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Abstract—In this paper, a mathematical model is presented to deseribe the evolution of an
avascular solid tumour in response to an externaily-supplied nutrient. The growth of the tumour
depends on the balance between expansive forces caused by cell proliferation and celi-cell adhesion
forces which exist to maintain the tumour's compactness. Cell-cell adhesion is incorporated into the
model using the Gibbs-Thomson relation which relates the change in nutrient concentration across
the tumdur boundary to the local curvature, this energy being used to preserve the cell-cell adhesion
forces.

Our analysis focuses on the existence and uniqueness of steady, radially-symmetric solutions to
the model, and also their stability to time-dependent and asymmetric perturbations. In pariicular,
our analysis suggests that if the energy needed to preserve the bonds of adhesion is large then
the radially-symmetric configuration is stable with respect to all asymmetric perturbations, and
the tumour maintains a radially-symmetric structure—this corresponds to the growth of a benign
tumour. As the energy needed to maintain the tumour’s compectness diminishes so the number of
modes to which the underlying radially-symmetri¢ solution is unstable increases—~this corresponds
to the invasive growth of a carcinoma. The strength of the cell—cell bonds of adhesion may at some
stage provide clinicians with a useful index of the invasive potential of a tumour.

KeywordS—Cell adhesion, Cancer, Asymmetric tumour growth.

1. INFRODUCTION

One of the reasons why successful treatment of cancer remains such a challenging problem is
the diversity in behaviour exhibited by different tumours. Thus, whilst a putative anticancer
drug may perform well on multicellular spheroids in the laboratory, the same drug may fail to
elicit the same response in vivo. This discrepancy could be attributed to discernible differences
in tumour structure. For example, well-developed multicellular spheroids tend to possess a com-
mon structure, which comprises & central core of nutrient-starved, necrotic cells, surrounded by
proliferating cells restricted to the nutrient-rich outer layer of the tumour [1-3]. A quiescent
population may also exist “sandwiched” between the two. In vivo cancer growth is, by contrast,
less reproducible and less well defined, with heterogeneity occurring over much shorter length-
scales (~ several cells in vivo, as opposed to ~ millimetres in vitro), so that necrotic cells may be
adjacent to both proliferating and quiescent cells [4]. A further difference between in vitro and
in vivo tumour growth arises from the ability of tumours grown in vive to induce blood vessels
from the surrounding tissue to form a capillary network which migrates towards, and ultimately
penetrates, the tumour, thereby providing it with an adequate blood supply and microcirculation.
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This process is called angiogenesis [5-8] and marks the transition from the relatively harmless,
and localised, avascular state described above to the more dangerous, vascular state, wherein the
tumour possesses the ability to invade surrounding tissue and metastasise to distant parts of the
body. The rapid increase in cell proliferation that occurs during vascular growth can cause large
interstitial pressures to be created at the centre of the tumour. These may be sufficient to occlude
blood vessels at the centre of the tumour, thereby restricting the delivery of anticancer drugs to
the tumour {9,10}], and providing some explanation for why some in yive tumours respond less
favourably to & course of treatment than anticipated. A further feature of malignant tumours
(cancers) is their propensity for invasion. Thus, whilst multicellular spheroids maintain an ap-
proximately spherical structure as they grow, cancers (e.g., carcinoma) may develop finger-like
protrusions of invading cells and evolve with a less well-defined, or asymmetric, outer boundary.
In this paper, we develop a mathematical model which, we believe, provides some insight into
the physical effects which may be responsible for the differing degrees of invasion exhibited by
different types of tumours.

Progress in modelling tumour growth has been largely guided by experimenta} results. Thus,
many of the mathematical models in the literature focus on the growth of (avascular) multi-
cellular spheroids. These models generally consist of an ordinary differential equation (ODE),

coupled to one or more reaction-diffusion equations (RDEs) [11-18]. The ODE derives from mass .

conservation applied to the tumour and describes t-}Qevolution of the tumour boundary, whereas
the RDEs describe the distribution, within the tissue, of vital nutrients, such as oxygen and
glucose, and growth inhibitory factors. In these models no explicit mention of the constituent tu-
mour cells is made. Instead, it is assumed that the nutrient level at each point within the turour
provides an index of the cell type there. Thus, high nutrient levels indicate cell mitosis, moderate
levels indicate quiescence, and low levels necrosis. Such models accurately reproduce not only the
growth of spheroids but also the macroscopic heterogeneity described above. As such, they show
good qualitative agreement with experimental results. The models also indicate how the relative
magnitude of the system parameters which describe the tumour’s handling of vital nutrients and
growth inhibitors affect the limiting structure of the spheroid. Mathematical models also exist
which show quantitative consistency with spheroid growth data, for example, {19,20].

Several models have been proposed to describe the process of angiogenesis described above
[21-25]. In these models the success with which a tumour can establish its own vascular supply
is shown to depend on system parameters such as the distance to the nearest vascular bed, the
rate at which new tips proliferate, and the speed with which they migrate towards the tumour.

As mentioned above, the ability with which they invade their host environment is a further
means of classifying tumours. Thus, whilst multicellular spheroids maintain their compact spher-
ical form as they grow, carcinomas in vivo typically present a less well-defined, or asymmetric,
outer boundary [26). In this paper, we develop & mathematical model which enables us to assess
how changes in the relative importance of competing physical effects affect a tumour’s potential
for invasion. In particular, we suggest that it is the balance between an internal expansive force
and a restraining force which determines whether the tumour grows or regresses, and whether
its outer boundary remains radially symmetric when subject to small asymmetric perturbations.
The internal force is caused by cell proliferation within the tumour, whereas the restraining force
is due to intercellular bonds of adhesion which exist between cells in the periphery of the tumour
and which serve to maintain the colony’s compactness {26].

The derivation of the original model is similar to that developed by Greenspan to describe
the growth of a tumour in response to an externally-supplied nutrient [27). Like Greenspan,
we assume that the tumour acts as an incompressible fluid, and hence, that local changes in
the cell population, caused by the birth or death of cells, will give rise to internal pressure
gradients which act as expansive forces, inducing cell motion and producing the expansion of
the tumour colony. Unlike Greenspan, who assumes that the tumour comprises a large necrotic
core, enveloped by & thin rim of proliferating cells, we shall assume that the tumour consists of
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Celi-Cell Adhesion in Carcinomas 3

proliferating cells only—it does not contain a central necrotic core. (This assumption can easily
e relaxed and is adopted here simply for clarity of exposition,) Perhaps the most significant
difference between Greenspaﬁ’s and our model is the manner in which so-called surface tension
effects are incorporated. Greenspan assumes that, on the surface of the tumour, the surface
tension force, which exists to maintain compactness, balances the internal expansive pressure
per unit surface area. Working on an infinite domain, he assumes further that the nutrient
concentration is continuous across the tumour boundary, but that the flux of nutrient is not.
By contrast we restrict attention to the moving domain defined by the tumour volume and
incorporate surface tension effects by assuming that the nutrient concentration satisfies the Gibbs-
Thomson relation on the boundary [28,29]. The Gibbs-Thomson relation states that the nutrient
concentration at a point on the tumour boundary is less than the {assumed constant) external
concentration by a factor which depends on the local curvature there. This energy is needed
by cells on the periphery in order to preserve the forces of adhesion which exist to maintain
the tumour’s compactness. Previous models examining the morphogenetic changes in cell and
subeellular structure include {3035}, while clear experimental evidence for these effects can be
found in {36,37} and references therein.

In witro observations [1,4,38], suggest that in the early stages solid tumours remain approx-
imately spherically symmetric as they grow. Therefore, our analysis focuses on the existence,
and stability, of radially-symmetric solutions of the model equations. As a consequence of seek-
ing radialiy-symmetric solutions, we show how the pressure variable can be eliminated from the
model and how a (reduced) system of equations, which is similar in form to the models of multi-
cellular spheroids proposed by Adam, Greenspan, and others [11-15,17,18,39], can be recovered.
We believe that our derivation of this simplified model indicates how modeis of avascular tumour
growth, such as those proposed by Adam and others, arise as special cases of more physically-
based models.

Solution of the radially-symmetric model shows how the existence and stability, with respect
to time-dependent perturbations, depends on the system parameters. For example, referring to
Figures 2 and 3, we deduce that if the bonds of celi-cell adhesion are strong enough, relative
to the other physical effects, then no steady state solutions exist and no tumour will persist in
the tissue. By contrast, if the bonds of adhesion are weak enough then two steady states are
predicted, of which the smaller is un\stable with respect to temporal perturbations, whereas the
larger turnour is not. :

Our analysis of the reduced model also investigates how small deviations from radial symmetry
develop in time and focuses, in particular, on the role played by cell-cell adhesion in the devel-
oping structure. If all asymmetric perturbations ultimately disappear, then we conclude that the
sumour will grow as a radially-symmetric mass with no invasion. By contrast, the growth of a
perturbation implies that the tumour has a propensity for asymmetric invasion, the growth rate
of the perturbation indicating the degree of aggression.

2. MODEL FORMULATION

We consider an avascular solid tumour which consists of proliferating cells only and whose
growth is regulated by an externally supplied nutrient, such as oxygen or glucose.

Denoting by c(r,t), the nutrient concentration at a point inside the tumour, we assume that
the evolution of ¢ can be described by a reaction-diffusion equation (RDE). Now, of the two
timescales associated with tumour growth, the nutrient diffusion timescale (~ minutes) is much
shorter than the tumour doubling time, or growth timescale (~ days) {14]. Thus, as the tumout
grows, the nutrient rapidly redistributes itself throughout the new volume, Following (11,17,39],
we scale time with the tumour growth timescale and set -3@5 = 0 in the nutrient RDE. Assuming
further that the diffusion coefficient is constant (= I, by suitable rescaling) and that nutrient is
consumed by proliferating cells at the rate A(c), we propose the following quasisteady RDE to
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describe the distribution of ¢ within the tumour:
0 = Ve — Ac). (2.1)

If we regard the tumour as an incompressible fluid, then local changes in the cell population,
caused by, say, the birth and death of cells, will induce motion of neighbouring cells. Assuming
further that the net proliferation rate S at a point inside the tumour can be expressed in terms
of the nutrient concentration there, we set § = S(c). Introducing the cell velocity u(r,t) and
applying mass conservation, we derive the following equation for u:

V.ou=8(c) (2.2)
Denoting the outer surface of the tumour colony by the free boundary I'(r,?) = 0, where
T(r,t) =0 =1 — R(6, $, 1),
the equation of motion of a point on P(r,t) = 0 is given by

. odr
i =uh, (2.3)

where 71 is an outward unit normal. Subject to boundary and initial conditions described below,
equations (2.1)-{2.3} define the evolution of the nutrient concentration, the cell velocity and
the outer tumour boundary. In the following analysis, it is convenient to reformulate the above
problem in terms of a related dependent variable, the internal pressure p. (In particular, this
modification will facilitate comparisons with Greenspan’s model [27].) We assume that u is
related to p via Darcy’s Law [40}

U = —FLVP»

where p denotes the motility of the tumour cells. (We remark that Darcy’s Law is often used
to describe the flow of a fluid or gas through a porous medium [41). Given its heterogeneous
structure, it seems reasonable that the internal microstructure of the tumour can be described
as a porous medium and that Darcy’s Law can be used to model the motion of the tumour cells
through the tumour matrix.} Thus, changes in the local density lead to variations in p, which in
turn, induce motion of the constituent tumour cells. Eliminating u in favour of the scalar field p,
equations (2.2) and (2.3) transform to give

uvp = -5(0), @4
f- % =-uVp.h,  onT{rt)=0. (2:5)

Referring to (2.1), for bounded solutions we impose g—ﬁ =0 at 7 = 0. In addition, the
nutrient concentration on the tumour boundary is prescribed. Denoting by ceo, the constant
nutrient concentration in the external tissue, we note that, to date, most authors assume that
the nutrient concentration is continuous across I'(r,t) = 0 so that ¢ = ¢ there [11-18]. Here
this assumption is relaxed. By assuming that adhesive forces exist between cells on the tumour
boundary, in order to maintain the tumour’s structure, we postulate that it is the balance between
these stabilising, or restraining, forces and the expansive force caused by internal cell proliferation
which determines whether the tumour colony expands or regresses in time. Now, we assume that
energy is expended in maintaining the peripheral cell-cell bonds, the requisite amount of energy
increasing with the local curvature of the boundary. Assuming that the nutrient acts as a source
of this energy, we assume that ¢ satisfies the Gibbs-Thomson relation on I'(r,t) = 0 (see (2.7)).
This relation states that the nutrient concentration on the tumour boundary is less than the
external concentration by a factor which depends on the curvature there [28,29]. In other words,
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- Cell-Cell Adhesion in Carcinomas 5

denotisg by % the mean curvature and by 2v, the surface tension per unit surface area, the
smount of energy needed to maintain the tumour’s structure at a given point on I'(r,{) = 0 is
given by 2c,vR-

Turning now to the internal pressure field p for bounded solutions, we impose fo =0atr=>0
In addition, we assume that on the tumour boundary p matches continuously with the external
pressure field where p = peo. Thus, we impose p = pe on ['(r,t) = 0. Finally, we prescribe the
initial tumour boundary I'(r,0) = 0. In summary, the following boundary and initial conditions
are applied to equations (2.1), (2.4), and (2.5):

7 =0 at r =10, (2.6)
e = coo(l — 2v8), on D{r,t) =0, (2.7}
ap _
B = 0, at r =0, (2.8)
P = Poos on I{r,t) =0, (2.9)
P(r,0) =0 =r — R(8,¢,0), prescribed. - {2.10)

Model Simplification—Radial Symmetry

Under conditions of spherical symmetry, the dependent variables depend only on r and ¢, and
the tumour grows as a sphere of radius R(t), with curvature x = 1/R. In this case, the boundary
value problem summarised in equations (2.1), (2.4)-(2.10) simplifies to give

18
0= 5 (r B ) - Alc), {2.11)
- _Ff_,‘?. 29p
0= - ( Br) + S(c), (2.12)
dR p
- = 5 ,,_R(t) (2.13)
subject to

de
5= 0, at r =0, (2.14)
=€ (1—2—7), onr =R, (2.15)

R

Op
ol 0, atr =0, (2.16)
D = Poos on r = R, (2.17)
R(0) = Ry, prescribed. (2.18)

We remark that in equations (2.11)~(2.13) the lowest order derivative of the pressure field is -gf:’.
Further, integrating (2.12) from 7 = 0 to r = R(t) yields the following expression which relates
the pressure gradient on the boundary of the tumour to the rate of cell proliferation throughout

the tumour volume:
R
d { ,0p
uRE 2= o m,uf --( )dr— /Scrzdr
r=R 0 ar or ( )

or

Substituting with this identity in (2.13), the pressure field p can be eliminated from the governing
equations and our model for radially-symmetric tumour growth reduces to give

_ 16 (adey_ (
=55 ('r 6r> Ae), (2.19)

R
oot / S(c)r? dr, (2.20)
dt - J
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subject to
Je
7 =0 at 7 =0, (2.21)
= Coo (1 - &?’.) ) on r = R, (2.22)
R
R(0) = Ry, prescribed. (2.23)

We remark further that (2.20) can be rewritten as follows:

d { tumour d /4 _s\ _
i (o) = (52) =[] 5087

Thus, (2.20) states that the rate of increase of the tumour volume is equal to the net tumour cell
proliferation rate, taken over the entire tumour. Many authors have proposed models of this form
(with v = 0in (2.22)) to describe avascular tumour growth, without referring to either the internal
pressure field or the cell velocity. We believe that our derivation of equations (2.19)-(2.23) shows
how such models of avascular tumour growth can arise as special cases of more physically-based
models, such as the original model presented in Section 2.

Once the interaction terms A(c) and S(c) have been specified, it is possible to determine the
evolution of the tumour colony. In Section 3, we derive explicit solutions for ¢(r, t) and R(t) for
simple choices of A and §.

As natural extensions of the model proposed here, it is possible to investigate the action
of different anticancer drugs on the tumour’s growth and also the impact of the host’s immune
response {14,15}. These generalisations may be effected by incorporating into the model a second,
inhibitory chemical species, 3 say, which describes the concentration of the anticancer drug, or
the inhibitory chemical secreted by the host tissue in response to the foreign body [14,15]. Like
the nutrient ¢, the inhibitor § satisfies a quasisteady reaction-diffusion equation. The efficacy
of different inhibitory mechanisms can be tested by considering different choices of the nutrient
consumption rate (y — Yo(o, 8)), the inhibitor consumption rate (v = vg(o,8))}, and the cell
proliferation rate (S = S(o, 3)).

3. RADIALLY-SYMMETRIC TUMOUR GROWTH

We now construct explicit solutions for ¢(r,t) and R(t) for particular choices of the interaction
terms A(c) and S{c}. Whilst experimentally-determined functional forms for A and § should
be employed, they are not considered here since they are not samenable to simple mathematicai
analysis. Instead, merely as an illustrative example, we consider simple choices for A and §, the
results presented below indicating that even these expressions give rise to qualitatively realistic
tumour behaviour.

Specifically, we assume that nutrient is consumed by proliferating cells at a constant rate so
that, in equation (2.19),

Mc) = A, constant.

The local proliferation rate is governed by the balance between cell mitosis and natural cell death
or apoptosis {2,3]. Assuming that cells divide at the rate sc and die at the constant rate sé, we
obtain the following expression for §(c) inside the tumour:

8(e) =s5(c—¢).

With A(c) = A, so that the rate of nutrient consumption by the tumour cells is constant,
integrating (2.19) subject to (2.21) and (2.22), we obtain the following expression for ¢(r,t) in
terms of the moving boundary R(f):

g

e(ryt) = Coo (1 - —2—%) - % (R —7%). (3.1)
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Frain ($.1), wo note that ¢ increases monotonically from 7 = 0 to r = R. This agrees qualitatively
with experimental results [42]. Now if the nutrient concentration falls below a critical value,
fhae Sy, then the tumour cells, being deprived of vital nutrients, undergo necrosis and die [2-4,
38,42). In this paper, we restrict attention to nonnecrotic configurations. Since c attains its
minimum value at » = 0, we deduce that for valid (nonnecrotic) solutions the following inequality

must be satisfied: 9 \R?
C(U,t) = Coo (1 - %) - > Cnec- (3:2)

For fixed parameter values this relation restricts the range of R for which nonnecrotic solutions
exists. When vy = 0, (3.2) simply provides an upper bound on the radius of nonnecrotic tumours.
For larger radii, tumour necrosis is predicted. The inclusion of cell—cell adhesion into the model
(v > 0) introduces a nonzero lower bound for R. Following [28,29], we interpret this as a
nucleation radius: for smaller tumour radii the continuum approach adopted here ceases to
apply.

Before continuing, we remark that, with c(r,t) defined by (3.1), the internal pressure field can
now be determined by integrating (2.12) and imposing (2.16),(2.17). This yields the following
expression for p(r,t):

sA s 27ve AR?
5= SA gty S A Vo AR po 2y
plr,t) = oo + 13 (B = 79) 5 55 (=2 = T2 = 55 ) (B 1)
‘Thus, we notice that inside the tumour the pressure increases as r decreases, attaining its mazi-
mum value at the centre. This agrees qualitatively with experimental results reported by Jain et
al. [10] but is in contrast with the profile derived in Greenspan’s model {27].

Substituting with {7, t) in {2.20) reduces the model to a nonlinear ODE for R(t)

R_E

1dR 3 29Co0
3 45 '

PP 3 + (coc — €)
The term —2vcqo/3 in equation (3.3) renders explicit the stabilising effect that cell-cell adhe-
sion has on the tumour’s growth rate. The terms —&R/8 and —AR3/45 also show how nutrient
consumption by the tumour cells and cell loss due to apoptosis together with cell-cell adhesion
halance the destabilising expansive force due to cell proliferation, ¢ R/3. Equations (3.3) pro-
vides us with some insight into the relative importance of these different mechanisms at different
stages of the tumour’s development. For example, assuming that all the parameters are O(1), we
deduce from (3.3) that when 0 < R <1, then cell-cell adhesion dominates the tumour’s growth,
whereas if R > 1, then nutrient consumption dominates.

Sketches of (3.3) in the (R, %"—f)—pla,ne show that the system possesses at most two, feasibie
steady solutions for which %—*? =0 and R = Ro = 0, the exact number of solutions depending
on the system parameters. This situation is illustrated in Figure 1 where (3.3) is sketched for
several choices of Coo, holding 4, A, & Cnec, and s fixed, with the growth rate calculated only for
the permissible range of R, as defined by (3.2). The diagram provides some indication of the
stability, with respect to time-dependent perturbations, of the steady state solutions, the arrows
on each curve indicating the direction of growth of the tumour for a particular value of R, open
circles denoting unstable steady states and closed circles denoting stable steady states [14]. When
¢oo = 1.0, no steady solutions occur and %% < 0 for all vatues of B. Thus, for any feasible initial
value of R(t = 0) = Ry, the tumour radius decreases monotonically until it becomes so small that
(3.2) is violated and the continuum model ceases to apply. When co, = 1.2, two steady solutions
are predicted: a small, unstable solution and a larger, stable solution. In this case, the limiting
behaviour of the tumour depends on its starting value Rp: if Rp is smaller than the unstable
steady state, then the tumour decays monotonically until it reaches the nucleation radius and the

continuum model breaks down,; if Ry lies between the two steady state solutions, then the tumour

with R(t = 0) = Ry, (3.3)

s e e o
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0.3 1 T 1 T T T L

0.25

0.2

0.15

0.1

0.05

Tumour growth rate, dR/dt

1 1 i 1

~0.2 . :
0 0.5 1 1.5 2 2.5 3 3.5 4
Tumowr radius, R{t)

Figure 1. Diagram showing how a tumour’s growth rate (%‘%) varies with its ra~
dius (R) for three choices of coa, and with % calculated only within the feasible
range of R as defined by (3.2). The arrows on each curve indicate the divection of
growth of the tumour for & given value of R. Open circles denote unstable steady
state solutions, whereas closed circles denote stable steady states. When ceo = 1.0,
no steady solutions occur and ‘i—}} < 0, YR When ¢o; = 1.2, 0ne unstable soiution
and one (larger) stable solution are observed. When ceo = 1.4, only the unstable
steady solution is observed-—the larger solution is rejected since it develops & necrotic
care. Parameter values: &= 0.8, Cnac = 0.2, A=05v=01,8= 1.0.

expands monotonically to the larger, stable steady state configuration; finally, if Ro exceeds the
Jarger steady state radius, then the tumour decreases monotonically to this stable value. {It will
be interesting to compare these preliminary observations with the analysis of Section 4 where
stability of the tumour with respect to asymmetric perturbations is considered.) As ey increases,
the larger steady solution grows and the nutrient concentration at the centre of the tumour falls
until, eventually, necrosis is predicted and the larger solution leaves the range of validity. Thus,
when s = 1.4, only one, unstable nonnecrotic solution is realised. By extending the mode! to
include more developed tumour structures, it should be possible to demonstrate the existence of
a tumour with a necrotic core for such parameter values {15]. When ¢ = 1.4, the evolution of
the tumour depends crucially on its value, the details of its behaviour mirroring that deseribed
above for the case ceo = 1.2,

Neglecting cell-cell adhesion, so that v = 0, we note that the trivial, tumour-free state R =0
satisfies (3.3). If, in addition, Cnec < Coo < g, then the trivial solution is both unique and stable
with respect to time-dependent perturbations [14]. More generally, introducing the parameter

groupings

_ 307¢eo
Po=—y

15 -
and pp = 5 (oo — €} (3.4)
and setting %% = 0 in (3.3), we obtain the following cubic equation, whose roots correspond to

the steady solutions of (3.3):
0= R% —p1R + po. (3.5)
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Yinipla analysls shows that the existence and multiplicity of positive solutions of (3.5) can be
ralated to the parameters pp and p; as follows:
>0 = no real, positive solutions;

2 3
(%ﬂ) - (%) ={ = one, repeated solution;
<0 = two positive solutions.

This situation is depicted in Figure 2 where {po,p1) parameter space is partitioned into regions
in which zero, one, or two nonnegative solutions exist. In Figure 3, we show how the radii of the
corresponding tumours vary with py as the trajectory shown in Figure 2 is described. Holding p
fixed, we observe that as py increases from zero, the larger tumour radius decreases in size and
the smaller one increases until (pg/2)? = {p1/3)® when the two tumours are the same size. For
larger values of pp, no steady state solutions exist. The dashed curve, also included in Figure 3,
shows how the range of R for which time-dependent, nonnecrotic solutions exist varies with po.
Qutside this range, inequality (3.2) is violated and necrosis is predicted.

10 T

two feasible

solutions

no solitions i

Parameter, p; = I5{c,, — C)/A

0 5 10 15
Parameter, pp = 307Ce0 /A

Figure 2. Diagram showing the domain of existence of nonnegative, radially-symme-
tric steady solutions with respect to the parameter groupings po = 30vece /A and
p1 = 15(teo —&)/A The region in which two steady state solutions exist is separated
from & region in which no steady solutions exist by the curve (po/2)? = (p1/ 3% along
which one, degenerate steady solution exists.

From the definitions of pg and p1, we remark that holding p; fixed and increasing po is equivalent
to increasing the strength of the cell-ceil bonds of adhesion =, holding all other parameters fixed.
Thus, we deduce from Figure 3 that if the bonds of adhesion between tumour cells are strong,
then the tumour is likely to disappear. However if the bonds between the cells are weak, then the
tumour will persist and eventually develop into a highly structured entity, with distinct regions of
necrosls and quiescence. By measuring v for different celi-lines, it should be possibie to validate
tha predicted correlation between the strength of the cell—cell bonds of adhesion and the limiting
ilga of the (avascular) tumour when grown in vitro. It might ultimately prove informative to
iigs ¥ na o phyalen) Index which charactorlses a particular cell-line’s potential for growth and
vl
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Steady-state twmour radius, R,

-
1
A
A

0.5+ -

-
i 1

4 5 10 15 20 25 30
Parameter, pg = 30/ A

Figure 3. Diagram showing how the existence, uniqueness and magnitude of the

steady state tumour radii depend on the parameter pg = 30vce/A. Fixing p1 =
15(coo — &)/A = 6.0, the dashed curve shown in Figure 2 is described. For small
values of po (0 < po < 4) two nontrivial steady solutions are predicted: for larger
values of po, no steady solutions occur. The dashed curve also included defines,
for each value of po {or ), the range of R for which {time-dependent) nonnecrotic
solutions exist (see equation (3.2)). Parameter values: coo = 1.0, & == 0.8, ¢nec = (.2,
A== 0.5, 8= 1.0.

4. ASYMMETRIC GROWTH

We now derive equations which describe how small perturbations from radial symmetry evolve
in time. For those cases in which instability of the asymmetric perturbations is predicted the
shape of the tumour may alter radically from the spherically symmetric configuration, giving rise

to configurations which are reminiscent of invasive carcinomas.

Introducing the small parameter 0 < ¢ < 1, we denote by e&{(r,8,¢,t), eb(r,0,4,t), and
eR(6,¢,t), the perturbations from the radially-symmetric solutions of (2.1), (2.4)~(2.10). Thus,
the total nutrient concentration, internal pressure and tumour radius are given by

Ce = c('r, t) + EE(‘J", 9, (bs t)l
Pe = P(f‘x t) + Eﬁ(?", 9: ¢'at)3
R, = R(t) + €R(8, 6, 1),

so that » = (R(¢) + eR(6, ¢,t),8,4) on '(r,t) = 0. By substituting with the above expressions
in (2.1}, (2.4)-(2.10), we recover equations (2.11)~(2.18) at leading order. Continuing to O(e),
we derive the equations which govern the perturbations ¢, 7, and B

0 =vV% - X(o)E, f (4.1)
0= uV*p+ S'(c)E, (4.2)
R 8p 0%
(B R3E) o (43)

g1
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o O(e),

(4.1)
(4.2)

(4.3)
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suilijoct Lo

aé

A 0, at r =0, (4.4)
BB, 6t) = 12 (0Re o (B) -RZE] 4.5)
‘R? L NP
ap B
5 =0 at 7 =0, (4.6}
. dp
B(R,6,¢,t) = —R = (4.7)
) Br )
R(6,¢,0) = Ro(8, ¢), prescribed, (4.8)

where primes denote differentiation with respect to ¢, and £(.) denotes the angular part of the
Laplacian operator )
1 af 1 8%f
L(f)= g —— — 4,
(4) sinf 86 (sm 68) + sin § 9g*’ (49)

s0 that L0f )
2
Vif= ?‘287"(? 6r)+ r2 °
RRather than eliminating p from the model equations, in this section we perform our analysis,
sxplicitly retaining . Recalling from Section 3 that A(c) = A and S(¢) = s(c — &), we remark
that M{¢) = 0 and S'(c) == s in (4.1) and {4.2). Thus, we seek separable solutions to (4.1)-(4.8)
of the form

2
. __SXimT !
Y 0 Yin0,0), 5= 3Tl = 528 L 4¥in(0,6),
R=Y" pimlt) Yim(6, 9),
whare the aplerios] harmonics Y, (8, @) satisfy £(Yim) = —I(l + 1)Yiy, so that
VErt Yim) =0,

and the coolliclonty ¥im, Him, and pp, are determined below,

We remark that ¢ and j5 sutomatically satisfy (4.1), (4.2), (4.4), and {4.6). Imposing (4.5)
and (4.7) and exploiting the orthogonality of the spherical harmonics ¥jm to equate the coefficients
of Vi to zero eventually yields the following pair of expressions which define xim and Il in
terms of pyp,:

C AR
B xin = - { 20 - D+2)+ 5} o
sR* 2y 8 { . 27t /\RZ}
Coo Plm»

Ry = + —F— — L

(2 +3) " 3 R 15
Using these identities in (4.3) yields the following ODE for pym:

— 2

SPum dt 3 T 204+3 R 243 15

where the svolution of R(t) is governed by (3.3).
from (4,10), we vemark further that when | = 1 ﬂ{iﬁm = () go that the systom s always stable
with respeit to the fiest spherical harmonle Yy, (0, ). This is conslatent with results dorived
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by Greenspan, Langer, and Schwegler et al. {27,28,34,35] who studied similar models and occurs
because the mode for which [ = 1 represents a translation of the axes.

The evolution of the coefficients pim is clearly independent of the azimuthal component of the
modal solutions Yim (8, ¢). Since R(t) is a dynamic variable, we remark further that particular
modes Yi, may be excited for certain ranges of R and damped for others. This situation is
depicted in Figure 4 where, for a particular set of parameter values, we sketch the right-hand side
of (4.10) for several choices of ! (I =2,5,10,15,20). Also included in the diagram is a dashed curve
showing how ‘é—’f varies with R, over the feasible range defined by (3.2). This curve demonstrates
the existence of a radially-symmetric solution (R ~ 3.12) which is stable with respect to time-
dependent perturbations. The other curves, showing how (1/ p;m)éﬁ‘fl varies with R, suggest that
this steady state is, in fact, unstable with respect to a finite range of asymmetric perturbations

(2 <1< 14).

0.2 T 1 3 1 1 F

0.15r

Ot

0.051

dR/dt and dpg . /dt
=

-4 { increasing

1 i 1

“0 0.5 1 1.5 2 25 3 3.5
Tumour radius, R{t)
Figure 4. Diagram showing how the growth rates of the ssymmetric modes Yim (6, ¢)
vary with R. For five choices of [ = (2,5,10, 15,20), (i/p;m)%‘f& is sketched
against ®. The dashed curve is included to show how % varies with R over the
fepsible range of tumour radii, Parameter values: Ceo = 1.2, & == 0.8, ¢nec = 0.2,
A=05v7=018=10

The above stability analysis is reminiscent of techniques used by Murray, and other authors,
to predict spatial patterning in mathematical models of biological systems. Whilst some au-
thors {43-45] have considered how the growth rate of the domain affects the evolving pattern,
they considered only simple cases for which the domain’s growth rate was prescribed a priore.
By contrast, here the growth rate of the domain is determined as part of the solution.

Equation (4.10) also demonstrates the stabilising effect that cell-cell adhesion has on the

tumour’s growth., When v = 0, (4.10) reduces to give
1 dpim (1-1) L [204+9\ MR?
=— Coo—E—{ = | ™ -
Spim 4t 3 2l'+3/ 15

Setting %’% = 0 in (3.3). we observe that the nontriviel steady state radius is given by
15

Ao

R?=R2 = — (¢ — &)

It

|2 B = Y B N

L N

[
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nd oceurs i this saes, s deduee thng

ent of the ni-ii——”ﬁ w2~ DA+ 9 (eoo — ) >0,  VI>2
particular 8PUm Gt
,tua.tlon_ B 7 Thus we conclude that, in the absence of cell-cell adhesion, the radially-symmetric steady state
-hand side - solution is unsteble to all asymmetric modes Yy, for which ! > 2. This contrasts with the results
shed curve presented in Section 3 where we showed that the larger, radially-symmetric steady state was
nonstr.ates © stable with respect to time-dependent perturbations.
 to time- | More generally, with v > 0, the stabilising effect of cell-cell adhesion is restored. Indeed, we
ggest that  qosuce from (4.10) that if v > 0 and 48 =0, then
turbations |
1 dom - {I-1) (2)\}22 B (l+2)l¥c—°°).
8p1m  dt (20 +3)\ 15 R
Thus, the stendy stato | stable with respect to all asymmetric modes for which { is sufficiently
ligps, Lo, 42 = 2AR3/15%v¢e,. Further, for a particular value of R only a finite number of
odes re oxcited, the choice of parameter values dictating the unstable range of {. This is
demonstentad in Flgure 4 where the modes Ya m, Yim, and Yigm are excited for the larger
slendy stnta, whereas the modes Yis., and Yagm, are not. This figure also suggests how as
I incroases towards the larger steady state radius (R ~ 3.12), the number of modes which are
sucited changes, Turther, depending on their growth rate, the asymmetric perturbations may
hevome comparable In magnitude with the leading-order radially-symmetric solutions, in which
angis i naymptotie expansion ceases to be valid and the full model, (2.1), (2.4)-(2.10), must be
ed to construct valid solutions.
By diffurentinting (.410) with respect to I, it is possible to determine which is the fastest
growhng mode for o particular choice of B
87V dpm 1 o (2460 8) yeo (4124121 4+ 39) AR?
bi (Eﬂ:”ﬁ?"‘) =3l -8+ e R T s@iar 15
Solting &((1/:1();,,,)59’?54%) = 0, and noting that [ # -3/2, we deduce that for a fixed value of R
- tha faatost growing mode Iees satisfies a quadratic equation of the form
15 .
0 (2 6L 3) 1%'3 + (407 + 121 + 39) 3‘% ~ (21 + 3)* (coo — &). (4.11)

Using {4.10) and (4.11), in Figure 5 we focus on the stability of the upper branch of steady
solutions constructed in Figure 3 with respect to asymmetric perturbations as the parameter v
varies. Referring to {(3.4) and for direct comparison with Figure 3, we use pp = 30vcoo/A in place
of « {since all the other system parameters are fixed, po is proportional to «y). For each value of po

ler authors, A ) i i
(or, equivalently, v}, we plot the range of ! to which the corresponding steady state is unstable.

Tlgsi)?t?te?‘l:x, The fastest growing mode, as predicted using (4.11), is aiso included. From the diagram, we note
:d o priori. that as po increases, and the steady state radius decreases, the range of instability, together with
o the order of the fastest growing mode, become smaller, until, for po sufficiently large (po > 5.0),
has on the the steady state is actually stable with respect to all asymmetric modes Y.

In Figure 6, we show how the size and shape of an initially radially-symmetric tumour alters
when it is subjected to an asymmetric disturbance. At a given time, the mode which dominates
the Instability is selected from (4.11). As R(¢) changes, so the dominant mode also changes.
Reforring to [27], we remark that if the instability which develops is controlled by nonlinear
W o provesses, not included in the present model, the tumour may reach an equilibrium again, Oth-
o arwiee, 16 iy apllt into smaller tumours. These secondary tumours would eventually also split,
ehaialy sontingling the growth and invaston of the cancer,
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Figure 5. Diagram depicting those asymmetric modes gm 0 which the upper branch

of steady solutions shown in Figure 3 are unstable. With py fixed (;1 = 6.0), as o

{or ) incresses both the magnitude of the most rapidly growing mode and also the

range of the unstable modes diminishes, until for pg > 5.0 decay of all asymmetric

disturbances of the steady state is predicted. Parameter values: coo = 1.0, &= 0.8,

Cnee = 0.2, A = 0.5, 8= 1.0.
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adlyasion forces, which act on the tumour boundary to maintain the tumour’s compactness, and
the Internol expansive forces due to celi proliferation influences the existence and stability of
atendy, radially-symmetric tumour configurations. The incorporation into our model of cell-cell
adhesion using the Gibbs-Thomson relation is new and is employed here to account for the energy
consumed by cells on the periphery to preserve the tumour’s compactness. The Gibbs-Thomson
relation states that the nutrient concentration at a point on the tumour boundary is less than the
assumed constant external concentration by a factor which depends on the local curvature there.
We also showed how internal pressure and cell velocity could be eliminated and the standard
models of nutrient-limited multicellular spheroid growth recovered as special cases of our origi-
nal model. In this way we establish the validity of the existing modeis of multicellular spheroid
growth from a more physically-based foundation.

Solution of the reduced, radially-symmetric model shows how the existence and stability, with
respect to time-dependent perturbations, of steady solutions depends on the system parameters,
and two parameter groupings in particular. For example, referring to Figures 2 and 3, we note
that if the bonds of cell-cell adhesion are sufficiently strong, relative to the other physical effects
(1% > Bleoo — )3 /9AcE, = Xy, say), then no steady state solutions exist and we conclude that
the host environment will not support a tumour. By contrast, if the cell-cell adhesion bonds are
aulficlontly weak (72 < 42,), then two steady solutions exist, of which the smaller tumour is
unstable with respect to temporal perturbations whereas the larger tumour is not.

['yrther insight into the robustness of the steady solutions is gained by studying how small
nrymmetric perturbations from radial symmetry evolve in time. This analysis shows clearly
how the cell-cell adhesion term acts to stabilise the system and how this is countered by the
eotl proliferation rate which acts to destabilise the system. Our analysis predicts that, in the
absenoe of cell-cell adhesion, all asymmetric modes grow in time. By contrast, including celi—cell
adbenlon ensures that only a finite number of these asymmetric modes will be excited, and that
the nuinber of modes which are unstable depends upon the relative strengths of the restraining
call-coll ndhesion force and the expansive cell proliferation force. Referring to Figures 3 and 5, we
Hte that for a range of values of y, the larger, radially-symmetric solution is stable with respect
i all nsyminotric perturbations under consideration. '

We rimark also that the asymmetric stability analysis described above is similar to techniques
amploynd by Murray and others to predict spatial patterning in mathematical models of biological
ayutans, Whilst Murray and others have considered how the growth rate of the domain affects
the evolving pittern, they considered only simple cases for which the domain’s growth rate was
preserihad a priori [43-46]. By contrast, in this paper the growth rate of the domain is determined
as part of the solution,

In summary, we conclude that knowledge of the strength of the cell—cell adhesion forces, relative
to the other forces acting within a tumour, could be clinically important in estimating a tumour’s
ability to invade its host environment. Indeed, we believe that 4 could be used as a physicel index
which characterises a particular cell-line’s potential for growth and invasion. When assessing the
potential threat to a patient of a tumour knowledge of this parameter could assist clinicians
deciding whether surgery is an appropriate course of action.
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