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Abstract
Targeted intraoperative radiotherapy (Targit) is a new concept of partial breast irradiation where single fraction radiotherapy is
delivered directly to the tumour bed. Apart from logistic advantages, this strategy minimizes the risk of missing the tumour bed and
avoids delay between surgery and radiotherapy. It is presently being compared with the standard fractionated external beam
radiotherapy (EBRT) in randomized trials.
In this paper we present a mathematical model for the growth and invasion of a solid tumour into a domain of tissue (in this case
breast tissue), and then a model for surgery and radiation treatment of this tumour. We use the established linear-quadratic (LQ) model
to compute the survival probabilities for both tumour cells and irradiated breast tissue and then simulate the effects of conventional
EBRT and Targit.
True local recurrence of the tumour could arise either from stray tumour cells, or the tumour bed that harbours morphologically
normal cells having a predisposition to genetic changes, such as a loss of heterozygosity (LOH) in genes that are crucial for
tumourigenesis, e.g. tumour suppressor genes (TSGs). Our mathematical model predicts that the single high dose of radiotherapy
delivered by Targit would result in eliminating all these sources of recurrence, whereas the fractionated EBRT would eliminate stray
tumour cells, but allow (by virtue of its very schedule) the cells with LOH in TSGs or cell-cycle checkpoint genes to pass on low-dose
radiation-induced DNA damage and consequently mutations that may favour the development of a new tumour.
The mathematical model presented here is an initial attempt to model a biologically complex phenomenon that has until now received
little attention in the literature and provides a ‘proof of principle’ that it is possible to produce clinically testable hypotheses on the effects
of different approaches of radiotherapy for breast cancer.
r 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In recent years the treatment of breast cancer has shifted
away from the very radical to more conservative surgical
operations followed by radiotherapy (Vaidya et al., 2001).
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Conventional external beam radiotherapy (EBRT) of
about 50–55 Gy (1 Gy ¼ 1 Gray ¼ 1 Joule kg1) is given
in fractions of 2 Gy over a 4–6 week period (Reitsamer et
al., 2002). This external delivery may miss the target and
estimates of such a ‘geographical miss’ range from 24% to
88% of cases (Vaidya et al., 2005). This could well
contribute towards the persistent rate of local recurrence
of about a third of the rate without radiotherapy
(EBCTCG, 2000; Reitsamer et al., 2002).
Over the last few years studies have begun that focus on
how to obtain local tumour control with radiotherapy
directed at the tumour bed (Veronesi et al., 2001; Vaidya
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et al., 1999; Arthur, 2003). One reason for concentrating on
the tissue adjacent to the tumour is that over 90% of early
local recurrence occurs here (Vaidya et al., 1996). This
region is deﬁned by a ‘shell’ of tissue which may contain
actual or potential tumour cells within a 10 mm margin
(Ebert and Carruthers, 2003). The potential tumour cells
are morphologically normal cells that may harbour genetic
mutations similar to the alterations found in the tumour
(Lakhani et al., 1999; Försti et al., 2001; Li et al., 2002;
Steinarsdottir et al., 2004).
One genetic mutation that is common in the carcinogenesis cascade is the so-called loss of heterozygosity (LOH)
(Dairkee, 1998; Tomlinson, 2001) in tumour suppressor
genes (TSGs). These genes (i.e. their mutations) are
important for the initiation or early progression of
breast cancer development (Deng et al., 1996). The ‘ﬁeld
effect’ of the mutations in tissue adjacent to the tumour bed
has been known for some time (Deng et al., 1996), but its
aetiology is uncertain. It could be the result of clonal
expansion (Tomlinson, 2001; Larson et al., 2002) of only a
few stem cells that mutated before puberty (Lakhani et al.,
1999) and thus spread to whole segments of the ductolobular tree. In an elegant study of patients treated with
breast conservation surgery, LOH occurring in TSGs in
tissues adjacent to the primary tumour was shown to
increase the probability of recurrence 4–5-fold (Li et al.,
2002).
Normal DNA-repair mechanisms at different check
points during the cell cycle are able to detect and to repair
most low-dose radiation-induced damage (Oldham, 2001)
in a relatively short time (approximately 70.2 min, Brenner
et al., 1998). DNA double-strand breaks, as induced by
ionizing radiation, are repaired either by homologous
recombination or non-homologous end-joining mechanisms (Sancar et al., 2004). The therapeutic index of
radiotherapy relies on the fact that cancer cells lack such
efﬁcient DNA-repair mechanisms and therefore genetic
damage is carried on. If the resulting mutations limit the
cells’ ability to survive, which is the case in about 1–2%
of all radiaton-induced double-strand breaks (Turesson
et al., 2003), a proportion dies with every small dose of
radiation.
The traditional aim of radiotherapy has been to achieve
a therapeutic index by inducing tumour cell death while
limiting the damage to nearby healthy cells. Most radiobiological reaction-rate models lead to linear-quadratic
(LQ) relations (Sachs et al., 1997). The biologically
effective dose (BED) can be obtained from this relation, i.e.
BED ¼ nðad þ bd 2 Þ,

(1)

where d is the physical dose delivered per fraction, n is
the total number of fractions, a is the coefﬁcient of
single-hit double-strand breaks, and b is the coefﬁcient
of the combination of two sub-lethal single-strand breaks
to form a lethal double-strand break. With the
known BEDs for healthy cells and cancer cells one
can calculate the surviving probability S (Guerrero and

Allen Li, 2003) as


S ¼ exp nda 1 þ


d
,
ða=bÞ
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(2a)

which can then be used to predict the outcome of a
treatment.
Although individual cell repair is not considered in the
LQ-model, we use experimental results to estimate the
proportion of cells that survive low-dose radiation damage
after repair. From Eq. (2a) we obtain the proportion of
cells that are not damaged by radiotherapy. However, 98%
of the damage is likely to be repaired within the ﬁrst few
hours after radiation (Brenner et al., 1998; Guerrero and
Allen Li, 2003) and hence the cells survive low-dose
treatment. Turesson et al. (2003) have stated that each
radiation dose of 1 Gy causes about 20–25 double-strand
breaks per cell. If a dose of more than 5 Gy is delivered
(and hence more than 100 double-strand breaks occur), it
can be assumed that even after repairing of 98% of damage
at least one crucial double-strand break is still left
unrepaired which will force the cell to die. Therefore, we
introduce the observed cell repair probability of 98% for
doses dp5 Gy and the new surviving portion S* that will
be applied to healthy cells arises from the proportion of
cells that survive sub-lethal radiation damage (i.e. S) plus
the proportion of the cells that were damaged and were
repaired (i.e. (1–S)  0.98). Hence, we have
(
S;
if d45;
S ¼
(2b)
S þ ½ð1  SÞ  0:98; if dp5:

2. Targeted intraoperative radiotherapy (Targit) for early
breast cancer
Intraoperative radiotherapy (IORT) delivers a large
single dose to the tumour bed in the operating theatre
while the patient is still anaesthetized. The applicator is
placed in the tumour bed formed after wide local excision
of the primary tumour (Vaidya et al., 2002). Since the
applicator is placed directly in the tumour bed, a
‘geographical miss’ is avoided (Fig. 1). The tumour bed
surrounds the radiation source, so that the breast tissue
that was previously close to the tumour is now close to the
spherical applicator and therefore receives the highest dose
of radiotherapy (Vaidya et al., 2001).
An electron-beam driven X-ray source is used for Targit.
This point source emits low energy (50 kV) X-rays
isotropically and gives a uniform dose rate at the applicator
surface. There is rapid attenuation of the dose within the
tissues that absorb the radiation energy and thus there is
only a small high-dose region and distant normal tissues
are spared (Vaidya et al., 2001). Fig. 2 shows the
experimentally measured loss of energy of soft X-rays over
short distances (Vaidya et al., 2001) as well as an
1:5
approximated function f ðxÞ ¼ 5e1x of this exponential
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Fig. 1. Diagrams showing the Targit system. Left: schematic diagram of the Intrabeam system. X-rays are generated when electrons that are accelerated
along the drift tube hit the tip. These X-rays are modulated by the spherical applicator delivering a uniform dose of radiation at the surface of the
applicator sphere. Right: The applicator being placed in the tumour bed, immediately after the excision of the tumour. From Vaidya et al. (2001).

Fig. 2. Targit observed radiation dose over distance (Vaidya et al., 2001)
and its approximation with a function f ðxÞ with exponential decay. The
rapid attenuation reduces the treatment area to tissue close to the tumour
bed.

Fig. 3. Plot of the biologically effective dose (BED) in Targit against
distance for both tissue and tumour cells. The biological ratios a/b are
5 Gy for tumour and 3 Gy for healthy breast tissue, respectively.

decay. The dose is 5 Gy at 1 cm distance from the
applicator surface. The highest radiation dose of 20 Gy is
located close to the source, whereas at a distance of 2.7 cm
from the source only a dose of 1 Gy remains.
The approximated dose can be used to compute the BED
and survival fractions for any area in the tissue. Guerrero
and Allen Li (2003) have stated that the a=b ratio for breast
tumour varies from 13 to 5 Gy, with a widely observed
mean of 10 Gy. Throughout this paper we have assumed
the biological ratio to be ða=bÞtumour ¼ 10 Gy. The ratio for
breast tissue is widely assumed to be (a=bÞtissue ¼ 3 Gy
(Dale, 1996; Vaidya et al., 2001; Guerrero and Allen Li,
2003). If the ratio ða=bÞtumour turns out to be lower for
single dose radiotherapy (as indicated in Vaidya et al.,
2001; Yarnold et al., 2005), from Eq. 2(a) and 2(b) we
obtain a much smaller survival probability and thus an
even better therapeutic index. For Targit, by simply
applying Eq. (1) we obtain the BED for both tumour and
breast tissues, which are plotted against the distance from
the radiation source in Fig. 3. Close to the applicator, the
effective dose is higher for healthy tissue than for tumour
cells, and in distant sites the radiation has almost the same

low effect on either tissue. The high BED for healthy tissue
is reduced by repair mechanisms.
By applying atumour ¼ 0:3 Gy1 and atissue ¼ 0:15 Gy1
for breast cancer (Guerrero and Allen Li, 2003) and breast
tissue respectively (Booth, 2002) the survival rates S and S*
in Targit are calculated using Eq. (2a), (2b) and are as
shown in Table 1 and plotted against distance from the
radiation source in Fig. 4.
Targit is currently being compared in an international
randomized trial (Vaidya et al., 1999; Vaidya et al., 2004)
with the conventional 4–6 week course of postoperative
radiotherapy. It is felt that Targit can virtually eliminate
the risk of a ‘geographical miss’ of the tumour bed while
sparing distant normal tissues (e.g. skin) and therefore can
potentially better the cosmetic outcome. It avoids delays
before radiotherapy treatment after surgery which could
increase the risk of local recurrence (Wyatt et al., 2003),
and has several logistic and ﬁnancial advantages. Thus, if
Targit is found as effective as conventional radiotherapy, it
could become the new standard. Our mathematical model
describes the effects of this new radiotherapy technique as
well as that of the conventional radiotherapy. We provide
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Table 1
Table shows the BEDs (in Gy) for tumour and breast tissue and the corresponding survival fractions Stumour for tumour cells and Stissue and S*tissue for
breast tissue cells
Distance (cm)

Dose (Gy)

BEDtumour

Stumour

BEDtissue

Stissue

S*tissue

0.1
0.2
0.5
1.0
1.3
2.0
2.7

15
12.5
8.75
5.0
4.0
2.0
1.0

38
28
16
8
5.6
2.4
1

1.3  105
2.2  104
7.3  103
0.1
0.19
0.48
0.7

90
64
34
13
9.3
3.3
1.3

1.4  106
6.2  105
5.9  103
0.14
0.25
0.6
0.82

1.4  106
6.2  105
5.9  103
0.983
0.985
0.992
0.996

ﬁxed or bound chemicals is denoted by haptotaxis. The
tumour cells are known to produce enzymes (modelled by
production and decay) that diffuse throughout the surrounding matrix and degrade the tissue upon contact,
which we model by a degradation term. In our model, we
add a term to simulate the effect of proliferation of tumour
cells. For simplicity we neglect cell death and only consider
proliferation to be modulated by available space.
These assumptions lead to the following system of
equations describing the interactions of the tumour cells,
ECM and MDEs as detailed in the previous paragraph
proliferation

Fig. 4. Plot of survival probabilities for tumour and tissue cells in Targit
as a function of distance as calculated in our model using equations (2a)
and (2b).

an elegant demonstration of how mathematical modelling
could help compare and contrast current treatments with
new treatment strategies.
3. A mathematical model for solid tumour growth and
invasion
The mathematical model is presented in three different
phases of tumour development and treatment. In the ﬁrst
phase, we model a solid tumour invading the host breast
tissue (cf. Anderson et al., 2000). After the tumour has
reached a speciﬁc size we simulate the wide local excision of
the tumour and then we introduce radiation therapy in the
second phase of our modelling. In the ﬁnal phase we
simulate the development (or not) of local recurrence.
In the invasion model of Anderson et al. (2000), later
developed and extended by Anderson (2005), the three
variables considered in this ﬁrst phase are tumour cells,
extracellular matrix (ECM) and matrix-degrading enzymes
(MDE). These variables are denoted as n, f and m,
respectively. The random motion of tumour cells is
modelled by simple diffusion (random motility). The
directed movement of tumour cells up the gradients of

radom motility

haptotaxis
qn
¼ mnð1  n=n0  f =f 0 Þ þ Dn r2 n  wr  ðnrf Þ ,
qt
degradation
qf
¼ kmf ,
qt
diffusion

production

decay
qm
¼ Dm r2 m þ znð1  m=m0 Þ  om .
qt

ð3Þ

We assume that the tumour grows inside the breast without
reaching the outer boundary—the skin. Hence we neglect
the breast geometry and assume that the tumour grows in a
radially symmetric manner inside a uniformly shaped
domain of breast tissue. Therefore our system is considered
to hold in a one-dimensional spatial domain O (a region of
tissue) with appropriate initial conditions for each variable.
This domain may be seen as an approximation to a radially
symmetric tumour geometry within the breast. We assume
that tumour cells, and consequently the MDEs, remain
within the domain of tissue under consideration and
therefore no-ﬂux boundary conditions are imposed on
dO, the boundary of O.
In order to solve the system numerically, we ﬁrst of all
non-dimensionalize the equations in the standard way. We
rescale distance with an appropriate length scale L (i.e. the
size of the breast ¼ 10 cm), time with t ¼ 1 year, tumour
cell density with n0, ECM density with f0 and MDE
concentration with m0 (where n0, f0, m0 are appropriate
reference density and concentration variables). Therefore,
setting
n~ ¼

n ~
f
m
x
t
~ ¼
; f ¼ ; m
; x~ ¼ ; t~ ¼ ,
n0
f0
m0
L
t
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in (3) and dropping the tildes for notational convenience,
we obtain the scaled system of equations:
proliferation
qn
¼ lnð1  n  f Þ þ
qt
degradation
qf
¼ Zmf ,
qt

radom motility
haptotaxis
d n r2 n  gr  ðnrf Þ ,

4. Modelling of surgery and radiotherapy

diffusion

production
decay
qm
¼ d m r2 m þ anð1  mÞ  bm ,
qt

tumour lump that has a sharp boundary within surrounding breast tissue.

ð4Þ

where l ¼ tm, d n ¼ tDn =L2 , g ¼ twf 0 =L2 , Z ¼ tkm0 ,
d m ¼ tDm =L2 , a ¼ tzn0 =m0 , b ¼ to. We took a value for
the cell random motility parameter Dn of Dn109 cm2 s1
(cf. Bray, 1992). It is known that the MDEs secreted by
cancer cells are quickly bound to the matrix and localized
near the invading edge, i.e. the MDEs have a diffusion rate
comparable to the cancer cell random motility. Hence, we
took Dm109 cm2 s1. The parameter f0 was taken to be
f01011 M estimated in line with Anderson et al. (2000).
However, in contrast to Anderson et al. (2000) who
modelled generic invasive tumour growth, we took the
haptotactic parameter w to be much smaller in order to
reﬂect early stage breast tumour invasive behaviour which
is characterized by more compact, localized spread.
Estimates for the kinetic parameters k, z, o were not
available since these are very difﬁcult to obtain experimentally. The proliferation parameter m was chosen to reﬂect
breast cancer speciﬁc tumour growth with a mean tumour
cell doubling time of 100 days (Guiot et al., 2003).
With the preceding estimates, in all the following
simulations, the scaled parameter values used in Eq. (4)
were as follows:
d n ¼ 0:0001; d m ¼ 0:0005; g ¼ 0:00005,
l ¼ 0:75; Z ¼ 10; a ¼ 0:1 and b ¼ 0.
We now solve the above system of Eq. (4) numerically in
order to simulate (i) breast cancer growth pre-treatment;
(ii) breast cancer surgery, and ﬁnally (iii) postoperative
treatment with radiotherapy (conventional and Targit).
Early breast cancer is deﬁned by a solid mass of cancer
cells which has a higher density than the surrounding tissue.
We will interpret the term density in a slightly different way
in this paper—it means the probability of tumour cells
being present in a particular sample of tissue—so a low
density here means a low probability of ﬁnding a tumour
cell within the tissue and not ‘the degree of compactness of
a substance’. First of all we examine the effect of varying
the proliferation rate on invasion.
The difference in the tumour density due to different
proliferation rates is shown in Figs. 5a–c. Without
proliferation (l ¼ 0) diffusion is the dominant process for
tumour cells. As the proliferation rate increases the tumour
mass achieves a higher compactness and the border
between tumour and healthy tissue becomes clearer. With
a proliferation rate of l ¼ 0:75 we can model a dense

With increasing awareness about breast cancer and the
widespread use of screening using mammography, more
and more newly detected breast cancers are small in size.
Indeed about 70% (Fritz et al., 2005) of all cases are of the
early stages I and II. The usual treatment for a tumour of
this size is breast conserving surgery and adjuvant radiotherapy.
Let us assume that the tumour develops as described in
our numerical computations of the model (4) in the
previous section and reaches a size of 2 cm. At this stage,
we simulate breast conserving surgery at the beginning of
the second phase in our model. In breast conserving
surgery a solid tumour lump is removed along with a rim of
the surrounding normal breast tissue. In our model, we
simulate surgery by removing all areas of high tumour cell
density. In our simulation these areas are deﬁned by the
concentration dominance of tumour cells over tissue cells.
Therefore, the tumour cell concentration, the tissue
concentration and the enzyme concentration in this area
become zero after surgical removal of the lump.
To model conventional radiotherapy we apply the simple
LQ model introduced in Eq. (1). This model has been
modiﬁed by Dale (1985, 1989) and recently by Herskind et
al. (2005) to include dynamic processes between two
consecutive fractions, e.g. tumour repopulation. We, in
contrast, consider every fraction of irradiation separately,
and apply the model of solid tumour growth and invasion
(4) between two fractions to enable tumour and tissue
dynamics to inﬂuence the outcome during the course of
conventional fractionated radiotherapy. Furthermore, to
keep the model simple, we have not included hypoxia in the
LQ-relation. This is because we are modelling the effect of
radiotherapy on tissues left behind after surgery, and these
tissues are unlikely to be hypoxic.
The dose delivered in conventional treatment is assumed
to be uniform throughout the domain. Targit, in contrast,
is characterized by a rapid dose fall off over distance. At
about 3 cm from the applicator surface both tumour and
healthy cells survive with a probability of 100%. The
survival rates for cells closer to the radiation source are
calculated using Eqs. (2a) and (2b) and the dose given in
Fig. 2. The distance-dependent surviving probabilities are
shown in Fig. 4. During the relatively short time when
surgery and actual delivery of radiotherapy is performed,
we can ignore all temporal processes described in the ﬁrst
phase of our model as the time-scales for surgery, Targit
and each fraction of conventional treatment are in the
range of minutes whereas potential breast cancer doubling
time is in the range of months (e.g. a median of 100 days cf.
Peer et al., 1993; Kopans et al., 2003; Michaelson et al.,
2003).
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Fig. 5. Spatio-temporal evolution of growing and invading breast tumours with different proliferation rates l ¼ 0 (a), l ¼ 0:3 (b) and l ¼ 0:75 (c). Plots
are shown at times t ¼ 0, 10 and 20 in left, middle and right columns, respectively. Initially the tumour is located on the left-hand side of the domain (red),
with tissue (green) elsewhere. The tumour releases matrix degrading enzymes (solid blue line) which degrade the tissue upon contact and thus create space
for the tumour to grow into over time. With a higher proliferation rate l the cancer cells proliferate more rapidly and form a solid dense tumour mass.
Other parameter values as per text.

In the third phase of our framework, we apply the same
mathematical model used in the ﬁrst phase to simulate
potential local recurrence. If the adjacent tissue still
harbours tumour cells after surgery and radiotherapy,
these cells may form a new tumour that invades the domain
further. In the initial simulations we model the two
radiotherapy strategies that include the effects of stray
tumour cells in the tissue adjacent to the tumour bed.
In the ﬁnal simulations, we model the presence of cells
with LOH in TSGs in the tissues immediately surrounding
the tumour and examine how this would change the clinical
outcome with each of the two radiotherapy strategies. At
this stage we have not modelled the actual emergence of
recurrence from LOH because these cells are not yet
transformed and modelling this transformation would need
an individual-based cellular model rather than the continuum cell-population model that we have described. We
have instead included this cell population as being a

potential source of local ‘recurrence’ and assessed if a
particular radiotherapy strategy can eliminate it.
5. Results
In the ﬁrst phase of the mathematical model for solid
tumour growth and invasion we simulate biologically
observed breast tumour growth before diagnosis. In this
speciﬁc situation, a solid and very dense tumour mass is
produced and this degrades the surrounding tissue. Only a
very small fraction of tumour cells escape into the tissue.
The system of partial differential equations (4) was solved
numerically using an explicit ﬁnite difference approximation scheme for the parameter values
d n ¼ 0:0001; d m ¼ 0:0005; g ¼ 0:00005,
l ¼ 0:75; Z ¼ 10; a ¼ 0:1 and b ¼ 0.
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Fig. 6. Plots showing the simulation of surgery for early breast cancer. Tumour cell density is red, healthy tissue density is green and MDE concentration
is the blue line. When the dense tumour diameter (dominance of tumour cells over tissue cells) reaches 2 cm (left), surgery is simulated and all cells and
enzymes in the area of high tumour tissue density are removed (right). The presence of some tumour cells in the tissue after surgery (the small brown
triangle at the bottom left of the green area near the x-axis) emphasizes the need of radiotherapy following breast conserving surgery.

The computational results were obtained using a Java
implementation of the numerical scheme and all ﬁgures
shown were generated in Java. [Simulation videos are
available at URL http://www.maths.dundee.ac.uk/
heikman/targit; http://www.dundee.ac.uk/surgery/targit/
model].
With the above parameter values, the undiagnosed and
untreated tumour grows exactly as that shown in Fig. 5c.
The distribution at t ¼ 0 shows the initial conditions for our
model with a cluster of tumour cells being located at the lefthand side of the domain (red), the presence of MDEs within
this area (the solid blue line), and tissue cells (green)
everywhere else. As time evolves the cluster of tumour cells
grows and realeases MDEs, which degrade the ECM to
make space for the tumour to invade the domain further.
We found that the chosen values of the parameters for
tumour cell random motility and haptotaxis, dn and g,
respectively, simulate the very localized lump characteristic
of early stage breast cancer. This is in contrast to the original
simulations for more aggressive invading tumour cells with a
higher random motility and haptotactic potential proposed
by Anderson et al. (2000), where the initial cluster of tumour
cells may be able to break into two separate clusters.
In the second phase of the model framework we model
breast conserving surgery. Fig. 6 shows the effect of
surgery. In our simulations we apply surgery as soon as the
dense tumour reaches a 2 cm diameter, and all tissue on the
left side of this boundary i.e., the tumour and some normal
tissue is removed. The denser tumour is deﬁned by a higher
concentration of tumour cells than tissue cells. The tumour
and tissue concentration, as well as the enzyme concentration in this area, is set to zero. In our simulations the
tumour reaches a detectable size after about four and a half
years. Guiot et al. (2003) state that with a mean tumour cell
doubling time of 100 days and 30 cell doublings necessary
to reach a ‘diagnostic’ stage the tumour had a developing
time of roughly 8 years. In our simulations the tumour is

‘detected’ in about half of this time, which is in line with
our initial conditions where the tumour is already at half
the detectable size.
The presence of a few tumour cells (the small brown
triangle at the bottom left of the green area near the x-axis
in Fig. 6) within the healthy tissue after surgery now need
to be treated with radiotherapy. We assumed that 99% of
clonogenic cells are removed by surgery (Wyatt et al.,
2003). Without radiotherapy, the tumour may recur even if
only a few clonogenic cells are left in the breast tissue. If we
assume that a small number of tumour cells remain (as seen
in Fig. 6) and use this as the new initial conditions in our
model (4) for the next phase, then as can be seen in Fig. 7
the tumour recurs. The computational simulations indicate
a clinically detectable recurrence on a time-scale of 2–5
years which is in line with clinical data (Demicheli et al.,
1999; Fisher et al., 2002). Now, we model the effect of
different radiotherapy strategies on our tumour growthand-surgery model.
6. Simulation of the effects of conventional fractionated
radiotherapy
Fig. 6 shows the initial conditions used to model the effect
of conventional EBRT. The dosage in EBRT is assumed to
be uniform all over the domain (Vaidya et al., 2001). The
healthy breast tissue gets the same dose as the tumour bed,
but during the interval between fractions, normal cells are
able to repair the radiation-induced DNA damage as
discussed above. The model of phase I is applied between
the fractions over the 5 week treatment period to consider
the effect of regrowth and repopulation during the course of
radiotherapy. Fig. 8 shows the simulation of EBRT
treatment after breast conserving surgery with 25 fractions
each of 2 Gy over a period of 5 weeks. The condition after
surgery and the delivery of the ﬁrst fraction (solid black line)
is shown in the top row, and the results after ﬁrst, second,
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Fig. 7. Plots showing the spatio-temporal evolution of the recurrence of a breast tumour (red) when there are a few tumour cells left behind in the tissue
(green) after the surgery as shown in Fig. 6. The matrix degrading enzyme concentration is plotted as the blue line. The plot at time t ¼ 5 (left) shows the
tumour density about 6 months after surgery (surgery was at time t ¼ 4:51, see Fig. 6), and the plot at time t ¼ 10 (right) represents about 5 years after
surgery, by which time the tumour has already grown to a detectable size. Clinically, recurrence is typically detected between 2 and 4 years after surgery
which is in line with our simulations results.

10th and the ﬁnal 25th fraction is shown in the rows below.
All tumour cells are eliminated, but over time (fractions
10–25) the healthy tissue throughout the domain also visibly
suffers from irradiation. This damage to normal tissue is
relatively small and distributed all over the breast.
7. Simulation of the effects of single fraction irradiation with
Targit
Targit is given over a period of about 25 min (Vaidya
et al., 2001). We apply the survival probability fractions
Sfn; f g as shown in table 1 to the tumour and tissue densities.
The results in Fig. 9 show a simulation that uses the
parameters discussed earlier for 25 min of radiation with a
50 kV soft X-ray beam which affects normal tissue and
tumour cells as seen in Fig. 4. The two images show the
initial distribution and coverage of radiation (Fig. 9, left plot)
and the tumour, tissue and MDE densities after irradiation
(Fig. 9, right plot). As with EBRT, all tumour cells get
eradicated. Additionally, with Targit the normal breast tissue
close to the radiation source is also gradually destroyed.
Our simulations show that both treatment strategies
eliminate stray tumour cells that are possibly left behind in
the tumour bed after breast conserving surgery. So it
appears that local recurrence due to tumour cells in the
adjacent tissue would be completely eliminated by both the
treatment strategies. However, we know that conventional
radiotherapy only eliminates 2/3rds of recurrences
(EBCTCG, 2000). Thus let us assume that some of the
local recurrence arises from genetically unstable cells in the
vicinity of the tumour.
8. Irradiation of cells harbouring LOH in tumour suppressor
genes
LOH in TSGs is found at relatively high frequency in
breast cancers (Berardo et al., 1998; Utada et al., 2000).

Lacroix et al. (2004) argue that the origin of breast tumours
could be breast cancer stem cells which have a long life and
a large replicating potential. As discussed previously,
recurrence of the tumour may occur due to genetically
mutated cells in the adjacent tissue which are clones from
the same stem cell as the primary tumour. It is plausible
that the genetic mutations in TSGs in morphologically
healthy cells in the tissue adjacent to the primary tumour
increase their susceptibility to further mutations and
eventually give rise to a new tumour. This hypothesis
already has clinical support—the presence of LOH in
certain TSGs is a strong predictor of local recurrence (Li
et al., 2002). Additionally, Jamieson et al. (2003) has shown
that LOH on a growth factor receptor involved in tumour
suppression in head and neck cancer reduces the 5 year
relapse-free survival signiﬁcantly when patients are treated
with radiotherapy alone. Since LOH in TSGs may disable
the cells’ ability to arrest the cell in a cell-cycle repair phase,
these genetically unstable cells do not die after receiving
mutative hits from irradiation and thus could accumulate
and propagate low-dose radiation-induced genetic damage.
This may be one reason why conventional radiotherapy
fails to eliminate local recurrence completely and if these
areas are treated it may eliminate the risk of local
recurrence.
We now introduce an area of possible cells with LOH in
TSGs into our breast tissue and discuss the clinical
outcome after applying standard radiotherapy and Targit.
We assume that an area of 2.5 cm radius around the
original primary tumour may contain cells with LOH in
TSGs similar to the primary tumour. After surgery, we
assumed this shell to be about 1 cm deep. This is based on
the following rationale. Gray’s Anatomy (Bannister et al.,
1995) describes 15–20 lobes and milk ducts in the female
breast and we therefore assume an average of 18 main
primordial ducts at the nipple. Thus there is approximately
a 201 segment of breast tissue which would span a
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Fig. 8. Plots showing the simulation of conventional external beam radiotherapy treatment following breast conserving surgery (top left). Fractions with
doses of 2 Gy each (solid black line in the top right picture) are delivered to the whole domain eradicating all tumour cells (brown) but also harming the
healthy (green) breast tissue (bottom row).

maximum of about 1 cm at about halfway and about 3 cm
at the perimeter of the breast (see Fig. 10). Identical to
the simulation shown in Fig. 8, standard fractionated
EBRT delivers multiple low doses of radiation and healthy
cells have enough time to recover from irradiation
during consecutive fractions. On the other hand, as
discussed above, cells with LOH in TSGs (the yellow area,
Fig. 11) suffer from radiation as well but do not die,
consequently leaving behind an increased risk of local

recurrence. Only massive genetic damages, such as those
that could be caused by high-dose irradiation, may nullify
the mutated cells’ survival. In Fig. 12 we show the
simulation of Targit, in which again a single lethal dose
of radiation is delivered to a small region in the immediate
vicinity of the tumour. This high-dose erradicates healthy
cells, but also causes lethal damage in cells harbouring
LOH in TSGs (the yellow area) which makes them unable
to survive.

ARTICLE IN PRESS
H. Enderling et al. / Journal of Theoretical Biology 241 (2006) 158–171

167

Fig. 9. Plots showing the results of simulating radiotherapy treatment post-surgery using the new Targit method. The plot on the left shows the initial
distribution throughout the tissue of the radiation delivered by Targit (black line). The rapid attenuation of the radiation dose protects tissue at larger
distances from the applicator (cf. Fig. 2). The plot on the right shows the domain after irradiation. We see that all the tumour cells are killed. However,
note that the damage to the breast tissue due to irradiation is very localized. The dashed line represents the pre-treatment healthy tissue margin.

Fig. 10. Figure showing the geometry of the area of the breast tissue
which potentially contains cells with LOH. Assuming 15–18 primordial
ducts in the whole breast, a segment of breast tissue arising from one duct
would span at most 3 cm at the periphery of the breast and about 1 cm
nearer the nipple. Even if a 2 cm tumour develops at the very boundary of
a segment, surgical excision of the tumour with a 1 cm margin would leave
a 1 cm wide area which has clones from the same stem cell from which the
primary tumour arose initially.

9. Discussion
Partial breast irradiation with single fraction radiation
techniques such as Targit is a new approach to treat early
stage breast cancer. In this paper, we have presented a
model framework to predict the effect of this new
treatment strategy and conventional radiotherapy treatment using the established LQ model. We can apply this
simple model without any of the enhancements which have
recently been discussed by Herskind et al. (2005), because
we consider the effect of every irradiation fraction
separately. The important dynamic processes during the

course of the treatment, i.e. tumour regrowth and
repopulation, are taken into account by our mathematical
model of tumour growth and invasion which we apply in
between single deliveries of fractionated therapy.
We have shown that both conventional EBRT and
Targit following breast conserving surgery eliminate
tumour cells that may have escaped into the surrounding
healthy tissue. If we assume that local recurrence arises out
of tumour cells left behind after surgery, then our model
predicts that the new technique of targeted intraoperative
radiotherapy (TARGIT) would have at least a similar
curative effect as the conventional method. In fact, both
methods should have eliminated local recurrence.
However, it is known that after breast conserving
surgery, postoperative radiotherapy reduces local recurrence rates only by a factor of 2/3, from 27.2% to
about 8.8% (EBCTCG, 2000). The origin of recurrence in
these 8.8% of patients still remains unknown as does the
reason why conventional radiotherapy is not able to
prevent it.
Local recurrence arises in the area around the primary
tumour irrespective of whether or not radiotherapy is given
and whether or not stray tumour cells were found within a
certain margin of the primary lump pre-treatment. It is
plausible that the genetic mutations in TSGs in morphologically healthy cells, in the tissue adjacent to the primary
tumour, increase their susceptibility to further mutations
and eventually give rise to a new tumour. Li et al. (2002)
has shown that the presence of LOH in certain TSGs is a
strong predictor of local recurrence. These genetically
unstable cells could accumulate and propagate low-dose
radiation-induced genetic damage. It is this concept that we
have modelled in the ﬁnal stage of our model. The very
design of the low-dose fractionated regime that spares
normal tissues may be the ﬂaw in conventional EBRT. The
results of the simulation given in Fig. 11 shows that
conventional radiotherapy would not only spare the
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Fig. 11. Plots showing the simulation of standard fractionated radiotherapy following breast conserving surgery and its effect on cells with LOH. As can
be seen from the plots, this standard treatment does indeed eradicate all tumour cells, but fails to eliminate cells with LOH on TSGs in the immediate
vicinity of the tumour (yellow area), since these mutated cell-cycle check-point genes lack the detection of radiation-induced genetic damage.

Fig. 12. Plots showing the simulation of a single high dose of Targit radiation (solid black line, middle picture bottom row) delivered to areas adjacent to
the primary tumour and its effect on cells with LOH. As can be seen from the plots, Targit eliminates tissue cells that previously surrounded the (red)
tumour and may have shared its clonal origin and may have harboured cells with LOH (yellow area). The (green) tissue is only affected near the tumour
bed. Tissue at distant sites is spared damage. The top row shows the development and invasion of the primary tumour. The second row shows the
simulation of surgery (left), the delivery of Targit radiation (middle) and the ﬁnal effect of targeted intraoperative radiotherapy (right) killing not only all
tumour cells but also all tissue containing cells with potential LOH.

healthy cells, but also the cells with crucial mutations in
TSGs adjacent to the breast cancer. Only massive genetic
damage, as could be caused by localized high-dose
irradiation, would eradicate the mutated cells. In contrast
to the conventional treatment, Targit delivers a high dose

of radiation and destroys tissues close to the tumour and
could therefore also eradicate genetically mutated cells in
the tissue adjacent to the primary tumour. Therefore,
Targit may be able to eliminate not only tumour cells that
are left behind, but also the potentially malignant cells in
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the immediate vicinity of the tumour that would usually be
spared and possibly even promoted by the very nature of
conventional fractionated radiotherapy.
We note that we have not modelled the indirect effects of
radiation on completely normal cells in the immediate
vicinity of the applicator. These cells are normally
responsible for local paracrine secretions, such as growth
factors, in response to trauma and higher-than-normal
aromatase activity (O’Neill et al., 1988; Vaidya, 2002).
These cells would be spared with conventional radiotherapy but not with Targit. This particular effect is
difﬁcult to include in our current partial differential
equation model but would be expected to enhance the
demonstrated effect. Finally, we note also that angiogenesis which is essential for the development of recurrence is
not included in the model. However our simulations show
that tumour cells left behind after surgery have the
potential to reform a new tumour. Mathematical models
of angiogenesis (e.g. Anderson and Chaplain, 1998) can be
included in future developments of the present model in
order to obtain more realistic simulations of recurrence.
Arguably, the high local dose of radiotherapy may inhibit
angiogenesis and this would again favour intraoperative
radiotherapy (IORT). So Targit may yet prove to be a
better treatment. Of course this conclusion can only be
drawn once the results of the Targit trial are available.
The work presented here represents an initial attempt to
model a biologically complex set of circumstances. We are
well aware of its limitations, many of which are imposed by
a lack of biological information. However, at the very least,
our model draws attention to areas in which further basic
research is needed.
We have used an a=b ratio of 3 Gy for the effect of
radiation on normal breast tissue. This ﬁgure has been
obtained from the literature and applies to the connective
tissues of the breast (Guerrero and Allen Li, 2003).
However, it may not apply to the critical cells of interest
in this paper i.e. breast epithelial cells.
Furthermore, it is known that genomic instability arises
in tumours both spontaneously and as a result of treatment
with radiotherapy (Yang et al., 1989; Sarkaria et al., 1995;
Durante et al., 1996; Colley-Durel et al., 2001; Lorimore
et al., 2001; Trott, 2001; Goldberg, 2003; Roychoudhuri
et al., 2004; Tozeren et al., 2005). As we have presented a
partial differential equation continuum model, we cannot
explicitly incorporate the fact that random genomic
instabilities arise in single, individual cells. We are
currently developing and extending the current model to
an individual-based, single cell model in order to incorporate this fact theoretically at least (cf. Anderson, 2005).
However, we do not know the relative effects of IORT and
EBRT on genomic instability in non-irradiated tissues.
Additionally, with IORT, low doses of radiation at the
periphery of the irradiated volume may be dangerous, in
terms of the clonal evolution of cancer. But one could also
argue that the potential risk of a mutation occurring, due
to the low dose given at a distance from the radiation
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source in IORT, is not higher than the risk of a mutation
occurring in the same area with the very last low dose
delivered in EBRT.
Despite these limitations our model does provide a
‘proof of principle’: by using a bottom-up approach
through mathematical modelling it is possible to produce
clinically testable hypotheses on the effects of different
therapeutic approaches to the postoperative radiotherapy
treatment of breast cancer. Our next task is to reﬁne and
expand the model, taking into account some of the issues
described above and ultimately to provide a tool that
clinicians and radiotherapists might use to explore and
deﬁne optimal therapeutic strategies.
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