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Abstract-We
present a mathematical model that describes the initial stages of placental development during which trophoblast cells begin to invade the uterine tissue. We then carry out a
mathematical analysis of a simpler submodel that describes the final stages of normal embryo implantation and suggests that as the timescale of interest increases, the dominant migratory mechanism
of the trophoblasts switches from chemotaxis to nonlinear random motion. @ 2001 Elsevier Science

Ltd. All rightsreserved.
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1.

INTRODUCTION

The placenta plays an important role during mammalian pregnancy. By bringing the maternal
and fetal blood networks into close proximity it ensures the efficient exchange of nutrients and
waste products between mother and fetus. The formation of the placenta occurs in several
stages [i-4]. Once the embryo has successfully attached to the uterine wall (- one week after
fertilisation) trophoblast cells contained within the embryo invade the uterine stroma, secreting
proteases that degrade the uterine tissue. The trophoblasts, perhaps in a response to the loss of
contact inhibition, begin to proliferate and migrate into the uterine tissue as a continuous mass,
with tips or protuberances forming at the invading front. Inhibitors expressed by the uterine tissue
near the invading front [5] control the invasion process by binding with, and neutralising, the
proteases. This stage of invasion usually continues until, on contact with the maternal decidua,
the tips form anchoring villi. Trophoblast cells within the anchoring villi continue to proliferate
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and form columnar aggregates. Individual trophoblast cells that break free from the anchoring
villi migrate towards maternal blood vessels which they remodel, bringing about increased blood
ilow to the fetus.
In this paper, we study and analyse a mathematical
placental development, when the trophoblasts

model that describes the initial phase of

invade as a continuous mass, and that was devel-

oped in [6]. Whereas in [6] attention focussed on constructing numerical solutions of the model,
here the numerical results are used to develop a simplified or caricature model which enables us
to focus on the way in which chemotaxis and nonlinear diffusion influence the migration of the
trophoblasts

at different stages during the invasion process. Indeed, a mathematical

the reduced model leads us to predict that chemotaxis dominates trophoblast
early invasion and that it plays a role in defining the depth of penetration

analysis of

migration during

of the trophoblasts.

However, nonlinear diffusion determines the ultimate steady state of the system.

2. THE MATHEMATICAL
Our one-dimensional

MODEL

model consists of four PDEs that govern the evolution of the invading

trophoblasts n(x, t), trophoblast-derived proteases ~(2, t), protease inhibitors $2, t), and uterine
tissue p(z,t) (for a detailed model derivation, see [S]). The equation for n contains terms describing random motion, chemotaxis, and proliferation (the trophoblasts are assumed to respond
chemotactically to spatial gradients in v). The equations for u and 21 contain terms describing
their diffusion, production, and neutralisation.
The equation governing p contains terms describing its replacement and degradation by the protease. In appropriately scaled variables, the
mathematical model is defined over the unit interval and written thus:
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where D, is the cell random motility coefficient, D, and D, are chemical diffusion coefficients,
x a chemotaxis coefficient, and ICI,. . . , ks are kinetic rate parameters. To close the model, no-flux
boundary conditions on n, u, and v are imposed at’the uterine wall (x = 0) and at a characteristic
distance inside the uterine tissue (CC= 1, in dimensionless variables). We assume that initially
the trophoblasts have penetrated a short distance into the uterine tissue and that the remaining
space is occupied by uterine tissue (p(x, 0) = 1 - n(x, 0)). In addition, we assume that, initially,
the protease and inhibitor are localised in pulses at, and a short distance ahead of, the leading
trophoblast front.
The model equations were solved numerically using the method of lines and Gear’s method as
implemented by the NAG routine D03PGF. Two main types of behaviour were observed: either
the trophoblasts penetrated a finite depth into the uterine tissue and then halted (see Figure 1)
or they evolved to a steady travelling wavelike profile (see [6]). It was possible to switch from
one type of behaviour to the other by changing a single parameter such as the rate of protease
production (k2) in equation (2).

3. A SIMPLIFIED

MODEL

Guided by the results of Figure 1, we assume that during the later stages of normal implantation
equations (2) and (4) reduce to give u = 0 and p = 1 - n. The model then simplifies to the
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Figure 1. Here we present the results of a numerical simulation for which successful
implantation occurs. The trophoblasts penetrate a certain depth into the uterine tissue and eventually halt. The dependent variables are plotted at times t = 0, 1,2,3,4.
Parameter values: D, = 0.001, D, = 0.05, D, = 0.01, x = 0.01, Icl = 10, k2 = 10,
ks = 10, k4 = 200, ks = 10, ks = 100.
following

two

equations for n and 21:
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with n, = 0 = v, at x = 0,l and initial profiles for v and n obtained from numerical simulations
of the full model at some time t = to, say. The absence of any source or sink terms in (5),(6)
leads us to suggest that during this stage of implantation, trophoblast proliferation and inhibitor
production are negligible compared to trophoblast migration. In Figure 2, we present numerical
simulations of (5),(6) which yield profiles for n and v that are in good agreement with simulations
of the full model during the final stages of trophoblast implantation. In particular, as the inhibitor
relaxes to a uniform steady state, the invasion of the trophoblasts is halted.
In order to proceed with the analysis of this simpler model, we note further that equation (6)
is independent of n and can be solved analytically to determine v(x, t). When this expression
is substituted in (5) our model reduces to a single partial differential equation for n. On the
basis of this simplified model, we predict that during the final stages of placental development
the inhibitor initially controls the motion of the trophoblasts via chemotaxis. Once the inhibitor
reaches a spatially uniform steady state, any subsequent motion of the trophoblasts is due to
nonlinear random motion. In this respect, the specific form of D,(n) used in (5) is less important
than the fact that D,(n) = D,nP where p > 0: we chose p = 2 as a simple representative example.
The important feature is that compact support of the trophoblast profile is preserved-if we used
D,(n) = D,, constant, then the trophoblasts would instantaneously penetrate the entire spatial
domain which is not physically realistic. In the analysis which follows, we focus on two different
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Figure 2. Here we present numerical results obtained using the reduced submodel.
The profiles for the trophoblasts (n) and the inhibitor (v) are in good agreement
with the corresponding simulations from the full model. The dependent variables
are plotted at times t = 4,5,6,7,8,9,10.
Parameter values: as per Figure 1, except

that u = 0 and p = 1 - n.
timescales of interest for this simplified model: t - to - O(1) and t - to -+ 00. We consider these
cases separately below.
CASE 1. t-to - 0( 1). For small times, it is appropriate to solve (6) using the Green’s function
solution for the problem (see [7]), i.e.,
v(z,t)
where ~(2, to) = f(z)

=

I

o1 f(J)G(x,

<, t - to) @,

and G(z, <, t - to) is the Green’s function for (6) satisfying the boundary

conditions w, = 0 at IC= 0,l for t > to.
We note that the parameter values used in the numerical simulations satisfy 0 < D, < x, D,.
Therefore, taking 0 < D, < 1 as a small parameter, we now seek solutions to (5) of the form
n N no + O(D,), and at leading order we recover the following nonlinear hyperbolic equation:
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Knowing the Green’s function G above (which takes the form of an infinite series, cf. [7]), in
theory we may now use a truncated form of the series (which should be valid for small time [7])
and solve the above nonlinear hyperbolic equation (7) using the method of characteristics [8].
The above analysis shows that initially chemotaxis is the dominant mechanism controlling cell
migration.
2. t-to
-+ cm. For the long time solution to the problem (and guided by the results of
Figure 2), we seek separable solutions (i.e., eigenfunction expansion) for ~(2, t) of the form

CASE

u(z, t) = 2
r=o

V,exp (-Dvr2r2(t

- to)) COS(T~~),

Trophoblast
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where the coefficients
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1
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specified

at t = to, cf. [7], i.e.,

s
1

~(2, te)dx

V,. = 2

and
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0

0

of V(X, t) will provide the dominant
We note that as t-to --) co, the slowest decaying components
contribution
to chemotaxis
in (5). For this reason, and to minimise complexity,
henceforth
we
shall assume

that
$2, t> N v, + vpe*~2(~-to)

Substituting

with this expression

that describes

in (5) yields the following

the long time evolution
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the final stages of implantation:

cells is determined

(8)

.
by setting

& = 0

in (8) and noting that 2 + 0 as t + 00, i.e., v -+ constant solution and the chemotaxis effect is
zero. (This can be deduced by applying the Maximum Principle for Parabolic PDEs, cf. [9].) In
this case, it is possible to show, using similarity solution techniques,
that n(z, t) m N(z), where

L,<x.
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Figure 3. Here we present the results of a numerical simulation of equation (8) with
initial trophoblsst profile n(z, 0) (solid line) and steady-state trophoblast profiles for
Vi > 0 (= 5) (dashed line, - - ) as well ss VI < 0 (= -5) (dot-dashed line - .).
In particular, the asymptotic steady state trophoblsst profiles reveal under-invasion
when VI > 0 and normal propagation into the tissue when VI < 0 as predicted. The
other parameter values used in each case were D, = 0.001, D,,= 0.01,
x = 0.01(cf.
Figure 1).
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In this expression,

N* represents

the depth of penetration.
population

the total number of trophoblast

We determine

N* by noting

cells in the placenta

that for the reduced

1
n(x,

t)

dx =

s0

model the trophoblast

It is also clear from the above analysis

J

1

n(x, to) dx.

0

of the submodel

that, given an initial

penetration

We anticipate
the limiting penetration
depth L, depends crucially on sign(&).
mal circumstances
the invading front of trophoblasts
always propagates
into
VI < 0). We also suggest
rejection

concentration

is

is fixed. Hence, we have

N’=

quent

and L,

that

of the embryo

a possible

mechanism

(i.e., spontaneous

profile whose gradient

for under-invasion

abortion),

causes a migration

(L,

is the establishment

of trophoblasts

that

depth LO,
under

the tissue

nor(i.e.,

c LO), and subse-

of an inhibitor

out of the uterus

(specif-

ically VI > 0).
In order to substantiate
this analysis, in Figure 3 we present some numerical
simulations
of
equation (8) which verify the above findings. The figure shows two different steady state profiles
of the trophoblast
density--one
steady state is achieved using a positive value of VI (in which
case, we have under-invasion,
as predicted), the other using a negative value of VI (in which case,
we have propagation
into the tissue, as predicted).

4. CONCLUSIONS
In this paper, we have presented a simple one-dimensional
model that describes the early stages
of placental
development
during which trophoblasts
invade the uterine tissue as a continuous
mass of cells. Analysis of a simplified model suggests that while chemotaxis
drives the system
towards its steady state, the precise details of the steady state are characterised
by nonlinear
diffusion. More precisely, chemotaxis is important
in two ways. The initial invasion of the system
is dominated
by the chemotactic
response of the trophoblast
cells to the inhibitor w. In addition,
when the protease is relaxing to a uniform steady state, chemotaxis
plays
in defining the depth of penetration
of the trophoblasts
whilst the limiting
determined

by nonlinear

random

an important
role
profile adopted is

motility.
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