÞ�yiðtÞjþMi

Xiþ1
k¼i�1

Z 1

0

Z 1

0

Z tþr

tþr�s

KiiðsÞaiiðvþsÞ

�aikðtþrÞKikðrÞdvdsdr�jxkðtÞ�ykðtÞjþjWiðtÞjþBiðtÞ, ð2:16Þ

where

WiðtÞ ¼ aiiðtÞ

Z 1

t

KiiðsÞðxiðtÞ � xiðt � sÞÞ ds

� aiiðtÞ

Z 1

t

KiiðsÞðyiðtÞ � yiðt � sÞÞ ds,

BiðtÞ ¼

Z 1

0

Z t

t�s

KiiðsÞaiiðv þ sÞ dv ds

�
Xiþ1
j¼i�1

aijðtÞ

Z 1

t�T

KijðrÞyjðt� rÞ drjxiðtÞ � yiðtÞj:

Finally, we define

VnðtÞ ¼ Vn1ðtÞ þ Vn2ðtÞ þ Vn3ðtÞ, ð2:17Þ
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where

Vn1ðtÞ ¼ j ln xnðtÞ � ln ynðtÞj,

Vn2ðtÞ ¼

Z 1

0

Z t

t�s

Kn, n�1ðsÞan, n�1ðu þ sÞjxn�1ðuÞ � yn�1ðuÞjdu ds

þ

Z 1

0

Z t

t�s

Z t

v

KnnðsÞannðv þ sÞ

�
rnðuÞ

þ
Xn

j¼n�1

anjðuÞ

Z 1

0

KnjðrÞyjðu � rÞ dr

�
jxnðuÞ � ynðuÞjdu dv ds

þ
Xn

k¼n�1

Z 1

0

Z t

t�s

Z t

v

KnnðsÞannðv þ sÞankðuÞxnðuÞ

�

� Z 1

0

KnkðrÞjxkðu � rÞ � ykðu � rÞjdr

�
du dv ds,

Vn3ðtÞ ¼
Xn

k¼n�1

Z 1

0

Z t

t�r

Z 1

0

Z uþr

uþr�s

KnnðsÞannðv þ sÞ

� KnkðrÞankðu þ rÞxnðu þ rÞjxkðuÞ � ykðuÞjdv ds du dr: ð2:18Þ

Then along the solution of (1.1), we have that for t � T

DþVnðtÞ � �annðtÞjxnðtÞ � ynðtÞj

þ

Z 1

0

Kn, n�1ðsÞan, n�1ðt þ sÞ dsjxn�1ðtÞ � yn�1ðtÞj

þ rnðtÞ þ
Xn

k¼n�1

ankðtÞMk

 !

�

Z 1

0

Z t

t�s

KnnðsÞannðv þ sÞ dv dsjxnðtÞ � ynðtÞj

þMn

Xn

k¼n�1

Z 1

0

Z 1

0

Z tþr

tþr�s

KnnðsÞannðv þ sÞ

� ankðt þ rÞKnkðrÞ dv ds dr

� jxkðtÞ � ykðtÞj þ jWnðtÞj þ BnðtÞ, ð2:19Þ
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where

WnðtÞ ¼ annðtÞ

Z 1

t

KnnðsÞðxnðtÞ � xnðt � sÞÞ ds

� annðtÞ

Z 1

t

KnnðsÞðynðtÞ � ynðt � sÞÞ ds,

BnðtÞ ¼

Z 1

0

Z t

t�s

KnnðsÞannðv þ sÞ dv ds
Xn

j¼n�1

anjðtÞ

�

Z 1

t�T

KnjðrÞyjðt � rÞ drjxnðtÞ � ynðtÞj:

Now we define a Lyapunov functional VðtÞ by

VðtÞ ¼
Xn

i¼1

ciViðtÞ: ð2:20Þ

Then it follows from (2.13), (2.16), (2.19) and (2.20) that for t � T

DþVðtÞ � �
Xn

i¼1

AiðtÞjxiðtÞ � yiðtÞj þ WðtÞ þ BðtÞ, ð2:21Þ

where

A1ðtÞ ¼ c1a11ðtÞ � c2

Z 1

0

K21ðsÞa21ðt þ sÞ ds

� c1ðr1ðtÞ þ a11ðtÞM1 þ a12ðtÞM2Þ

�

Z 1

0

Z t

t�s

K11ðsÞa11ðv þ sÞ dv ds

�
X2
k¼1

ckMk

Z 1

0

Z 1

0

Z tþr

tþr�s

KkkðsÞakkðv þ sÞ

� Kk1ðrÞak1ðtþ rÞ dv ds dr;
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AiðtÞ ¼ ciaiiðtÞ� ci�1

Z 1

0

Ki�1, iðsÞai�1, iðtþ sÞds� ciþ1

�

Z 1

0

Kiþ1, iðsÞaiþ1, iðtþ sÞds

� ci riðtÞþ
Xiþ1

k¼i�1

aikðtÞMk

 !Z 1

0

Z t

t�s

KiiðsÞaiiðvþ sÞdvds

�
Xiþ1

k¼i�1

ckMk

Z 1

0

Z 1

0

Z tþr

tþr�s

KkkðsÞakkðvþ sÞKkiðrÞakiðtþ rÞdvdsdr,

i¼ 2,3, . . . ,n�1;

AnðtÞ ¼ cnannðtÞ� cn�1

Z 1

0

Kn�1,nðsÞan�1,nðtþ sÞds

� cnðrnðtÞþan,n�1ðtÞMn�1þannðtÞMnÞ

Z 1

0

Z t

t�s

KnnðsÞannðvþ sÞdvds

�
Xn

k¼n�1

ckMk

Z 1

0

Z 1

0

Z tþr

tþr�s

KkkðsÞakkðvþ sÞKknðrÞaknðtþ rÞdvdsdr;

WðtÞ ¼
Xn

i¼1

cijWiðtÞj; BðtÞ ¼
Xn

i¼1

ciBiðtÞ:

By hypotheses (H4)–(H6), there exist constants �i > 0 ði ¼ 1, 2, . . . , nÞ

and T

1 � T , such that

AiðtÞ � �i > 0, for t � T

1 : ð2:22Þ

We Note that

WðtÞ �
Xn

i¼1

cia
M
ii

�
jxiðtÞ � yiðtÞj þ sup

�1<s�0
jxiðsÞ � yiðsÞj

� Z 1

t

KiiðsÞ ds;

B1ðtÞ � aM
11�11

X2
j¼1

aM
1j sup

�1<s�T
yjðsÞjx1ðtÞ � y1ðtÞj

Z 1

t�T

K1jðsÞ ds;

BiðtÞ � aM
ii �ii

Xiþ1
j¼i�1

aM
ij sup

�1<s�T
yjðsÞjxiðtÞ � yiðtÞj

Z 1

t�T

KijðsÞ ds,

i ¼ 2, 3, . . . , n � 1;

BnðtÞ � aM
nn�nn

Xn

j¼n�1

aM
nj sup

�1<s�T
yjðsÞjxnðtÞ � ynðtÞj

Z 1

t�T

KnjðsÞ ds: ð2:23Þ

STABILITY IN A DELAYED LOTKA–VOLTERRA SYSTEM 121



By assumption (H2),
R1
t KijðsÞ ds ! 0 and

R1
t�T KijðsÞ ds ! 0 as

t ! 1, i, j ¼ 1, 2, . . . , n: It then follows from (2.23) that there exist

�i, 	i, 0 < �i < ð1=2Þ�i, 0 < 	i < ð1=2Þ�i and a T
 � T

1 such that for

t � T


WðtÞ �
Xn

i¼1

�ijxiðtÞ � yiðtÞj þ Z1ðtÞ,

BðtÞ �
Xn

i¼1

	ijxiðtÞ � yiðtÞj, ð2:24Þ

where

Z1ðtÞ ¼
Xn

i¼1

cia
M
ii sup

�1<s�0
jxiðsÞ � yiðsÞj

Z 1

t

KiiðsÞ ds:

Integrating both sides of (2.21) on the interval ½T
, t
,

VðtÞ þ
Xn

i¼1

Z t

T


AiðsÞjxiðsÞ � yiðsÞj ds � VðT
Þ þ

Z t

T


WðsÞ ds

þ

Z t

T


BðsÞ ds, for t � T
: ð2:25Þ

It follows from (2.22), (2.24) and (2.25) that

VðtÞ þ
Xn

i¼1

ð�i � �i � 	iÞ

Z t

T


jxiðsÞ � yiðsÞj ds � VðT
Þ

þ

Z t

T


Z1ðsÞ ds, for t � T
:

Notice that for t � T


Z t

T


Z1ðsÞ ds ¼
Xn

i¼1

cia
M
ii sup

�1<s�0
jxiðsÞ � yiðsÞj

Z t

T


Z 1

s

KiiðrÞ dr ds

�
Xn

i¼1

cia
M
ii sup

�1<s�0
jxiðsÞ � yiðsÞj

Z 1

0

sKiiðsÞ ds: ð2:27Þ
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It therefore follows from (2.26) and (2.27) that for t � T


VðtÞ þ
Xn

i¼1

ð�i � �i � 	iÞ

Z t

T


jxiðsÞ � yiðsÞj ds � C, ð2:28Þ

for some constant C > 0. Therefore, VðtÞ is bounded on ½T
,1Þ

and also

Z 1

T


jxiðsÞ � yiðsÞj ds < 1, i ¼ 1, 2, . . . , n: ð2:29Þ

By Lemma 2.1, jxiðtÞ � yiðtÞj is bounded on ½T
,1Þ, i ¼ 1, 2, . . . , n:

On the other hand, it is easy to see that _xxiðtÞ and _yyiðtÞ ði ¼ 1, 2, . . . , nÞ

are bounded for t � T
. Therefore, jxiðtÞ � yiðtÞj is uniformly continu-

ous on ½T
,1Þ, i ¼ 1, 2, . . . , n: By Barbalat’s Lemma (see [4]), one can

conclude that

lim
t!1

jxiðtÞ � yiðtÞj ¼ 0, i ¼ 1, 2, . . . , n: ð2:30Þ

œ

Remark 1 By Theorem 2.1 and the notation in (1.4), one can get a set

of easily verifiable sufficient conditions that guarantee the global

asymptotic stability of the positive solution of system (1.1). The

following result gives an estimate on the size of delays in terms of

the coefficients and the upper bounds rMi , a
M
ij andMi, i, j ¼ 1, 2, . . . , n.

COROLLARY 2.1 Assume (H1)–(H3) hold. Then the positive solution of

system (1.1) with initial conditions (1.3) is globally asymptotically stable

provided that

(H7) there exist ci > 0, i ¼ 1, 2, . . . , n, such that the following hold:

lim inf
t!1

�
c1a11ðtÞ � c2

Z 1

0

K21ðsÞa21ðtþ sÞ ds

� c1a
M
11�11 rM1 þ aM

11M1 þ aM
12M2

� �
�
X2
k¼1

cka
M
kka

M
k1Mk�kk

�
> 0;

STABILITY IN A DELAYED LOTKA–VOLTERRA SYSTEM 123



lim inf
t!1

�
ciaiiðtÞ � ci�1

Z 1

0

Ki�1, iðsÞai�1, iðt þ sÞ ds � ciþ1

�

Z 1

0

Kiþ1, iðsÞaiþ1, iðt þ sÞ ds

� cia
M
ii �ii rMi þ

Xiþ1
k¼i�1

aM
ik Mk

 !
�
Xiþ1

k¼i�1

cka
M
kka

M
ki Mk�kk

�
> 0,

i ¼ 2, 3, . . . , n � 1;

lim inf
t!1

�
cnannðtÞ � cn�1

Z 1

0

Kn�1, nðsÞan�1, nðtþ sÞ ds

� cna
M
nn�nn rMn þ aM

n, n�1Mn�1 þ aM
nnMn

� �
�
Xn

k¼n�1

cka
M
kka

M
knMk�kk

�
> 0: œ

Remark 2 If KijðsÞ � �ðsÞ, the Kronecker delta function, i, j ¼ 1,

2, . . . , n, then �ij ¼ 0 and system (1.1) reduces to the instantaneous

system i.e. one without delay

_xx1 ¼ x1ðtÞðr1ðtÞ � a11ðtÞx1ðtÞ � a12ðtÞx2ðtÞÞ

_xxi ¼ xiðtÞð�riðtÞ þ ai, i�1ðtÞxi�1ðtÞ � aiiðtÞxiðtÞ

�ai, iþ1ðtÞxiþ1ðtÞÞ ði ¼ 2, . . . , n � 1Þ

_xxn ¼ xnðtÞð�rnðtÞ þ an, n�1ðtÞxn�1ðtÞ � annðtÞxnðtÞÞ:

8>>>>><
>>>>>:

ð2:31Þ

On substituting KijðsÞ ¼ �ðsÞ and �ij ¼ 0 ði, j ¼ 1, 2, . . . , nÞ into (H7),

Corollary 2.1 yields that the positive solution of system (2.31) is

globally asymptotically stable provided that

ðH8Þ aM
n, n�1Mn�1 > rLn ,

where

M1 ¼
rM1
aL
11

, M2 ¼
aM
21M1 � rL2

aL
22

,

Mi ¼
aM
i, i�1Mi�1 � rLi

aL
ii

, i ¼ 3, 4, . . . , n � 1:
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ðH9Þ There exist positive constants ci ði ¼ 1, 2, . . . , nÞ such that

lim inf
t!1

½c1a11ðtÞ � c2a21ðtÞ
 > 0,

lim inf
t!1

½ciaiiðtÞ � ci�1ai�1, iðtÞ � ciþ1aiþ1, iðtÞ
 > 0,

lim inf
t!1

½cnannðtÞ � cn�1an�1, nðtÞ
 > 0:

We therefore have the following corollary to Corollary 2.1.

COROLLARY 2.2 The positive solution of system (1.1) with initial con-

ditions (1.2) is globally asymptotically stable if the positive solution of

the corresponding instantaneous system (without time delay) is globally

asymptotically stable and �ij is sufficiently small satisfying (H7). œ

In this paper, we have shown that small delays are negligible for

the global asymptotic stability of the positive solution of the delayed

nonautonomous n-species Lotka–Volterra food-chain systems pro-

vided that the delayed negative feedbacks dominate other interspecific

interaction effects with delays. We note that Theorem 2.1 cannot be

obtained from [2, Theorem 1].
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