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Magnetic reconnection at a three-dimensional null point is the natural extension of the familiar
two-dimensional X-point reconnection. A model is set up here for reconnection at a spiral null
point, by solving the kinematic, steady, resistive magnetohydrodynamic equations in its vicinity. A
steady magnetic field is assumed, as well as the existence of a localised diffusion region surrounding
the null point. Outside the diffusion region the plasma and magnetic field move ideally. Particular
attention is focussed on the way that the magnetic flux changes its connections as a result of the
reconnection. The resultant plasma flows are found to be rotational in nature, as is the change in

connections of the magnetic field lines.

PACS numbers: Valid PACS appear here

I. INTRODUCTION

Magnetic reconnection is a fundamental process in
many areas of plasma physics, whereby the magnetic field
(B) becomes restructured. When null points are present
the global topology of the field changes. Our ideas on
how this restructuring occurs come mostly from the well-
studied case of reconnection in two dimensions. In two
dimensions, reconnection occurs at hyperbolic null points
of the magnetic field (see, e.g., Ref. 1 for a review), com-
monly known as X-points (see Figure 1). A plasma flow
transports magnetic flux towards the X-point, where the
reconnection takes place, and the flow then transports
the reconnected magnetic flux away from the X-point.
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FIG. 1: Two-dimensional reconnection at an X-point. The
thin lines are magnetic field lines and the bold arrows indicate
the direction of the plasma flow.
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In terms of magnetic field lines, the process of reconnec-
tion involves a pair of field lines being brought in from
two quadrants on opposite sides of the null. At the X-
point each of these field lines breaks, when they lie along
the separatrices of the field. They are then rejoined and
move out in the other two quadrants of B. The result
is that the field line footpoints are pair-wise differently
connected when they leave the reconnection region.
Magnetic reconnection is a fundamentally non-ideal
process; in an ideal plasma magnetic field lines main-
tain their identity for all time. The field lines are said to
be ‘frozen-into’ the plasma such that all plasma elements
lying along a given field line at a given time will lie on
that field line for all subsequent time. The non-idealness
may be the result, for example, of a non-zero resistivity
(n) in which case, assuming no other non-ideal effects are
important, the process satisfies Ohm’s law in the form

E+vxB=nl. (1)

In order to investigate the evolution of magnetic flux
it is useful to define a flux transporting velocity w ([2],
[3]) which satisfies

E+wxB=0, ()

which is possible in two dimensions since the electric field
(E) is always perpendicular to B. By comparison with an
ideal Ohm’s law, we can consider w to be a flow within
which the magnetic flux is frozen. The component of w
perpendicular to B can be found from
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If we assume that the non-ideal term on the right-hand
side of Eq. 1 is localised within a finite region (D) about
the null point then outside D w coincides with the plasma



velocity perpendicular to B, v . Note that for reconnec-
tion to take place, the flux transporting velocity w must
become singular at the null point which is a signature of
the breaking of the field lines (see Ref. [4]), and the sub-
sequent discontinuity in the mapping of their endpoints.

The situation in three dimensions is much more com-
plicated. In general for reconnection in three dimensions
E-B (or J-B) is non-zero, and hence in general no unique
flux-conserving velocity exists, or in other words there is
no unique field line velocity (see Refs. [5], [2]). Nonethe-
less, it is still possible to study the evolution of magnetic
flux and field lines under certain circumstances. Con-
sider the case of a resistive non-ideal term nJ, which is
localised within some diffusion region, D. We consider a
finite region D as the generic situation for astrophysical
plasmas since these plasmas have extremely high mag-
netic Reynolds numbers, and dissipation is enhanced in
well localised regions e.g. when micro instabilities form
in a thin current sheet. If no closed magnetic field lines
exist within D, then we can still follow the motion of
individual field lines from each end, since we know that
in the ideal region on either side of D they must remain
attached to the same plasma elements for all time. On
the boundary of D, field lines move at the velocity v .
Suppose the surface of D is split into two parts, through
one of which magnetic flux enters D, and through the
other of which it leaves. By reference to the ideal en-
vironment then, it is possible to define a velocity with
which the field lines passing into D move, say w;,, and
another velocity w,,; at which the field lines passing out
of D move. These two (pseudo-)field line velocities must
each be identical to v on the relevant section of the sur-
face of D, but in contrast to the two-dimensional case,
they are not identical to each other inside D, nor are
they identical to v on their continuations through D.
This is a manifestation of the non-existence of a unique
flux-conserving velocity, w, as stated above. The result
is that following field lines with w;, and w,,:, respec-
tively, the field lines seem to split as soon as they are
transported into the diffusion region, and inside D they
continually change their connections.

The nature of the field line splitting, and subsequent
restructuring of the magnetic flux, for reconnection in a
simple magnetic structure with no null point has been
discussed in general in Ref. 5, and in more detail in
Ref. 3. The magnetic field was assumed to be the steady
field B = (y,kz,by), and for a localised diffusion re-
gion it was found that the plasma velocity v has a rota-
tional structure about the z-axis. The nature of the flux-
mismatching was investigated and different behaviours
were found. In particular, in the case where initial flux
tubes were chosen such that, after splitting, the two
halves moved off into different quadrants of B (as in
the two-dimensional case) it was found that the resulting
pairs of flux tubes never perfectly rejoin.

Here we follow a similar analysis in the region
around a magnetic null point. We use a fully three-
dimensional magnetic field rather than the ‘two-and-a-

FIG. 2: The basic structure of a 3D null point.

half-dimensional’ field investigated previously.The na-
ture of reconnection at a three-dimensional null
point is of particular interest since it is the three-
dimensional generalisation of an X-point. Three-
dimensional null points are of crucial importance
in the topology and interaction of complex fields
on the Sun. They are found in abundance in the
Solar corona (see eg. [6], [7], [8]), where their as-
sociated separatrices and separators are thought
to be likely candidates for sites of coronal heat-
ing ([9], [10]). There is also evidence that null
point reconnection may act as a trigger for some
solar flares ([11]). In Sec. IT we describe the struc-
ture of three-dimensional null points as well as describing
ideal field line behaviour in their vicinity. In Sec. ITI, the
equations solved in our model are given, as well as the
assumptions made, and we detail our method of solution.
The elementary solution is given in Sec. IV, before we de-
scribe the result of adding a physically relevant ideal flow
in Sec. V. The existence of perfectly reconnecting flux
tubes is discussed in Sec. VI, where the effect of adding
a simple time-dependence to the model is described. We
give our conclusions in Sec. VII.

II. STRUCTURE OF 3D NULL POINTS AND
IDEAL BEHAVIOUR

The local structure of the magnetic field around a
three-dimensional null point is shown in Fig. 2. The
skeleton of the null point is made up of a pair of field
lines directed into (or out of) the null from opposite di-
rections, known as the spine, and a family of field lines
which are directed out of (or into) the null lying in a
surface, known as the fan plane (see Ref. [12]). A gen-
eral mathematical formalism is given in Ref. 13, where
nulls are classified depending, amongst other things, on
the size of the current, J, and its direction with respect
to the spine axis and fan plane. If the current is zero
then the null point is known as potential. When the the



current is directed only parallel to the spine (J = J)),
the fan and spine are perpendicular, and the field lines
in the fan form a spiral structure (see Ref. [13]). When
the current is directed only perpendicular to the spine
(J = J.), the spine and fan are no longer perpendic-
ular. In general, when the current has components in
both directions, both of these effects are present, as well
as further characteristics, depending on the relative mag-
nitudes of J and J .

The kinematics of steady reconnection at a three-
dimensional null point have been studied previously in
Ref. 12. They start off by discussing the ideal behaviour
in the vicinity of the simple potential magnetic null given
by

B = (z,y,—22). 4)

The reconnection is classified as one of two types near
an isolated null point, termed spine reconnection and
fan reconnection. Reconnection associated with a sep-
arator, a special field line which joins two null points,
is also discussed. Due to the fact that the configuration
considered is ideal, to achieve reconnection the plasma
velocity is necessarily singular at the null, and the field
line mapping is discontinuous. During spine reconnec-
tion a flow is imposed across the fan (z = 0) resulting
in singularities in E and v at the spine (zx =y = 0). In
fan reconnection, the flow is imposed across the spine re-
sulting in singularities in E and v in the fan plane. The
effect of adding non-potential and diffusive terms is then
considered in a preliminary manner.

We aim here to investigate the structure of reconnec-
tion when the null point is non-potential, with a current
parallel to the spine, where a localised diffusion region is
included in order to get a realistic model with no singu-
larities in any physical quantities. Dynamo theory is a
highly complex topic which is described in principle by
the non-linear, three-dimensional resistive MHD equa-
tion. In order to make progress with conceptual under-
standing the philosophy in this field was to first focus on
the implications of the induction equation alone. This
so-called kinematic approxzimation has been necessary be-
fore tackling the full dynamic dynamo problem in which
the implications of the equation of motion are taken into
account as well (see, e.g., [14], [15]). Three-dimensional
reconnection theory is an equally complex topic which is
in its infancy and so we follow the method of Refs. 5 and
3 in adopting the same kinematic approximation of focus-
ing on the implications of the induction equation alone
before, at a much later stage, attempting to incorporate
the effects of the equation of motion.

In a dynamical situation we would expect to
start from an initial field, which then forms a
current sheet (diffusion region) at which recon-
nection takes place. That current sheet may ei-
ther be at a null (the case considered here) or
not (the case considered in Ref. 3). The way in
which a current sheet may form by the collapse
of such null points is discussed in Refs. 16 and 17

as well as Refs. 18 and 19. We investigate here
the nature of the reconnection process once the
diffusion region has formed.

Reconnection can occur in three dimensions either at
a null point or in the absence of a null point ([20], [1]).
Previously we have begun to attack the kinematic re-
connection problem in the absence of a null ([5], [3]),
whereas here we study instead the kinematic problem at
a 3D null point. We find that the induction equation im-
plies that such reconnection is profoundly different from
two-dimensional X-point reconnection. The implications
for further study are addressed in the conclusion.

III. THE MODEL

We seek a solution of the kinematic, steady, resistive
MHD equations given by

E+vxB=nJ, (5)
VXxE=0, (6)
V-B=0, (7)

V x B = poJ. (8)

The non-ideal term on the right-hand side of Eq. (5) is as-
sumed to be localised, for the reasons described in Sec. I.

We investigate the behaviour in the vicininty of a sim-
ple spiral null point, where J lies parallel to the spine. In
general the field in the vicinity of such a null point can
be written (see Ref. [13]) as

B:BO <-’E—‘Hay+ga_22>a (9)
2 2

where By and j are constants, such that J = Byj/uoz

[from Eq. (8)] is directed along the z-axis, which is coin-

cident with the spine. Due to the cylindrical symmetry

of the field, it simplifies matters to work in cylindrical

polar coordinates (R, 6, z), in which B has the form

B =B, (R, JTR, —22> . (10)

It is crucial for the following analysis to be performed
analytically that we are able to find analytical equations
describing the field lines in terms of some initial starting
coordinates (xq). For B defined as in Eq. (10), this can
be done by integrating

0X(s)
=B (X 11
) = B(X(9) )
to find X (xg, s), given by (12), as
Boi
R = RyePos, 0 =06y + OéRS, 2 = zge 2PBos,

(12)



Note that the parameter s does not denote the distance
(d)\) along a field line, which is instead given by

d\ = | B|ds. (13)

From Eq. (6) we can see that E can be written as the
gradient of some scalar, ® say, so that Eq. (5) becomes

—V®+v xB=nJ. (14)

A solution to this equation for given B may be found as
follows. Firstly, since we require our non-ideal term to be
localised and since J is constant, we prescribe a localised
resistivity (n). The component of Eq. (14) parallel to B
is — (V@) = nJ), which may be integrated along field
lines to give

Thus, if we can prescribe some function n = 7 (xq, §) in
such a way that, having substituted Eqgs. (12) into B and
J to find B (x0,s) and J (xo,s), Eq. (15) is integrable,
then we can deduce ® (xg, s). From here it is possible to
substitute the inverse of Eqgs. (12) to find ® (x). Then
the electric field (E) and the component of the plasma
velocity perpendicular to B, v, can be found from

E=_Vd (16)
and
E—7J)xB
v, = %. (17)

Prescribing a physically reasonable profile for n(x) we
can obtain an expression for 7 in terms of the field line
coordinates (xg, s) with the help of the coordinate trans-
formations (12). This expression can then be used for
the integration (15). In order to have a unique coor-
dinate transformation x — (xg,s) we need to choose
the initial points xg on surfaces such that each field line
passes through these surfaces exactly once. Two obvious
choices which we will use in the following discussions are
the planes z = £1, or a cylindrical surface such as R = 1.

It is now necessary to choose 1 (x) in such a way that
the integral in Eq. (15) can be performed analytically.
One analytically integrable form for n (x) is a piecewise
polynomial function, such as

{ () -1) ()" -1)" B<a 22 <
n="1o a b '
0 otherwise,

(18)
where 19, a and b are constant and 79 is the value of the
resistivity (n) at the null point. This form of 5 gives a
cylindrical diffusion region, of radius R = a, extending in
the z-direction to £b. 7 is continuous and smooth every-
where. To proceed we need to perform the integration
given by Eq. (15). In order to do this we must choose

in which direction along the magnetic field lines to inte-
grate. That is, we may choose either to set s = 0 on some
surface of R = Ro (where Ry is a constant, Ry > a) and
integrate in towards the null point and thus through D,
or we may integrate down and up towards the null from
2z = z9 and z = —zp, respectively (zg constant, zg > b),
setting s = 0 on these surfaces for each half-space. In
the latter case the starting potentials (®¢) at z = +zq
must be chosen such that ® is continuous and smooth
at the fan plane (2 = 0). However, the choice between
these two directions of integration is irrelevant provided
we consider our model with respect to some chosen exter-
nal/boundary conditions, equivalent to imposing some ®
on one boundary. The results from each case then are
equivalent, and so we choose here to describe the result
of setting s = 0 on z = +2(, constant, and point out any
significant differences for the other case when they occur.
By the method described above, E (x) can be found.
However, it turns out that for the choice of 5 given in
Eq. (18), E is singular in the fan (z = 0). The reason is
that 1 is not sufficiently flat near the null point, where
the diverging field lines make the integration of ® very
sensitive to any variations of 5. To obtain a smooth (and
therefore physically acceptable) E, we therefore increase
the power of the variables from second to sixth order,

R\6 > ((2)6 > 2 2

n:%{ ((B)°-1) ((5)°-1) R<a 22<b

0 otherwise,

(19)
where 19, a and b have the same physical meanings as
before. This form for n has essentially the same structure
as that given by Eq. (18).

It is now possible, via the method described at the be-
ginning of this section, to calculate E and v, . The an-
alytical expressions for these are too lengthy to present
here, but can be calculated using a symbolic computation
programme. The resulting solution, described in detail
in the following section, gives, in a sense, a local rear-
rangement of the flux within an envelope of field lines
enclosing the diffusion region (D), see Fig. 3. The rear-
rangement is local in the sense that ® only changes on
field lines which pass through D [see Eq. (15)], and thus
in a region of space threaded exclusively by field lines
which have not passed through D, ® is constant, and
Egs. (16) and (17) imply that E and v, are zero.

Now, for a given magnetic field, Ohm’s law [Eq. (14)]
may be decomposed into an ideal component (21) and a
non-ideal component (20) as follows

_vq)nonfid + Vinon—id X B= nJ (20)

V&, +vigxB=0. (21)

We have the freedom to add an ideal flow to the non-ideal
solution since we do not solve the momentum balance
equation here, which would otherwise determine the ideal
part of the flow.



FIG. 3: Field lines on the boundary of the envelope enclosing
the diffusion region (cylinder), showing the region of influence
of the local solution.

We can thus add an ideal flow to our ‘local’ solution by
taking ®;4 to be our @, in Eq. (15). Note that ®;; should
be constant with respect to the integration in Eq. (15),
ie. @9 = ®;4 (x0). The perpendicular component of the
ideal flow v;4; may then be calculated, by taking the
cross-product of Eq. (21) with B, as

—V(I)z'd x B

[ (22)

Vidl =
We may thus add an ideal flow to transport magnetic
flux into and out of the local envelope shown in Fig. 3,
allowing us to see the global effect of the restructuring
of the magnetic flux by the reconnection process. This
will be discussed in Sec. V, but first let us consider the
elementary solution.

IV. ELEMENTARY SOLUTION
A. Induced Flows

We examine here the nature of the solution with ®;;, =
0, i.e. just the local behaviour of the flux envelope enclos-
ing D with no extra ideal flow. All physical quantities are
completely symmetric about z = 0, and we will therefore
describe the results only for z > 0. Choosing to inte-
grate Eq. (15) from z = 2o we automatically start with
® constant for z > b. Hence the electric field and plasma,
velocity are zero for z > b. The velocity for z < b is a
rotation within the flux envelope. (For integration from
R = Ry, the plasma velocity (v) vanishes for R > a,
and we have a rotation within the remainder of the flux
envelope.)

For the purposes of illustration of the results, it is at
this stage convenient to add a component of v parallel to

FIG. 4: (a) Vectors of the plasma flow v, along with a pro-
jection of the magnetic field lines in the plane z = 0.4, for
the parameters Bo = 1, a =1, b=1,n =1, j = 2. The
corresponding radial variation of (b) the plasma velocity vy
(black line) and field line velocity woyto (grey), and (c) the
same plot for z = 0.

B such that v, = 0. This is achieved by defining

v:vL—%B. (23)

Our freedom to do this comes from the fact that Eq. (14)
determines only the perpendicular component of v, since
it is the part that affects the behaviour of the magnetic
flux, and so for our purposes the parallel component is
arbitrary. The resulting flow pattern of v in a plane of
constant z is shown in Fig. 4(a). The radial component,
as well as by definition the z-component, of v is zero,
so we have purely rotational flow, and the way that this
varies with radius is shown in Figs. 4(b) and (c). Note
that here the angular plasma velocity is strongest in a
ring centred on the spine. Note also that in the z = 0
plane the fan field lines rotate like a solid body, as does
the plasma outside the diffusion region.

The source of the rotational flows can be explained as
follows. We consider the case where @ is integrated from
z = zp, and the argument can be easily adapted to the
reverse integration. Consider the potential drop along
sections of the loop illustrated in Fig. 5. L1 and L3 are
radial lines in planes z = b and z < b, respectively, while
L2 is a field line on the surface of the envelope of flux
threading D, and L4 lies along the spine of the null. The
potential drop around any closed loop must be zero. The
potential drop along lines L1 and L2 must be zero, as L1



FIG. 5: Closed loop made up of line sections. L1 and L3 are
radial lines in planes z = b and 0 < z < b respectively. L2 is
a field line lying on the surface of the flux envelope enclosing
D, and L4 lies along the spine (R = 0).

lies at z > b and L2 lies on the boundary of the envelope,
and so ® = & all along them. Thus

A®ps+ Adry =0,
or

A®ps3 = —(Pspine — Po) #0, (24)
where @ is the value of ® at the vertex of L3 and
L4, which must be different from ®, since E is non-zero
along the spine (E-B = J-B # 0 on spine). Since there is
a potential drop along L3 there must also be a non-zero
electric field along it. This electric field induces a plasma
flow perpendicular to such a radial line, i.e. a rotational
flow. This rotation has the same sense for z > 0 and
z < 0, and has maximum magnitude in the z = 0 plane.
Note that this argument is completely independent of the
particular profile of n within D.

B. Reconnection Rate

It is possible to calculate a reconnection rate for the
flux in this reconnection process, although it is impor-
tant to note that this has a very different physical mean-
ing from the concept of a reconnection rate in two-
dimensional reconnection. In 2D, flux is cut and rejoined
at the null point, and the reconnection rate gives a mea-
sure of the amount of flux that undergoes this process in a
given time. However, in 3D we need a different definition
since we have a localised flux envelope within which all
of the flux continually changes its connections, so during
an arbitrarily short length of time every field line is re-
connected (except, for symmetry reasons, the spine field
line).

Considering just the flux reconnected in the half-space
z > 0, we define, by close analogy to the argument in
Ref. 3, the reconnection rate, F', as the integral over the

parallel electric field along the spine axis,

F = /jm (By) o

2=0
= ®R=0,2=b) — P(R=0,2=0)
72
= — Bgjnob. 25
91 70 J 7o (25)
To obtain some idea of the meaning of this quantity, con-
sider the difference between the velocities of the field lines
anchored in the surfaces, z = £b and R = a, of D through
which flux passes in and out. Since the velocities Wy, /ous
must match the plasma velocity on the relevant boundary
of D, they are given by

-V, x B
Win/out = %- (26)

Assuming By > 0, we can now identify the surface
through which flux enters D as z = b, and the surface
through which flux leaves it as R = a, namely,

—V‘I)Z:b x B

—VCI)R:,I x B
B2 ’ '

Win = B2

Wout = (27)
Now, & = &5 on z = b, and hence V&,_, = 0 and
w;, = 0, so field lines passing in through the top of D
remain fixed and stationary there. Due to the rotational
nature of v, w,,; is also rotational, leading to a rota-
tional mismatching between w;,, and w,,;. The value of
F, given by Eq. (25), provides an idea of the maximum
difference between the rate of rotation of the inward flux
bundle and outward flux bundle, or the maximum rate
of relative slippage (see Ref. 3 for a further pedagogic ex-
ample). From Figs. 4(b) and (c¢) it can be seen that the
outward bundle of field lines rotates approximately like
a solid body close to the spine, with the rotation falling
off to zero at the edge of the flux envelope.

As mentioned above, Aw = wy,; — W;,, the rate of
slippage between the inward and outward bundles of field
lines, is purely rotational, so that it has a #-component
only. Thus field lines are continuously reconnected in
shells of constant radius (for a given value of z) only.
These shells have the same 3D shape as, and are concen-
tric with, our flux envelope, see Fig. 6. An initial field
line which splits into two will be periodically exactly re-
connected with itself, every time the half embedded in
R = a performs a full rotation of 27 radians. Note, how-
ever, that this period is different for each shell, since it
is not a rigid rotation. For this reason, if we consider a
flux tube within the envelope with a finite radial extent,
there will be no periodic return to the initial state.

It is important to note the implications the rotational
slippage has for helicity production. If we imagine that
the small flux tube within our flux envelope is closed
somewhere far from D, then we can see that the relative
rotation of the two ends of the tube would act to twist
up the tube and thus act as a source of self-helicity with
respect to an initially untwisted tube.



FIG. 6: Flux surfaces of constant radius (for given z), within
which field lines periodically exactly reconnect with them-
selves. For example, the highlighted (black) field line will
split in the rotational flow, with the top ‘half’ remaining fixed,
while the bottom ‘half’ reconnects with each of the grey field
lines until eventually being reconnected again into the config-
uration shown after performing a rotation of 27 radians.

V. COMPOSITE SOLUTIONS

Ag discussed in Sec. ITI, we may impose any ideal flow
upon the solution described in the previous section, as
shown in Eqgs. (20) and (21). We would like to choose an
ideal flow which shows the global effect of the local rota-
tional slippage behaviour by transporting magnetic flux
into and out of the local flux envelope. For this reason
we choose to impose a stagnation-type ideal flow. Stag-
nation flows are also physically relevant flows to choose
as they may perform the localisation of the quantities
contained in the non-ideal term in Eq. (5) ([3], [1]).

The stagnation flow is chosen in such a way as to satify
Eq. (21) by imposing a suitable ®;4 (o, yo) on the surface
z = zp, and then substituting the inverse of the field line
equations (12) to obtain ®;4 (x,y, z). The equivalents of
Egs. (16) and (17) can then be used to find E;; and v;4 | ,
respectively. Again, for ease of analysis, we choose to set
(vig 1). = 0, via Eq. (23), to obtain v;4. We choose to
take

;4 (20, Y0) = o To Yo, (28)

where g is a constant. The resulting flow (v;4) takes
the form of a stagnation-point flow, with separatrices co-
incident with the z- and y-axes in the plane z = zy. For
z # zg, the flow separatrices are rotated with respect to
this configuration, due to the spiralling of the field lines.

The total flow, obtained by adding this ideal flow to
the elementary solution, and given by v + v;4, has the
same stagnation-type structure outside the enclosing flux
envelope, but inside we have a superposition of X-type

and O-type flows. Which of these flows dominates is
dictated by the nature of ® near the spine (R = 0). If
we consider all other parameters fixed, there is a critical
value of ¢g, (namely, ¢ = @qrit) at which the transition
from O-type to X-type flow takes place. This can be
determined by examining the total ® at small R, which
(in cartesian coordinates) takes the form

=0+ (2 +1y°) v+ (22— ) o+ Aay + O (2%,4°),

(29)
where
_ Bo jno 7,12 4 96,656 _ 91p12
g = o1 bi2 z(—z +262°b" — ),
_ 9Bojm p
2 52 O
z .
d = o (—> cosa sin a,
20
¥ z
= ZIn(—).
o=1 n<>
A = ¢ (cos® a —sin® a) <i> ,
20
(30)

In a plane of constant z, ® changes from a local maximum
to a saddle point, and thus the flow changes from O-type
to X-type, when

4y —48% — X2 = 0.

Substituting in the above expressions for v, § and A and
rearranging for g we find that

18 By j 1o 2o

5 a? (31)

Perit =
For g > @erit, the flow is of X-type at the spine axis,
whereas for g < @erit it is O-type. Note that e is
independent of z, so the flow type is the same for all z
for a given value of .

A. %200} > Perit

For w9 > @crit, the stagnation flow dominates the ro-
tational flow of the elementary solution everywhere, and
hence v, w;,, and w,,; all have a basic X-type structure.
In order to analyse the effect the reconnection process has
on rearranging the flux, we consider the mismatching of
the two flux velocities w;, and w,,;. The flow lines of
these velocities are coincident with the contours of con-
stant ®;, and ®,,¢, respectively. For clarity we examine
the mismatching of these contours, and hence the flux
velocities, in the plane z = b, without loss of generality.
The two sets of contours are shown in Fig. 7. Note that
the flow w;, is exactly the ideal plasma velocity (v;q)
since the associated elementary solution from the previ-
ous section is zero on z = b. Note also that in the plane
z = b, the boundary of the flux envelope associated with
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FIG. 7: Flow lines in the plane z = 1 of the field line velocities
win (left) and woy (right). The adopted parameter values
are Bo=1,a=1,b=1,n=1,7=1, oo =4 > @ecrit.
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FIG. 8: The superposition of the two sets of flow lines shown
in Fig. 7, highlighting the mis-matching.

the elementary solution coincides with the boundary of
the diffusion region, at R = a. The superposition of the
flow lines of w;,, and w,,; is shown in Fig. 8, which may
be understood as follows. Consider a magnetic field line
in an inflow region outside the diffusion region, whose
intersection with the chosen plane (z = b) lies on one of
the sketched flow lines. Outside D, the two sets of flow
lines coincide (with each other and with v), and the field
line moves ideally. Once the field line is transported into
D, the flux velocities w;, and w,,; are no longer the
same, and so the field line splits, with the ‘inward’ part
following w;,,, and the ‘outward’ part following W, if
we integrate the field line from both footpoints.

There are three distinct types of behaviour of the mag-
netic flux, which occur in different regions of the flows.
These regions are separated by the separatrices of the w-
flows, as well as those flow lines which just touch (but do
not enter) D, all of which are shown in Fig. 9. Regions
I show ideal behaviour everywhere. Here w;, and w,;
coincide, and so field lines always remain connected and
frozen to the plasma. In regions II, the flow lines split
inside D, and so an initially unique field line splits, with
each footpoint becoming differently connected. Notice,
however, that although any two flow lines separate when

FIG. 9: Regions of different reconnective behaviour, distin-
guished by separatrices of w;, (grey) and wyy: (black), as
well as flow lines just touching the surface of D (dashed).
Plotted for the same parameters as Fig. 7.

they enter D, the same two flow lines always come back
together when they leave D. We can therefore think of
these regions as slippage regions, since, although in gen-
eral the two ‘halves’ of the initial field line will take dif-
ferent times to pass through D, and will hence not rejoin
upon leave D, they do move away from the reconnection
region along the same flow line. Hence after both ‘halves’
of the field line have left D, their separation remains con-
stant in time.

Regions III are quite different. Here there is once again
splitting of flow lines, and thus field lines, at the edge of
D. 1In contrast to regions II, however, the flow lines in
this case never rejoin, and in fact head off in opposite
directions. Hence after we leave D each footpoint of our
initial field line is now connected to a field line from a
topologically distinct region of magnetic flux. Regions
IT1, then, can be thought of as more of a classical type of
reconnection region, with the crucial characteristic being
that initially joined field line footpoints continue to move
away from each other for all time after leaving D. As o,
and hence the strength of the ideal flow, is decreased,
these classical reconnection regions grow in width, until
we reach ©g = Qcpit-

B. Yo < Perit

When ¢g < @crit, the rotational flow dominates W,
near the spine, whereas w;,, retains the X-type structure,
as it still coincides with v;4. The two sets of flow lines and
their superposition are shown in Figs. 10 and 11. Again
the different types of behaviour can be most clearly dis-
tinguished by studying the separatrices of these flows,
which are shown in Fig. 12. Regions I, IT and III have
essentially the same characteristic behaviours as before.
Notice however that regions IIT where the classical flux
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FIG. 11: The superposition of the two sets of flow lines shown
in Fig. 10, highlighting the mis-matching.

FIG. 12: Regions of different reconnective behaviour, distin-
guished by separatrices of wi, (grey) and wou¢ (black), as well
as flow lines just touching the surface of D (dashed). Plotted
for the same parameters as Fig. 10.

separation occurs are now wider than when ¢g > @crit
(if all other parameters are fixed). In addition we now
have a region, marked IV in Fig. 12, where the nature
of the flux reconnection is different again. In this region
the flow lines of w,,; are closed, and so following a field
line anchored in this flow we find that it simply rotates
round and round, never leaving the region or the local
flux envelope. So we have a continuously rotating flux
bundle moving at w,,;, which reconnects with a succes-
sion of different field lines, which are swept into and then
out of the reconnection region at wy,.

Note that the reconnection rate for both of the com-
posite solutions described in this section is exactly the
same as that given in Eq. (25) for the elementary solu-
tion, since ®;4 = 0 when R = 0, and so the calculation is
unaffected. This reconnection rate now, however, sum-
marises the sum of many different effects.

Lastly, note that the above analysis would follow
through in exactly the same way had we chosen the op-
tion initially of integrating ® from R = Ry. The only
difference would be that flow lines of w;,, would become
flow lines of w,,; and vice-versa.

C. Reconnection of Flux Tubes

To visualise what effect the mismatching of the field
line velocities has on the reconnection of flux tubes, we
now describe two examples. In each case field lines are
integrated from four arbitrary cross-sections chosen sym-
metrically about the spine such that initially we have two
unique flux tubes on opposite sides of the diffusion region.
The cross-sections are chosen so that they never pass into
the diffusion region, and hence we can identify a set of
field lines which remains frozen into these cross-sections
for all time, defining our flux tubes. The resulting motion
of the flux tubes is plotted, although we stop the field line
integration at a chosen point to see more clearly what is
happening.

When the flux tube cross-sections are chosen to lie in
region II, the resulting flux tube behaviour is a slippage,
as described in Sec. V A, and shown in Fig. 13. We see
that the flux tubes slip apart as they enter D, but the
two sections of each initial flux tube leave the vicinity
of the reconnection process in the same direction. The
degree of slippage depends on the initial positions of the
cross-sections, and the size of ¢g.

The evolution of flux tubes whose cross-sections lie in
regions III is shown in Fig. 14. Now the two sections of
each flux tube flip around the spine in opposite direc-
tions after splitting. They then leave the diffusion region
in opposite directions, as described in Sec. V A. Notice,
however, that the four flux tubes formed during the split-
ting process never rejoin cross-wise to form two unique
flux tubes again as they do in 2D. They may share a few
common field lines, although this need not necessarily be
the case, depending on exactly where in region III the
initial cross-sections are chosen.



FIG. 13: Evolution of a pair of flux tubes integrated from
cross-sections lying in region II of the w-flows. As they enter
the diffusion region each tube splits into two parts, which ‘slip’
apart, but on leaving D they move off in the same direction.
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FIG. 14: Evolution of a pair of flux tubes integrated from
cross-sections lying in region III of the w-flows. As the tubes
enter the diffusion region they split, with the two parts of each
of the initial two tubes flipping around the spine in opposite
directions. Notice in the final frame that after leaving D the
four new tubes do not rejoin to form two unique tubes.
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FIG. 15: The non-existence of a unique counterpart to a given
field line, shown for one circuit of flow lines of wo,: (black)
and w;, (grey). If field lines are chosen at a and b such that
after reconnection a’ = b’ then in general o'’ # b".

VI. EXISTENCE OF PERFECTLY
RECONNECTING FLUX TUBES AND TIME
DEPENDENCE

We now ask; is it possible to choose a pair of initial flux
tubes which will perfectly rejoin after reconnection, such
that we have two unique tubes before reconnection and
two unique cross-wise differently connected tubes after
reconnection. We have seen in the previous section that
this is not generally the case, but perhaps with the right
choice of initial cross-sections we can achieve this situa-
tion. In two dimensions things are relatively straightfor-
ward. If we choose to pick out one field line, in an inflow
region of v outside D, then it is always possible to find a
corresponding field line, by simple symmetry through the
X-point, with which it will perfectly reconnect. That is
to say, if we label the two footpoints of field line 1 g; and
h1, and of field line 2 g» and hs, then, if the field lines
are chosen such that after reconnection g; is connected
to ho, then g will always be connected to hy. In three
dimensions this is not generally the case (see Ref. [5]),
i.e., if g; maps to hs after reconnection then go will in
general not map to hy.

This lack of a unique counterpart to a given field line
can be illustrated for the present example as follows.
Consider a field line starting in the classical reconnec-
tion region, III, which initially intersects the flow line
map (Fig. 8 or 11) at a, outside D, see Fig. 15. Allow
this field line to move in the flow w;,, for a time ¢/, where
t' is large enough that a passes completely through the
diffusion region to a point a’. Now, moving backwards
in time from ¢ = ¢’ to t = 0 along w,,; we come to the
point b, which corresponds to the field line (or its inter-
section with the plane z = b) with which a will join after
the reconnection process. Next repeat this whole process
starting from b; i.e., move forwards ¢ = ¢’ along w;, to
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b" and then backwards ¢ = t' along w,,;. In general
we do mot end up back at a as a result. The field lines
corresponding to a and b before reconnection, which re-
join at @’ = b’ on one side of D after reconnection do
not rejoin on the other side of the diffusion region but
instead end up at a” and b", as shown. If ¢’ and b” were
coincident, then a would be the unique counterpart of b,
in that their footpoints would become pairwise rejoined
after the reconnection process at a' = b’ and a” = b",
as in 2D. However, in general this is not the case in 3D,
and so there is no unique counterpart to a given field
line. The only exceptions for the present example are
field lines which pass through one specific flow line cir-
cuit, for which the transit time through D on wy, and
Wyt 1S the same.

Tterating the above procedure many times around the
flow line circuit (starting each subsequent circuit from the
final point of the previous one) determines a set of field
lines which reconnect with each other. If perfectly rejoin-
ing flux tubes existed, then their cross-sections would be
mapped out by this iteration procedure, since every field
line moving at w;, from one flux tube must reconnect
with a field line moving at w,,; in the other flux tube,
and vice-versa. It turns out that the set of points we
retrieve from the iteration all lie on the circuit of flow
lines, and so they make up flux surfaces rather than flux
tubes. Thus there is in general no unique counterpart to
a given flux tube.

The fact that perfectly reconnecting flux tubes do not
exist is a result of the fact that field lines are constrained
to move around a single circuit of flow lines (as shown
in Fig. 15) or equivalently along contours of constant ®.
If, however, ® were to be time-dependent, then these
contours would change in time. We find that, if a simple
time-dependence is introduced into 7, as in Eq. (32), then
perfectly reconnecting flux tubes can be found, as follows.
Let

2

6 2 6 .
n=f@%{(@)—0(@>—0 R<a, 2 <P’
0 otherwise,
(32)
where f (t) is some arbitrary function of time only, and
is thus effectively just a multiplicative constant in the
calculation of ® and E described in Sec. ITI. Hence VX E
is still zero, and no extra magnetic field is induced. This
time-dependence, then, shows up in @, E, v and thus w;,,
and w,,;. By the same argument, a time-dependence
could also be added to the ideal flow.
We will consider here the case where the ideal flow is
still steady, and the diffusive process is localised in time
via

fity=e7, (33)

where T is a constant which controls the time-scale of the
localisation. This time-dependence has little qualitative
effect on the results described in the previous section,
other than to localise the effect of the reconnection pro-
cess in time.
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FIG. 16: (a) Flow lines of w;, (grey) and w,, (black) for the
modified time-dependent flow for ¢g > @crir and ¢ = 0 and
(b) the separatrices of these flows.

One reason why we found no unique reconnecting coun-
terpart to a given field line in the previous section (as
illustrated in Fig. 15) was the difference in transit times
through the diffusion region along w;,, and w,,,;. This (in
general large) difference, together with the fact that the
ideal velocity outside the diffusion region grows quickly
with radius, makes the iteration procedure for finding re-
joining field lines numerically rather unstable. Thus, for
the purpose of demonstrating the existence of perfectly
reconnecting flux tubes for the present reconnection pro-
cess, we use a modified ideal solution to add to the ele-
mentary solution. For the ideal potential we choose

o Zo Yo ef(zgﬂg)/{ (34)

so that the ideal solution is approximately the same as
before near the diffusion region, but now the ideal veloc-
ity falls off with radius far away from the reconnection
region. The separatrices of w;, and w,,; associated with
the new composite flow are shown in Fig. 16(b), at t = 0.

For a given value of T and ¢’ (the time for each step
of the iteration) we trace out, via the iteration process,
the cross-sections of perfectly reconnecting flux tubes. In
Fig. 17 we plot the shapes traced out by the points a’ = b’
for each iteration. Precisely which cross-section we trace
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FIG. 17: Perfectly reconnecting cross-sections in the time-
dependent situation, in the plane z = b. For the parameters
a=1,b=1,Bo=1,n0=1,j=1, ¢ =1, and (a) T = 40,
(b) T =120, (c) T = 200 and (d) T = 800. The grey lines
are the separatrices of Wy, while the separatrices of w;,
coincide with the z- and y-axes.

out depends on the starting point, a, of the iteration,
with different cross-sections being concentric for fixed T,
t'. The centres of these sets of cross-sections for all ¢’ lie
along the special flow-line circuit, described earlier, for
which the transit time through D on w;, and w,; is the
same. It should be noted that there is a maximum size for
a cross-section centred on a certain point, as they cannot
exist arbitrarily close to the separatrices of Wy, /oy -

The effect of varying 7', i.e. the localisation of the re-
connection procees in time, on the perfectly reconnecting
cross-sections can be seen in Fig. 17. When the process
is highly localised in time (7 small) the cross-sections
are fairly round, but as we increase T the cross-section
becomes a thinner and thinner ellipse, whose major axis
collapses towards the special time-symmetric flow line.
When T is so large that we obtain a state which is numer-
ically equivalent to the steady state, the iteration points
(field lines) all lie along this flow line and we return again
to a flux surface. It is important to note, however, that
for this case the iteration leads to points inside D, and
so these flux surfaces cannot simply be described as in-
finitely thin reconnecting flux tubes as they never exist
wholly outside the diffusion region.

Note that even for the time-dependent case we still
have no pairs of perfectly reconnecting field lines. Rather,
the mapping of the field lines in the reconnected flux
tubes shows a rotation, with respect to a one-to-one cor-
respondence. This signifies the production of twist and
hence a finite amount of self-helicity due to the rotation,
consistent with the idea of the elementary solution as a



helicity source as described in Sec. IV.

VII. CONCLUSIONS

We have described here a steady solution of the kine-
matic resistive MHD equations, which exists in the vicin-
ity of a spiral null point of the magnetic field, with a dif-
fusion term localised around the null. The aim of this
work is to enhance our general understanding of
3D reconnection, and thus the results are rele-
vant to physical processes involving reconnection
at a 3D null point, which may include for example
coronal heating and solar flares. Of course there
are many other questions that will need to be
answered before anything approaching a full un-
derstanding of these processes can be obtained,
such as the role of Lorentz forces in producing
the current sheet and driving the reconnection.

A rotational type of flux reconnection is found, similar
to that described in Ref. 3 for reconnection in the absence
of a null point. The reconnection of magnetic flux takes
the form of a rotational slippage within an envelope of
flux enclosing the diffusion region. We note that this
rotational from of slippage is independent of the
size and shape of the diffusion region.

In order to study the effect of the process on the global
magnetic field structure an ideal flow was added which
transports flux into and out of the local flux envelope.
This results in different behaviours for field lines frozen
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into different regions of the ideal flow. In one region in
particular, the rearrangement of the flux has some similar
characteristics to 2D reconnection, where the two parts
of any field line (mapped from initially-joined ends) sep-
arate, and the separation distance increases for all time.
However, it is found that there is no simple one-to-one
correspondence of reconnecting field lines after reconnec-
tion has occurred. As a result, there is also no splitting
and one-to-one rejoining of flux tubes in the steady time-
independent case. The result is that the re-ordering of
flux by the reconnection process is much more compli-
cated than at a familiar two-dimensional null point.

In the future, we plan to set up a numerical exper-
iment for the full equations, including the equation of
motion, and incorporating the invaluable insights that
we have gained from this paper. In particular, we shall
calculate the flux motions w;,, and w,,;: and will inves-
tigate whether the different types of kinematic reconnec-
tion that we have discovered here are realisable in the
dynamic regime.
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