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Abstract—In this paper, we develop a simple mathematical model of the vascularization and
subsequent growth of a solid spherical tumour. The key elements that are encapsulated in this model
are the development of a central necrotic core due to the collapse of blood vessels at the centre of
the tumour and a peak of tumour cells advancing towards the main bleod vessels together with the
regression of newly-formed capillaries. Diffusion alone cannot account for all observed behaviour, and
hence, we include ‘taxis’ in our model, whereby the mavement of the tumour cells is directed towards
high blood vessel densities. This means that the growth of the tumour is accompanied by the invasion
of the surrounding tissue. Invasion is closely linked to metastasis, whereby tumour cells enter the
bleod or lymph system and hence secondary tumours or metastases may arise. In the second part
of the paper, we conduct a travelling wave analysis on a simplified version of the mode! and obtain
bounds on the parameters such that the solutions are nonnegative and hence biclogically relevant
and also an estimate for the rate of invasion.
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1. INTRODUCTION

Perhaps the most important feature that distinguishes a malignant tumour from a benign tumour
is its ability to invade surrounding tissue. Invasion is often followed by metastasis, whereby
tumour cells are spread via the blood or the lymph system to other parts of the body where
they may form distant colonies (metastases). This results in multiple secondary tumours {1},
and hence, the disease cannot be cured by treating the original tumour alone, thus making any
attemnpt at treatment very difficult as eradication of the secondary tumours often leads to damage
of the normal tissue.

The onset of metastasis is necessarily preceded by the vascularization of a solid tumour nodule
(e.g., carcinoma) by a process known as angiogenesis. Initially the tumour is avascular; ie., it
does not have its own blood supply. The tumour is very small at this stage (1-3 mm in diameter)
and takes in nutrients and expels waste products by diffusion mechanisms alone. However, this
mechanism limits the growth of the tumour [2,3]. As the tumour grows, demand increases and
nutrients diffusing through the surface of the tumour are used up before they can reach the centre.
Cells at the middle of the tumour are starved of nutrients and begin to die [4]. A necrotic core
will develop and eventually there will be an equilibrium between the necrotic cells at the centre
and the outer layer of proliferating cells. The tumour will become dormant and growth will stop.

The tumour can overcome this deficiency by acquiring a blood supply and it does so by induc-
ing any neighbouring blood vessels to grow towards the tumour [5,6]. The formation of blood
vessels is called angiogenesis. Angiogenesis is not unique to tumour growth, and it is also ev-
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ident in many other pathological conditions such as diabetic retinopathy, arthritis and chronic
inflammation {7,8]. Tumour angiogenesis is initiated by the release of certain chemicals known
as tumour angiogenesis factors, or TAF, by the tumour [9]. This stimulates the endothelial cells
(EC) in neighbouring blood vessels to migrate towards the tumour, Capillary sprouts are formed
which grow in length by recruiting EC from the parent vessel [10]. Neighbouring sprouts will
eventually fuse together at their tips to form loops (anastomoses). The looped vessels themselves
may bud or may fuse with other loops until a complex network of vessels develop. This network
wili eventually penetrate the tumour and furnish it with the nutrients it requires for continued
growth,

A vascularized tumour, that is, a tumour which is permeated with blood vessels, rapidly in-
creases in mass. This enormous growth in tumour volume results in the collapse of the vasculature
at the centre of the tumour and once again a necrotic core will develop surrounded by a peripheral
zone of live cells or “tumour vascular envelope’ [8}. In order to support continued growth, the
tumour’s vascular system persistently remodels itself, continuing indefinitely until the tumour is
removed or killed, or until the host dies. Hence, it is desirable to prevent a tumour from reaching
the vascular phase of growth. The inhibition of angiogenesis may lead to the inhibition of tumour
growth [4,11-13]

In the following section, we will derive a simple tinimal mathematical model which describes
the interaction between the cells of the growing tumour mass and its vasculature. We present some
numerical simulations which show this interaction for different initial conditions. In Section 3,
the model is slightly modified and we look for travelling wave solutions with constant speed and
profile. Finally, in Section 4, we make various concluding remarks.

2. THE MATHEMATICAL MODEL

This model examines the development of the tumour vascular envelope from the onset of
vascularization to the eventual invasion of the (parent) blood vessel, which may consequently
lead to metastasis. We assume that the tumour has successfully induced angiogenesis; that is, a
network of capillary vessels has just reached the tumour boundary. We do not explicitly model
the concentration of TAF, though this is incorporated into the model by presuming that the TAF
indirectly influences vessel proliferation.

Following Liotta et al. [14], let ny(x,t} be the tumour cell density and na(x,t) be the surface
area of capillary vessels per unit volume. Conservation of mass gives us

8
—87’%1 + V.0, = f{n1,n), (1)
a

-——gf— + VI = g(nl,ng), (2)

where J;, ¢ = 1,2, is the flux and f{ni,n2) and g{n1,ny) are functions describing interactions
between tumour cells and capillary vessels. These also contain source and sink terms which will be
made explicit below. We assume that there is a small amount of random motion of both tumour
cells and capillary vessels which can be modelled by a diffusion term with constant diffusion
coefficient; i.e., J; = —D;Vn,;, i = 1,2. Many mathematical models of prevascular tumours rely
solely on diffusion as a mechanism for tumour growth [15,16]. In a malignant tumour, there is a
clear movement of tumour cells into the capillary mass. Indeed, the appearance of metastases is
a clear indication that tumour cells have invaded the blood system [1]. We assume that tumour
cells react to blood vessels in a similar manner to that of ‘taxis’ that is, the tumour cells move

up & gradient of capillary vessels. Hence, the flux of tumour cells is given by
£

J: = Jdiffusion T+ Jtaxis = D1V + xniVng, (3)

where, for simplicity, we assume  is a constant.
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The functions f and g are carefully chosen to describe the particular behaviour and interaction
of the tumour cells and blood vessels.

For the tumour proliferation rate, we assume that during its avascular stage the tumour has
reached its maximum size and has become dormant. Folkman {4] reports that tumour cells
lying nearest to a capillary have the highest {*H] thymidine labelling index and that the index
decreases as the distance from the capillary increases. Hence, we assume that the proliferation
rate is dependent on the surface area of capillary vessels, no. We also assume that, given an
adequate supply of nutrients, the proliferation of tumour cells is very rapid since tumour-induced
angiogenesis will continue indefinitely until the tumour is eradicated or the host dies [4]. Hence,
we model the tumour cell proliferation rate by rnins.

The vascular proliferation rate is assumed to be of a Michaelis-Menten form which saturates
as ny increases, so that there is a finite limit to the proliferation rate. The normal turnover
rate of endothelial cells is negligible on the time-scale that we are considering [8]. In normal
endothelium, the labelling index was found to be as low as 0.01% per hour in some cases [17].
The proliferation of capillary vessels is initiated by the release of TAF and so is dependent on the
density of tumour cells n;. We therefore take the vessel proliferation term to be Snyng /{8 + na2).

In this model we assume that the main cause of tumour cell death is nutrient deficiency {17].
Capillary vessels may fail to rench some parts of the tumour or tumour cell overcrowding and high
internal pressure may cause vessels to collapse [17,18). If the oxygen concentration in a tumour
cell is inadequate for normal cell functions, the cell becomes hypoxic which leads to a reduction in
cell activity. A hypoxic cell can return to normal if nutrient levels increase but will eventually die
if deprived of oxygen for too long. In this model we assume that once a celi has become hypoxic
it will subsequently die. In Section 4 we will suggest a way of incorporating temporarily hypoxic
tumour colls into a model. Let No be some reference vessel surface area such as the surface area
per unit volume at the point of vascularization. We choose am;(1 — tanh((n, — N3)/Na)) as our
tumour cell death term, as this gives us a smooth switch from high to low death as ng increases,
which i8 qualitatively what is desired. Furthermore, there is a finite limit to tumour cell death as
ng — 0, which suggests that the tumour returns to its dormant state as nutrients decrease (see
Figure la).

The death of vasculature is mainty due to overcrowding of vessels and tumour cells, and hence
we would expect a sharp increase in vessel death as ng increases and also a term which depends
on n;. We therefore chose Anyn3/(B + n#) as our vessel death term. This term has previously
been used to describe spruce budworm death due to overcrowding and predation [19]. In a
similar manner, tumour cells invade the blood vessels which coliapse due to the massive increase
in tumour volume (see Figure 1b).

Hence, the reaction terms f and g are

f(n1,n2) = raing — an; (1 — tanh W} ) {4)
_ Sming  Anind
g(r1,m2) = B+ny B+ni ()

As stated in the introduction, we assume that the tumour is a solid spherical mass and that all
growth is in the radial direction only; i.e., we have radial symmetry. If R is the distance from the
centre of the tumour, under the assumptions made on f and g, and from equations (1) and (2),
we therefore have the following partial differential equation model for vascular tumour growth
and invasion:

oni _ D1 & 253.?.}.),,. 1 9 ( 2 3&) _ {na — Na)

5% = W oR (R 55 3R R%*yny 3R ) TTane —om (}. tanhT), (6)
a0y 0 (atns)  Smme _ dn .
8t ~ RZAR SR B+ny BFnd
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We now nondimensionalize the above system in the usual way. Let L be some reference length, a
such as the distance from the tumour boundary to the parent vessel, let T = L?/Dy be our t
reference time, and N a reference tumour cell density. By making the following substitutions, ¢
le
: : ‘nl ﬂ,z R t d
e : *=-——, ‘n-*:"'—' R*x_”‘, t*‘”:'"-l
o MR TN L v ¢
i 5 Dy . xNo X "
i s =, = S * = rNoT o = orT,
i Dz X D2 ’ 21y 9
} " _ B* = B . AN;{T g% = SNl’T'
L TN - N§’ N TNy
i and dropping the asterisks for notational convenience, we obtain the dimensionless system 2
|
8ny D 8 [00m 1 8 (oo Ong
T = e = | R — ne—ang (1 — tanh(ng — 1)), 8
5t  E2OR ( 3R ) " aE \[F Xmpg ) T (1-tanb(nz = 1), (&) n
buy _ 10 (pa0na\  Smm  Amnd o i
5i ~ REGE\ ' OR) Bing B+nf t
s
To close the system, we impose the foliowing boundary conditions: is
d 8 " ¥
Ty %) ;
t R=0, — = —= =0, : n
¥ 3R~ OR L .
8TL1
at R=1, —_—= ng = 1.
B8R 2 L
The first set of boundary conditions arises naturally from the sy:mmetry of the system. The : v
position R = 1 corresponds to the location of the parent vessels (e.g., limbus). Once the tumour i
cells reach the right-hand boundary the assumptions of the model will no longer hold, since other 1
interactions become important (e.g. the invasion of the limbus by the tumour cells). Various N
initial conditions will be considered in Section 2.2. Iy
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4.4, fatimation of Parameters

Whenever possible experimental data was used to estimate our parameter values. Where this
was difficult, we chose parameters that gave the correct qualitative behaviour of the tumour cells
and the blood vessels.

A summary of dafa on corneal implants was given by Balding and McBiwain [20]. A tumour
will successfully induce angiogenesis if placed at a distance of 0.8 mm (6} to 3mm {5] from the
limbal vessels. The time for vascularization is approximately 8 to 12 days [5,6,10]. This gives
a value for Dy = 1077em?s~!, for 7 = 10 days and L o 0.3cm. Sherratt and Murray {21]
estimated the diffusion coefficient of cells in their model of epidermal wound healing. They
used diffusion coefficients ranging from 3 x 107% cm?s~! — 6.9 x 10~ cm?s™!, In their study of
individual endothelial cells, Stokes and Lauffenburger [22] measured the motility parameters for
endothelial cells. The mean random motility coefficient for endothelial cells migrating in af'GF,
was 7.1+ 2.7 x 10-9cm?s~!. A reasonable estimate of the diffusion coefficient of tumour cells
would be in the range 10=2 to 10~ crm?s~L. This would give a range for D of 1074 to 1072, We
would expect the diffusion of tumour cells to be small in comparison with the directed movement
of the tumour cells in response to a gradient of blood vessels, which is clear from experimental
studies. We therefore, chose the taxis coefficient to be ten times that of the tumour cell diffusion,
so that, with N; = 10, an approximate range for x is 1 to 100. The parameter 7 corresponds to
the tumour proliferation rate, which we would expect to be fairly high. If tumour cel! proliferation
was about 0.1% per hour, then r ~ O(10%). The maximum death rate in the absence of capillary
vessels is represented by . Denekamp [17] stated that the lifespan of a nutrient-deprived hypoxic
cell is 5 to 10 hours. The proporsion of hypoxic cells in a tumour can be up to 80%. Hence,
a reasonable range for « is 1-20. For the capillary vessels, the parameters S5 and A represent
the maximum proliferation and death rates respectively, whereas, B3 and B are measures of the
eritical value at which proliferation or death is switched on. A low value of B or B means a
low threshold. The tumour’s vasculature is highly vulnerable [8,17}, and hence, we chose a low
death threshold value, B = 0.01, and a high maximum death rate, A = 100, in comparison to
the proliferation threshold, 8 = 1, and the maximum proliferation rate § = 10.

2.2, Numerical Simulations

The system of equations was solved using a routine available from the NAG library which
integrates the system using the method of lines and Gear’s method. Three different sets of initial
conditions were used (Figure 2).

In the first case, we tried similar initial conditions to those used by Liotta et al. {14] in their
model of tumour vascular growth, i.e., unit step functions (Figure 2a). Assuming that the tumour
is placed at a distance of 3mm from the parent vessel and that its radius is about 1 mm, we take
the tumour boundary to be situated at R = 0.25. The results are given in Figure 3. Figure 3a
shows a peak of tumour cells moving across the domain towards the parent vessel, and there
is a decline in tumour cell density at the centre, indicating that a necrotic core has developed.
Figure 3b shows that the capillary vessels have infiltrated the tumour mass and have slightly
regressed from the advancing front of tumour cells. However, the vessels have not, as would be
expected, degenerated at the centre of the tumour.

In the second case, a more realistic initial profile for the tumour cells was chosen with a
Gaussian distribution of cells centred at R = 0.2 (Figure 2b). This corresponds to a newly
vaseularized tumour nodule with central necrosis surrounded by a layer of live proliferating cells,
since only proliferating cells invade. Again, the results show (Figure 4a) a peak of advancing
tumour cells penetrated by capillaries. Figure 4b shows that the regression of vessels is slightly
more pronounced, and after time ¢ = 0.03, the density of vessels at the centre of the tumour
begins to decrease, which is an improvement on the simulations of Figure 3b.
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Figure 2. The three different initial conditions used to test the model. The solid
line represents the tumour cell distribution and the dashed line represents the vessel

density. In Figure {a) we have a block distribution of tumour

cells and vessels.

In Figure (b} we have a Glaussian distribution of tumour cells centred at 0.2. In
Figure {c) we have the same Gaussian distribution for the fumour cells but for the

vessels we have taken a profile from the model of angiogenesis
Stuart [23].
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Figure 3. With block initial conditions for the tumour cells and the vessels the
aystem evolves as shown above. Figure (a) shows the tumour cells distribution and
Figure (b) the vessels. Plots were taken at times ¢ = 0.01, 0,02, 0.08 and 0.04.
Parameters values were D = 0.01, % = 10, r = 100, & = 10,§=10, =1 A= 100, -

B =0,0L

b

Finally, we took an initial profile of capillary vessels from & model

of anglogenesis by Chaplain

and Stuart [23] (Figure 2c). The taxis coefficient x is reduced in order to allow more time for the
overcrowding to take effect and also the tumour ceil proliferation rate r was increased. Figure Se
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Figure 4. With a Gaussian distribution of tumour cells and block initial conditions
for the vessels the system evolves as shown. Figure {a} shows the tumour cell density
while Figure (b) shows the vessel distribution. Plots were taken at times ¢ = 0.01,
0.02, 0.03, 0.04 and 0.05. Parameters values were D = 0.01, x = 5, r = 100, o = 10,
S=10, B=1, A=100, B = 0.01.
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Figure 5. With an initial profile for the vessels taken from Chaplain and Stuart [23)
the systern will evolve as shown. Figure (a) shows the tumour cell density while
Figure (b) shows the vessel distribution. Plots were taken a4 times t = 0.1, 0.12, 0.14
and 0.16. Parameters values were I == 0.01, x = 1, r = 200, ¢ =7, § = 10, 8 =1,
A =100, B = 0.01.

shows an advancing peak of tumour cells and a substantial increase in tumour cell density with
time. Figure 5b shows that the capillaries have penetrated the tumour mass but have collapsed
at the centre and the vasculature within the tumour has regressed considerably.
ain ‘ We note that the qualitative form of the numerical solutions are wave-like. We can estimate the
the : speed of the wave by examining the numerical solutions. For the first two simulations (Figures 3
: Ba % and 4}, we estimate that the dimensionless wave speed varies between 11-15. With L = 0.3 cm as
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a reference length and 7 = 10 days as a reference time, this gives a speed of invasion in the range
of 3.3-4.5mm/day, which is quite high. In the last simulation (Figure 5), which has the most
realistic initial conditions and which best captures the key behaviour of the growing tumour,
the dimensionless wave speed is approximately 4.5-5. This corresponds to an invasion speed of
1.4 mm/day-1.5 mm/day. "This is not unreasonable, given the simplicity of the model, though
slightly overestimated, in comparison to experimental observations of 0.2-0.5mm/day [5} and
0.4-0.7 mm/day [24]. We will suggest ways of reducing the wave speed in the discussion. In the
next section, we will investigate the possibility of travelling wave solutions with constant speed

and profile.
3. TRAVELLING WAVE ANALYSIS

Tn this section, we conduct a travelling wave analysis of the system of partiai differential
equations (8) and (9). We modify the original model by replacing the proliferation term for the
blood vessels by the logistic growth term Sny(1 — ng), where, once again the parameter S is
dimensionless. The use of this term can be justified by assuming that the blood vessels have
been saturated by TAF, and hence, the proliferation of vessels is independent of tumour cell
density. Given that the rate of growth of the vascularized tumour is rapid, the tumour mass
rapidly increases in size [5,6]. We therefore conduct the travelling wave analysis using Cartesian
coordinates as follows:

6?’51 _ 52711 3 87?,2

-—-gt—;- =D EYeD - XBR (niﬁ) + rMihe — 0Ny (1- tanh (n2 — 1)) s (10)
Ong O°n Angn

G2 =GR +Sm(l-m) — e (1)

The spatially homogeneous steady states are given by (0,0), (0,1) and (n¥f,n%) where

- S(-nf) (B+n) -

*
Anj

and nj uniquely satisfies
rng — (1 — tanh (np — 1}) = 0. (13)

We look for solutions of the form Ny(2) = ny(R,t), Na(2) = na(R, t), where 2 = R — ct, ¢ being
a constant positive wave speed, so that the waves travel to the right. Using the notation " to
denote differentiation with respect to z, we obtain a fourth order system of ordinary differential

equations

~cN! = DN{' = x (N1N3§)' + 7NNz - @Ni(1 — tanh(Nz — 1)), (14)
R _

_..CNé = Né’ + SN2(1 - Nz) - m’g

The appropriate boundary conditions are given below, i.e., nonnegative solutions satisfying

Ni(~oo) =n},  Ni(+oo0) =0,
No(—co) =n3,  No(+oo) =1, (16)
Nl(£oo) =0,  Nj(&oo)=0.

Waves satisfying (16) can be described es ‘waves of invasion,’ In this case, we have one population
at its carrying capacity. Introducing a emall amount of another species, the system evolves to &
new steady state of coexistence where the original population has decressed and the new species
has increased. From this description of invesion, we infer nj < 1. In the biological situation that
we are considering, tumour cells invade a population of endothelial cells.
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Wa anulyse the system (14) and (15) by considering two cases. First, we will simplify the
gysbam by setting D = 0, which is the limiting case of I) small. In this case, the vessels are
diffusing much faster than the tumour cells. This implies that there is little random motion
of tumour cells, therefore, the emphasis is on the directed movement of tumour cells into the
capillary vessels. Second, we consider D nonzero.

Case 1. D = 0. Letting W = N, we obtain the following system of three first-order ordinary
differential equations:

; 1
N{ = (XW — c) {erNg — Ny (1 - tanh {Ny — 1))

AN N2
+ xNy (SNQ (1 — Ny) — ﬁ + cw) } (17}
2
N, =W, (18)
AN N}
i _ — —
W' = B+N22 SNy (1 — Np) — cW. (19)

To remove the singularity at W = ¢/x, let ()W — )& = 4. Hence, we obtain the following
dz dé
system:

2

i{\j}. = rNi Ny — alNy {1 — tanh (Ns — 1)) + x Ny (SNQ (1 — NQ) — AN1N22 + CW) R

dé B+ Nj (20)
dNg
— = W(xW —-¢ 21
T (x ) (21)
dw _ AN1N22

= (B+N§ ~ SNy (1 - N3} — W ) (xW —¢). (22)

We carry out a phase plane analysis in the usual way by linearizing about each critical point to
obtain a system of the form

% =AX,  where X = (Ny, Na, W)"

and A is a 3 x 3 Jacobian matrix which has been evaluated at the critical point. The eigenvalues
are then given by det(A — AJ)=0. Using the notation A;; to denote the element in the i*! row
and %P column of the matrix A, we obtain

A — N¥(Apg + Ass) + A (Ar1dss — Az Aas — AsgAgs) + AnnAogAge — AjpAasds; =0, (23)

since Ag; and Agy are always zero when evaluated at any of the critical points. The analysis of
this phase space is given in the Appendix. A summary of the results is as follows.

e The critical point (0,0,0) is a stable node if ¢> < a(1 +tanh 1) < §. Otherwise, the critical
point is a saddle point.

For nonnegative solutions passing through (0,0,0), the parameters must satisfy equa-
tions (32) and (33) as given in the Appendix.

Since r > o from equation (13), the critical point (0,1,0) is a saddle.

For nonnegative solutions passing through (0,1,0), the parameters must satisfy equa-
tions (35) and (36).

The critical point (n},nj%,0) is a stable node if ¢ < xSn%(1 ~n}); otherwise it is a saddle.
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Figure 6. Profile of tumour cells invading tissue obtained from numerical solution
to (20)-(22).
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Figure 7. Profile of vessel density being invaded obtained from numerical solution
to (20)-(22).

We solved the system of equations (20)-(22) using an ODE solver implemented in MATLAB
with the parameters D = 0, x = 10, r = 100, & = 10, § = 10, 8 =1, 4 = 100, B = 0.01
and the wavespeed ¢ = 16.9 which was derived from conditions (35) and (36). Figures 6 and 7
show the profiles of the wave front for the tumour cell density and the vessel density, respectively.
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(tafividy, they iwstrate the advance of the region of proliferating tumour ceils with the
she viseniature o its wake.

wattagies of 8
3. 07 0. Letting U = NI and V = NJ, we obtain the following system of four ODE’s:

A

N{ =1, (24)
N =V, (25)
;1 AN N§ B
U'=5 X(UV+N1(B+N22 SNy (1 — Np) ~cV
+aN; (1 —tanh (Nz — 1)) — r N1 Np — CU} , (28)
,_ ANINZ 3
V= 5T % SNz (1 Np) — V. (27)

We carry out a phase plane analysis in the usual way by linearizing about each critical point
to obtain a system of the form

dX

- AX, where X = (Ny, Ny, U, V)T

and A is a 4 x 4 Jacobian matrix which has been evaluated at the critical point. The eigenvalues
are then given by det(A — AI) = 0. Using the notation A;; to denote the element in the ith row
and §%* column of the matrix A4, we obtain

pLNIDY (c— Agz) — A2 (Ao + As1 + cAz3)
+ A(AszAag — cAgy — AsaAar) + Aa1Ags — AzzAg = 0. (28)
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Pigure 8. Profile of tumour cells invading tissue obtained from numerical solution
to (24)-(27).
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Figure 9. Profile of vessel density being invaded obtained {rom numerical solution
to {24)-(27).

The analysis of this phase space is given in the Appendix. A summary of the results is as follows.

o The condition § < a(l +tanh1} is sufficient to ensure thet the critical point (0,0,0,0) has
an unstable manifold.

o The critical point (0,1,0,0) is a saddle since r > c.

o The critical point {n},n3,0,0) is a stable node if 1/27 > B > 0 and ¢ < xSn{1 —n}),
otherwise it is a saddle.

Again, we solved the system of equations (24)~(27) using MATLAB with the parameters D =
0.01, ¥ = 10,7 = 100, &« = 10, §=10,8=1,4=100,8 =001 and the wave speed ¢ = 15,
which was measured from the original numerical solutions of the PDE’s. Figures 8 and 9 show
the profiles of the wave front for the tumour cell density and the vessel density, respectively.
Once again the figures illustrate the advancing front of invading tumour cells leaving behind a
compressed vasculature in its wake,

4. DISCUSSION

We have developed a simple minimal mathematical model which has captured the key initial
events of vascular tumour growth such as the migrating front of tumour cells, necrosis and the
regression of blood vessels. The advance of tumour cells across the host-tissue field is attributed
to & combination of diffusion, active migration and proliferation of tumour cells. Liotta et al. [14]
explains central necrosis as a failure of new blood vessels to reach the centre of the tumour
fast enough. However, shortly after vascularization, the whole of the tumour is eriss-crossed by
capillaries {8], with necrosis reappearing later. Hence, in this model the development of a necrotic
core is due to overcrowding and the eventual collapse of the blood vessels.

We note that the model is necessarily a simple one and neglects many other features of tumour
growth. For example, we do not consider the effect of extravascular pressure or the compression
of host tissue which can obstruct the fiow of blood to the tumour cells [4]. Denekamp [17] reports
on the possibility of cyclic hypoxia, that is the temporary openiné and closing of vessels for a few
geconds or even for a few hours. We could include temporarily and permanently hypoxic cells
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sojing an age-structured model, This would involve two age classes for the tumour cells
fi Tgnniny! prolifarnting cells in one class and ‘old’ reduced activity cells in the other, with ceils
switalitng from cliss to class whenever nutrient levels were above or below some threshold vaiue.

Alternatively, we could develop a mechanical model which focuses on cell-matrix interac-
tiong [19). In the numerical simulations, the wave speed was slightly larger than that observed
sxperimentally [5,24]. No doubt this is due to the fact that the mode! is simple and does not
consider other factors which may moderate the movement of the tumour cells, The extracellular
matrix has an important role to play in tumour growth, especially invasive growth, since it can
infuence cell adhesion and motility [1,11,25,26].

The model also assumes radial symmetry. It is unusual for tumours to grow outward to an
equal extent in all directions except when grown in a homogeneous environment, e.g., in the liver.
Studies on multicellular spheroids [27} have shown that there is heterogeneity in both the cells
and the environment. A more realistic model ought to take this fact into account.

Nevertheless, in spite of these simplifications, the model produces results which are in good
qualitative agreement with in vivo observations, and gives a quantitative estimate of the invagive
speed which is reasonable given the simplicity of the model. By improving the model as suggested
above, no doubt, better results and predictions will be obtained.

APPENDIX A

ANALYSIS OF THE
THREE-DIMENSIONAL PHASE SPACE

A.1l. At the Critical Point (0,0,0)

All = ——-Q’(l + tanhl), A12 - O, A13 == 03 A23 =—¢
Az =0,  Asz=Sc Agz = c*.

Hence, the eigenvalues are given by the roots of

p(A) = 2N+ Ny 4 dag + as, (29)

where

ay = o1 + tanh 1) — ¢2,
ag = ¢ (§ ~ a(l + tanh 1)),
as = Scto(l + tanh 1).

Ifc? < a(l+tanh 1) < § then the originis a stable node. Otherwise, the critical point is a saddle

point.
For nonnegative solutions, we require these roots to be real. We must impose the conditions

o > 0 and (1 = 0 [19], where

o= (2 (2). w
b= (B) -2 g, )

From the first condition we have

o3(1 + tanh 1)% + ¢* — 3¢®8 + *a(1 + tanh 1) > 0. (32)

A sufficient condition to satisfy a; > 0 is ¢? > 38 or oo(1 + tanh1) > 35,

g o i Mgt T e e
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From the second condition & = 0, we have

2(a(1 + tanh 1))% + 3(a(1 -+ tanh 1))*(3 — 2¢°)
+3a(1 + tanh 1)(2c* + 3(35 -~ 1)c? — 35) +c3(95 — 2¢*) = 0. (33)

Since o is real and positive, as a minimum requirement, we need the above polynomial to have
one positive root. By Descartes Rule of Signs we require

322, 244335 -1F~35>0, 2" >98.

From the second condition for ¢? real and positive we must have 35 < 1. Hence, combining these
conditions 3/2 > ¢ > 1/3/2 is sufficient for o real and positive.

A.2. At the Critical Point (0,1,0)

Apy=r—a, A;p=0  Ap=0  Awp=-¢

—-A
Az =

s -_*—S A = 2.
Bl Azg ¢, 33=¢

Hence, the eigenvalues are given by
A4 A (o — ) + AP (r — = )+ ScP(r —a) =0, (34)

i.e., the roots of p(A) = A3 + A2%aq + hag + a3, where

ay = —71—c, ag = cE(r -a—29), ag = SeX(r - a).

(0,1,0) is a saddle point. If r > o, the polynomial p(X) will have two positive roots and one
negative root. If & > 7 we will have one positive root and two negative roots. However, by
examination of equation (13) combined with the condition for invasion nj <1, we conclude that

r > o
Again we must impose conditions on our parameters so that the solutions are nonnegative; L.e.,

the eigenvalues must be real. From the condition oy > 0 where ¢ is given by (30) we obtain

o + 1%+t +38¢% - 2ra > 0. (35)

»> 9 is & sufficient but not necessary condition which satisfies {35). From B, = 0 where B is
given by (31), we obtain

% [~(r ~a) = *]" - 95“ [~(r = 0) = ] [(r — &) = 8] + Sc*(r =) =0,
2 o)== [ o) -] (=) - 5+ 56 —a) =0
After some algebra this becomes
2r ~ @) — 3c3(r — @)? — *(r — a) (185 + 6c%) + c* (2% +95) = 0. (36)

A.3. At the Third Critical Point (n},n3,0)

Using equations (12) and (13), the eigenvalues are given by the cubic
2nd (1 —nj)
(B +m3?)’

4?38 (1 - n¥) [r + ausech® (ny ~1)] =0, (37)

A8 A2 [xn3S (1 — nf) — &) + ASE? [n% — x (B +m3?)] - 1
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i.6., the roots of p(A) = A® + A%a; + Aag + as where

a7 = xniS {1 —n}) - &,

2 | 2n3 (1 —n)
(B +n32)”

az = g8 (1 - n§) [+ asech® (nf — 1)} .

ag = Sc fns —x (B+n3%)] -1},

There are four possible cases, all roots negative, one root positive and two negative, one negative

and two positive and all roots positive.
Suppose all the roots are negative. By the Routh-Hurwitz conditions

a1,09, a3 > 0.
The condition n% < 1 is satisfied and we obtain a bound on the wavespeed; i.e.,
¢* < xn3S(1 — nk).

Consider the limiting case ag = 0. Then the roots of p(}) are

do==0, Mgz = —ay £4/ad — day,

The maximum Ay and minimum A, are given by

%:3/\24-2Aa1+a2m0, =>,\m,M=?};-(—a1:i:1/a¥—3ag).

These are independent of as. As ag increases from zero, p(A) has three real negative roots. There
is & critical value of ag, a} say, for which two of the roots are equal where

2
1
aj = > (a; + 24/af — 30«2) (01 - \/0’% . 3a2> ’ (38)

so for ag > a, we have only one real root and two complex roots. Hence, the solutions approach
the critical point in an oscillatory manner for ag > a3 and for 0 < as < a} they are monotonic

(Figure 10).

1, L ) i

0

Mgure 10. The general form of p(A) as aa increases from zero. (&) ag = 0; (b)
0« ay < af; {c) aa = aj; and {d) a3 > of.
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Suppose that one of the roots of p{A) is positive and two roots are negative. This implies that
ag < 0 and so n} > 1, which contradicts our previous assumption. We dismiss this case on the
grounds that this situation does not arise in the biological context that we are considering.

Now suppose that two of the roots are positive and one root is negative. Then ag > 0. Either
or both of a; and ay must be negative. If a; < 0, then ¢ > yniS(1 ~ n3). If ax < 0, then we
obtain the inequality

(2x - Dn3t ~2(x+ 1)ng® 4+ 2(1 + B (x — 1)) ny® ~ 2xBnj ~ B* <0,
As before, in the case where all the roots were negative, there is a critical value of a3. As ag
increases to this critical value, the two positive real roots become equal. So for az > a3 we have

a trajectory which oscillates away from (ny,n3).
Finally, if all the roots are positive we have az < 0. Again, we dismiss this case as it is not of

biological relevance.

APPENDIX B

ANALYSIS OF THE
FOUR-DIMENSIONAL PHASE SPACE

B.1. At the Critical Point (0,0,0,0)

& C

Agy = D(i + tanh1), Azg =0, Agy = ——,

D
Aq =0, Agp = 8.
Hence, the eigenvalues are given by the roots of
p(A) = A 4 A3ay + Aag + das + ag,

where

a —c—é——?-

1~ D:
2

ag = % +85+ %(1 +tanh 1),
eSS ac

a3 = 5 = TD—-(I 4+ tanh 1),

ag = —%€(1+tanh1).

By examination of as we see that the origin is a saddle. In particular it has an unatable manifold
if § < (1 + tanh 1), which agrees with the result found in Appendix A.

B.2. At the Critical Point {0,1,¢,0)

a-7 ¢
A =—pF—  An=0 Aduw=-gy
A
A =0, Ag=-2n, Ap=§
34 =0, a=FTT 42

Hence, the eigenvalues are given by the roots of
p(’\) = At + )\3(.11 + /\2&2 + Aag + aq,

where
mer £
a1 =cC D,
1 .
ag=—5(c2+r—a—aD5),
c
a3=—5(1'—-a-—.5'),
a4=%(a-r).

Since r > a, we can see that {0,1,0,0) is always & saddle.
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B.3. At the Critical Point

Azp =

Azz

ti

Azz

Azy

il

A41 =
Ay =

Using equations (12) and (

13}, the eigenvalues
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(n4,75,0,0)

(

.
B (xAgz — 1+ antsech? (ng ~ 1)),

[

-5
xeni
D
Ang
B+ n¥’
2AnNG
B+mny?

2Aning
B+ n%2

X

D

— Sny(1- nzn) ,

¥

2
n3
B+ny

)-su-zgy

@“

are given by the roots of

p(\) = M+ Nay + Nap + Aas + a4,

where
ot s
1 = D;

62 2 X *2 *

a'z=-§+5((m"'ﬁ)nz (1—712)"—1),
¢S [ an3? (1 —nj)

ay = = - 1 3
D B + n$?

a4 = %Sng (1-ng)(r+ asech? (ns — 1)) -

Since nj < 1, @ > 0. If either ag <0 and/or a3 <0 then the critical point (n’{,n’z‘,0,0) is a

saddie. If both a2 >

0 and a3 > 0 then the critical point is &

stable node, Le., if

¢ 2 X 2
< _X a5 —1)>0 3
D+S((B+n*2 D)nz (1—n3) )> ) (39)
and
32 (1 - ns) > B+ ns2. (40)
From (40), we have ni? —2ng® > B > 0. Consider the function f(n3) = w2 — ong? for

0 < ng? < 1. Then clear
sufficient to satisfy (40).
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