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Abstract When searching for hosts, parasitoids are observed to aggregate in
response to chemical signalling cues emitted by plants during host feeding.
In this paper we model aggregative parasitoid behaviour in a multi-species
host-parasitoid community using a system of reaction-diffusion-chemotaxis
equations. The stability properties of the steady-states of the model system are
studied using linear stability analysis which highlights the possibility of inter-
esting dynamical behaviour when the chemotactic response is above a certain
threshold. We observe quasi-chaotic dynamic heterogeneous spatio-temporal
patterns, quasi-stationary heterogeneous patterns and a destabilisation of the
steady-states of the system. The generation of heterogeneous spatio-temporal
patterns and destabilisation of the steady state are due to parasitoid chemotactic
response to hosts. The dynamical behaviour of our system has both mathemati-
cal and ecological implications and the concepts of chemotaxis-driven instability
and coexistence and ecological change are discussed.
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1 Introduction

In this paper we consider a mathematical model that focuses on the aggregative
response of parasitoids to hosts in a coupled multi-species system. Our sys-
tem comprises two parasitoid species and two host species. The parasitoids are,
Cotesia glomerata and Cotesia rubecula. The hosts are the larvae of the large
and small white cabbage butterflies, Pieris brassicae and Pieris rapae, respec-
tively. C. rubecula is a specialist of P. rapae while C. glomerata is a generalist and
parasitises both hosts. Thus, there is a coupling of the four interacting species.
This particular system is of considerable interest as all four species have a wide
global range and both hosts are common crop pests of brassica species, including
commercial crops such as cabbage, cauliflower and kale. Both parasitoids in the
system have been used as successful biological control agents against the hosts
[4,21]. More generally our system serves as an analogue for other multi-species
host-parasitoid systems. A key aspect of the system is that, when searching for
hosts, the parasitoids are observed to aggregate in response to chemical signal-
ling cues emitted by the crops or plants (e.g. brassica species) that the hosts are
feeding upon. This phenomenon is widely reported for host-parasitoid systems,
and laboratory studies using the Pieris–Cotesia system have been the subject
of a number of publications. Research has shown that both parasitoid species
respond differentially to volatile infochemicals from plants infested with high
and low host densities. Regions of high infochemical concentration correspond
to regions of high host number and responsiveness to odours from host infested
leaves was shown to increase with an increase in the total number of feed-
ing hosts. Further studies have considered plant-mediated indirect effects on
the persistence of host-parasitoid communities and the ability of parasitoids to
discriminate between infochemicals from a range of different plant-host com-
plexes [8,9,35,36] (and references therein). In short, infochemicals play a key
role in multi-trophic relationships.

Chemotaxis is defined as biased or directed migration in response to
diffusible chemical cues, the motion being directed to regions of highest chem-
ical concentration. The aggregative behaviour of the parasitoids in our system
towards plant infochemicals emitted during host feeding can thus be described
as a chemotactic response and the plant infochemicals can thus be considered
as chemoattractants. Chemical analysis has revealed only minor differences be-
tween the volatile blends of P. brassicae and P. rapae infested brassica plants
[35]. Hence, throughout this work, we consider a single chemoattractant which
is produced in proportion to the total host density.

In this paper we model the interactions of the species within a continuous-
time framework because of observed overlap in population interactions. Hence,
the temporal dynamics of our host-parasitoid system are modelled by a cou-
pled system of four ordinary differential equations. The multi-species inter-
actions considered in our model exhibit oscillatory temporal dynamics and
such population dynamics have long been a topic of interest in the litera-
ture [11,13,25]. When spatial interactions are also taken into consideration,
by way of random motility of the four species and the chemoattractant and the
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chemotactic response of the parasitoids to the chemoattractant, a system of five
reaction-diffusion-chemotaxis equations is obtained. The system of equations
models the spatio-temporal dynamics of our four species host-parasitoid com-
munity and the chemoattractant. In this paper we consider the interactions of
the two hosts and two parasitoids in a one-dimensional domain.

A significant body of work has considered a variety of reaction-diffusion-che-
motaxis models since the seminal work of Keller and Segel [14–16]. Reaction-
diffusion-chemotaxis equations have been used to model a number of ecological
and biomedical problems including aggregative behaviour of the slime mould
Dictyostelium discoideum and bacterial colonies including Eschericia coli and
Salmonella [12,14–18,34], and cell aggregation, especially in wound healing and
cancer tumor growth [1,2,5–7,19,30] (see [20] for a summary of the literature).
There have been, however, relatively few attempts to incorporate parasitoid
chemotactic behaviour in models of multi-species host-parasitoid systems. The
work of Schofield et al. [27,28] however considers an individual-based stochastic
model of chemically mediated parasitoid foraging in a two-species host-parasit-
oid system and we extend the reaction-diffusion-chemotaxis model that serves
as a basis for their individual-based model. The model system we consider is also
an extension of a reaction-diffusion model of our multi-species system discussed
in an earlier work [21]. Specifically in this paper we consider the impact on the
dynamics of the system of increasing the parasitoid chemotactic response. In
effect we compare the impact of random and non-random (chemotactic) par-
asitoid searching behaviour on the dynamics of our multi-species system. We
primarily contribute to Pieris–Cotesia research by highlighting qualitative pop-
ulation dynamics which are extremely difficult to determine experimentally.
Furthermore, we uncover dynamical behaviour that has not been previously
shown for our system (see [21]). Parasitoid chemotactic searching is shown to
have a significant impact on the dynamics of our multi-species system.

In the subsequent sections the model system and parameters are introduced
and stability analysis and bifurcation analysis of the homogeneous system and
linear stability analysis of the chemotaxis system are carried out. The results of
numerical simulations are then presented and finally discussed with reference
to their mathematical and ecological implications.

2 The mathematical model

The mathematical model is based on a system of partial differential equations.
Reaction kinetics modelling the interactions of the hosts and parasitoids are
coupled with spatial motility and chemotaxis terms giving rise to a system
of reaction-diffusion-chemotaxis equations. Spatial motility, the chemotactic
response and population interactions occur continuously. The underlying tem-
poral dynamics are represented by a system of ordinary differential equations.
Both host species (in the absence of parasitism) are modelled as having logistic,
density-dependent growth, with intrinsic growth rates r1 and r2 and carrying
capacities K1 and K2, respectively. Parasitism by both parasitoids is modelled by
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an Ivlev functional response—a negative exponential function which accounts
for a saturating maximum parasitism rate. C. glomerata parasitises P. brassicae
at rate α1 and P. rapae at rate α2. C. rubecula parasitises P. rapae at rate α3. The
Ivlev functional response is similar to the Holling Type II functional response
and is a standard function for modelling parasitism or predation [26,31]. The
efficiency of parasitoid discovery of hosts is denoted by a1, a2 and a3, con-
stants that determine host escape and the number of hosts parasitised. Each
parasitised host gives rise to e1, e2 and e3 next-generation parasitoids. In effect
e1, e2 and e3 are the parasitoid conversion efficiencies of hosts to parasitoids.
The parasitoids are subject to intrinsic mortality rates d1 (C. glomerata) and d2
(C. rubecula). The addition of spatial motility terms model the parasitoids and
hosts as moving randomly in a spatial domain. The motility coefficients D1, D2,
D3 and D4 of the four species are constants and determine the rate at which
each species disperses randomly throughout the domain. The chemoattractant
k is produced proportionally to the total host density (N + M) at the rate r3
and decays at the rate d3. The motility coefficient of the chemoattractant, D5,
is a constant and determines the rate at which the chemoattractant diffuses
through the domain. The chemotactic response of both species of parasitoid is
modelled as a linear response and the strength of the response is determined by
the chemotaxis coefficients χ1 and χ2. The full model system is thus as follows:

∂N
∂t

=
random motility

︷ ︸︸ ︷

D1∇2N +

logistic growth
︷ ︸︸ ︷

r1N
(

1 − N
K1

)

−
mortality due to parasitism

︷ ︸︸ ︷

α1P(1 − e−a1N) ,

∂M
∂t

= D2∇2M + r2M
(

1 − M
K2

)

− α2P(1 − e−a2M) − α3Q(1 − e−a3M),

∂P
∂t

= D3∇2P − χ1∇.(P∇k) + e1α1P(1 − e−a1N),

+ e2α2P(1 − e−a2M) − d1P, (1)
∂Q
∂t

= D4∇2Q
︸ ︷︷ ︸

random motility

− χ2∇.(Q∇k)
︸ ︷︷ ︸

parasitoid chemotactic response

,

+ e3α3Q(1 − e−a3M)
︸ ︷︷ ︸

growth due to parasitism

− d2Q
︸︷︷︸

mortality

,

∂k
∂t

= D5∇2k + r3(N + M)
︸ ︷︷ ︸

production

−d3k,

where N and M represent the density of hosts P. brassicae and P. rapae, respec-
tively, P and Q represent the density of parasitoids C. glomerata and C. rubecula
and k represents the concentration of the chemoattractant produced during
feeding by the hosts. N = N(x, t) denotes local population density (organisms
per area) at time t and spatial coordinate x (and likewise for M, P, and Q).
k = k(x, t) denotes local chemoattractant concentration at time t and spatial
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coordinate x. The system is posed on a given domain Ω with smooth boundary
∂Ω . We impose either zero-flux Neumann boundary conditions (which could
correspond to an experimental greenhouse setting) or zero Dirichlet boundary
conditions (which corresponds to a field setting with a hostile external environ-
ment) on ∂Ω along with appropriate initial conditions to close the system. In
one-dimension, Ω = (0, L).

Nondimensionalising gives critical insight into the relative magnitudes of the
parameters required to produce biologically reasonable behaviour. Using the
following non-dimensional variables; t′ = r1t, x′ = x

L , N′ = N
K1

, M′ = M
K2

,

P′ = P
K1

, Q′ = Q
K2

, k′ = k
k0

and dropping primes gives the nondimensionalised
system:

∂N
∂t

= DN∇2N + N(1 − N) − s1P(1 − e−ρ1N),

∂M
∂t

= DM∇2M + γ1M(1 − M) − s2P(1 − e−ρ2M) − s3Q(1 − e−ρ3M),

∂P
∂t

= DP∇2P − χP∇.(P∇k) + c1P(1 − e−ρ1N) + c2P(1 − e−ρ2M) − η1P,

∂Q
∂t

= DQ∇2Q − χQ∇.(Q∇k) + c3Q(1 − e−ρ3M) − η2Q,

∂k
∂t

= Dk∇2k + γ2(N + γ3M) − η3k,

(2)

where DN = D1
r1L2 , DM = D2

r1L2 , DP = D3
r1L2 , DQ = D4

r1L2 , Dk = D5
r1L2 , χP = χ1k0

r1L2 ,

χQ = χ2k0
r1L2 , ρ1 = a1K1, ρ2 = a2K2, ρ3 = a3K2, γ1 = r1

r2
, γ2 = r3K1

r1
, γ3 = K2

K1
,

s1 = α1
r1

, s2 = α2K1
α1K2

, s3 = α3
r1

, c1 = e1α1
r1

, c2 = e2α2
r1

, c3 = e3α3
r1

, η1 = d1
r1

, η2 = d2
r1

and η3 = d3
r1

.

2.1 Parameter values

The parameter discussed below have been informed by considerable laboratory
and field experience of the species involved. Some can be estimated with more
precision than others and all are likely to show considerable plasticity in the
field. The values used have therefore been chosen to give a representative qual-
itative picture of the dynamics of the system. Parasitoid dispersal (D3, D4) has
been documented of the order of 10−3 to 10−4 m2s−1 [3,10] and is taken to be
of the order of 10−4 m2s−1 in our model. Host dispersal (D1, D2) is considered
to be small in comparison and is hence taken to be of the order of 10−5 m2s−1.
The dispersal of the chemoattractant is taken to be of the order of 10−3 m2s−1

[27,28]. The baseline chemotactic response of both parasitoids (χ1, χ2) is of
the order of 10−4 m2s−1mol−1 [27,28]. The generational increase in population
size of the host populations P. brassicae and P. rapae has been observed to be
around 45 and 35%, respectively. P. brassicae has a higher reproductive rate due
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to laying a greater number of eggs. Host growth rates are thus taken as r1 = 0.45
and r2 = 0.35. Host carrying capacities are taken to be K1 = 250 and K2 = 250.
Both parasitoids have similar parasitism efficiency rates on their primary host.
C. glomerata however is considered less efficient at parasitising P. rapae, thus
we take a1 = 0.01, a2 = 0.001 and a3 = 0.01. Observed annual percentage
parasitism rates of around 35% are reported in Cameron and Walker [4]. Also,
as a secondary host, P. rapae is subject to less parasitism by C. glomerata, so
we take parasitism rates α1 = 0.35, α2 = 0.1 and α3 = 0.35. C. glomerata has
a higher conversion efficiency on its primary host, but significantly less on P.
rapae so we take conversion efficiencies to be e1 = 0.4, e2 = 0.02, e3 = 0.3.
C. glomerata has been observed to suffer greater mortality, due to infections
and other environmental factors than C. rubecula, thus we take d1 = 0.08
and d2 = 0.06. The chemoattractant k is produced with intrinsic increase rate
r3 = 0.000018 and decays at the rate d3 = 0.0045 [27,28]. Time is scaled with
host intrinsic generational growth rate r1 = 0.45 (which has units t−1) and we
consider domains of length of the order of 10 to 102 m, corresponding to the
sizes of large laboratory-based experimental domains up to agricultural fields.
Given the above parameter values the baseline non-dimensional parameter set
is thus: DN = DM = 0.0000008, DP = DQ = 0.0000075, Dk = 0.0000125,
χP = 0.00015, χQ = 0.00015, ρ1 = 2.5, ρ2 = 0.25, ρ3 = 2.5, γ1 = 0.8, γ2 = 0.01,
γ3 = 1, s1 = 0.8, s2 = 0.2, s3 = 0.8, c1 = 0.3, c2 = 0.004, c3 = 0.2, η1 = 0.2,
η2 = 0.1 and η3 = 0.01. The one dimensional domain (Ω) on which the system
of equations is solved is a line of length one unit, with 0 ≤ x ≤ 1. The system
is solved with initial conditions N(0) = 0.75, ∀x ∈ Ω , M(0) = 0.75, ∀x ∈ Ω ,
P(0) = 0.075e−125x2

, Q(0) = 0.075e−125x2
and k(0) = 0 when the domain is

set up with Neumann zero-flux boundary conditions. The system is solved with
initial conditions N(0) = 0.75e−100(x−0.5)2

, M(0) = 0.75e−100(x−0.5)2
, P(0) =

0.075e−125(x−0.5)2
, Q(0) = 0.075e−125(x−0.5)2

and k(0) = 0 when the domain is
set up with zero Dirichlet boundary conditions. In the discussion section we
also briefly discuss the implementation of stable steady-state initial conditions
and spatially heterogeneous initial conditions.

The system was solved numerically using two different numerical methods—
the Fortran NAG routine DO3PCF and the Femlab finite element package. The
Fortran NAG routine DO3PCF solves the system of PDEs using the method of
lines to first obtain a system of ODEs and then uses a backward differentiation
method to integrate the ODEs. For the finite element approach using Femlab,
Lagrange quadratic elements were used as basis functions and the backward
Euler time-stepping method was implemented to integrate the equations. The
numerical results obtained using both the NAG routine and finite element
method agree very closely.

3 Steady states and stability analysis

The spatially homogeneous fixed points of system (2) are found by solution of
the following equations:
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0 = N∗(1 − N∗) − s1P∗(1 − e−ρ1N∗
)

0 = γ1M∗(1 − M∗) − s2P∗(1 − e−ρ2M∗
) − s3Q∗(1 − e−ρ3M∗

)

0 = c1P∗(1 − e−ρ1N∗
) + c2P∗(1 − e−ρ2M∗

) − η1P∗

0 = c3Q∗(1 − e−ρ3M∗
) − η2Q∗

0 = γ2(N∗ + γ3M∗) − η3k∗

There are a number of biologically relevant, non-negative, equilibrium states
including the unstable trivial state (0, 0, 0, 0, 0), the unstable host only state
(1, 1, 0, 0, k∗) and the unstable states (N∗, M∗, P∗, 0, k∗) and (N∗, M∗, 0, Q∗, k∗)
where only one parasitoid is present in the system. We are however primarily
interested in the stability of the unique coexistent state (N∗, M∗, P∗, Q∗, k∗). For
the baseline parameter set (see Subsect. 2.1), the unique coexistent equilibrium
is:

N∗ = 0.3379, M∗ = 0.3389, P∗ = 0.5043, Q∗ = 0.3716, k∗ = 0.6768

Linear stability analysis confirms that this equilibrium is stable (for the baseline
parameter set). However it is of interest to determine whether any bifurca-
tions occur when some of the key parameters are varied. In particular, previous
work [21] has shown that the parameters ρi are important. Indeed a bifurca-
tion analysis of the spatially homogeneous system, carried out using the XPP
Auto package and varying the ρi, highlights the presence of a Hopf-bifurcation,
which gives rise to temporal oscillations. The Hopf-bifurcation occurring when
ρ1 = 3.168 and ρ3 = 3.276 is of considerable interest and has been shown in a
previous work to have a significant impact on the spatio-temporal dynamics of
the system in the absence of chemotaxis. We discuss this impact in the following
section (see also [21]).

Linear analysis can be carried out to determine the (linear) stability of the
unique coexistent steady state to small spatio-temporal perturbations. Linearis-
ing about the steady state in the usual way by setting: N = N∗ + εN̄(x, t), M =
M∗ + εM̄(x, t), P = P∗ + εP̄(x, t), Q = Q∗ + εQ̄(x, t), k = k∗ + εk̄(x, t), we
arrive at the following equation:

ωt = A + D∇2ω

where ω = (N̄, M̄, P̄, Q̄, k̄)T , A is the Jacobian matrix of the spatially homoge-
neous system and D is a matrix of the diffusion and chemotaxis coefficients:

D =

⎡

⎢

⎢

⎢

⎢

⎣

DN 0 0 0 0
0 DM 0 0 0
0 0 DP 0 −χPP∗
0 0 0 DQ −χQQ∗
0 0 0 0 Dk

⎤

⎥

⎥

⎥

⎥

⎦

.
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Assuming that solutions of the linearised system are proportional to: ω =
eλt+iκx and following the standard linear stability analysis (see, for example,
[18,20]) leads to the following system:

λω = Aω − Dκ2ω

where κ is the spatial wave number.
The eigenvalues (λ) are found from solution of the following characteristic

polynomial:

| (A − Dκ2) − λI |= 0

which is a fifth order polynomial in terms of λ and κ . Solving the characteristic
polynomial allows dispersion curves to be plotted which show how the value
of the real part of the eigenvalues (R(λ)) varies with κ . When the chemotaxis
coefficients (χP, χQ) are set to zero, for all κ , the largest R(λ) < 0, the required
condition for equilibrium stability. Therefore the system is not subject to diffu-
sion-driven instability. Thus, if the chemotaxis coefficients are non-zero, any
change in the stability properties of the spatial system, must be “taxis driven”.
That is, if for any values of κ , the largest R(λ) > 0, this is due to the effect of
chemotaxis.

Figure 1 shows the dispersion curves for χP = χQ = 0 (top left), χP = χQ =
0.000535 (top right), χP = χQ = 0.000545 (bottom left) and χP = χQ = 0.0015
(bottom right). The top left dispersion curve highlights that for zero chemotaxis
the system is stable, i.e. for all κ , R(λ) < 0. Thus it is not possible to destabilise
the system if χP = χQ = 0. The plot for χP = χQ = 0.000535 shows that for
all κ , R(λ) < 0, confirming that small non-zero chemotaxis strength will not
destabilise the system. The plot for χP = χQ = 0.000545 however highlights
that, for a range of values of κ , R(λ) < 0. Thus, for χP = χQ = 0.000545, the
system is unstable. There is clearly a threshold chemotaxis strength above which
the system is destabilised. As the chemotaxis strength is increased the system is
destabilised for a greater range of κ . For a larger range of values of κ , R(λ) > 0,
with the peak value of R(λ) � 0. The impact on the spatio-temporal dynamics
of the behaviour uncovered by the linear analysis is highlighted in the following
section.

4 Spatio-temporal dynamics

The spatio-temporal dynamics of our system in the absence of chemotaxis have
been considered in depth in a previous work [21]. The Hopf-bifurcation occur-
ring when ρ1 = 3.168 and ρ3 = 3.276 is of considerable interest and has a sig-
nificant impact on the spatio-temporal dynamics of the system in the absence of
chemotaxis. For the baseline parameter set, with ρ1 = ρ3 = 2.5, the underlying
spatially homogeneous steady-state is stable. As expected standard travelling
waves of constant shape are observed as the parasitoids invade the host-only
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Fig. 1 Dispersion curves of κ2 (x-axis) against the largest R(λ) (y-axis) for χP = χQ = 0 (top left),
χP = χQ = 0.000535 (top right), χP = χQ = 0.000545 (bottom left) and χP = χQ = 0.0015 (bottom
right). As chemotaxis strength is increased the system becomes increasingly unstable (R(λ) > 0 for
a larger range of values of κ)

domain. In the wake of the invasion fronts all four populations are at steady
state and the system converges to the four-species steady state following inva-
sion of the parasitoids through the domain. In the unstable region beyond the
Hopf-bifurcation, with ρ1 = ρ3 = 4, the dynamics are dramatically different.
Quasi-chaotic travelling waves give rise to domain wide heterogeneous patterns
following parasitoid invasion of the domain.

The results of the linear stability analysis suggest that when the strength
of the parasitoid chemotactic response is increased beyond a threshold level,
the underlying steady-state will be destabilised, which in turn will affect the
spatio-temporal dynamics. Thus we are primarily interested in the impact of
increasing chemotaxis strength on the spatio-temporal dynamics of the system.
We consider the cases where the coexistent steady-state is (1) stable and (2)
unstable (i.e. a limit cycle is present), in the absence of chemotaxis.

When the baseline chemotactic response of χP = χQ = 0.00015 is considered
no significant qualitative change in the spatio-temporal dynamics in either the
stable or unstable (limit-cycle) case is observed. Standard travelling waves of
parasitoid invasion are observed when the underlying spatially homogeneous
steady-state is stable (see Fig. 2) while quasi-chaotic waves are observed to give
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Fig. 2 Snapshots of the 1-D dynamics of N, M, P, Q at the generation times t = 100, 300 when
χP = χQ = 0.00015. In the two sub-figures, host N is represented by a blue line, host M a green
line, parasitoid P a red line and parasitoid Q a pink line. The four species interact in the domain
Ω = (0, 1) with zero flux boundary conditions set up on ∂Ω . For the initial conditions and param-
eter values discussed in the text, stable travelling waves of parasitoid invasion are observed when
ρ1 = ρ3 = 2.5 and ρ2 = 0.25 (spatially homogenous system stable)
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Fig. 3 Snapshots of the 1-D dynamics of N, M, P and Q at the generation times t = 200, 1000 when
χP = χQ = 0.00015. In the two sub-figures, host N is represented by a blue line, host M a green
line, parasitoid P a red line and parasitoid Q a pink line. The four species interact in the domain
Ω = (0, 1) with zero flux boundary conditions set up on ∂Ω . For the initial conditions and parameter
values discussed in the text, disordered, quasi-periodic wave behaviour is observed in the wake of
the parasitoid invasion fronts when ρ1 = ρ3 = 4 and ρ2 = 0.4 (spatially homogeneous system
unstable). Persistent heterogeneous spatio-temporal dynamics are observed when the parasitoids
have spread throughout the domain (t = 1000)

rise to domain wide multi-species heterogeneity when the spatially homoge-
neous steady-state is unstable (see Fig. 3). The observed dynamics correspond
with the results of our linear stability analysis, which predict a threshold level of
chemotaxis above which the system is subject to a taxis-driven instability. The
baseline chemotaxis coefficients are below the destabilising threshold value so
there is no change observed in the spatio-temporal dynamics of the system.

We now consider the case when the chemotactic response is just above the
destabilising threshold (χP = χQ = 0.000545, see Fig. 1) and the underlying
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Fig. 4 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) at the generation
times t = 200, 500, 3000, 4000 when χP = χQ = 0.000545 and ρ1 = ρ3 = 2.5 (spatially homogeneous
system stable). The parasitoid P interacts with the other three species in the domain Ω = (0, 1)

with zero flux boundary conditions set up on ∂Ω . For the initial conditions and parameter values
discussed in the text, parasitoid chemotaxis response to the hosts gives rise to a domain-wide, stable
heterogeneous spatio-temporal pattern

spatially homogeneous steady-state is stable. In this case the linear stability
analysis carried out in the previous section predicts that chemotaxis will desta-
bilise the coexistent steady-state. We may therefore expect that the solutions
will evolve to a spatially heterogeneous steady-state. Figure 4 shows the results
of a numerical simulation for χP = χQ = 0.000545 and ρ1 = ρ3 = 2.5. For
consistency we use the same initial conditions as before (although we note that
the initial dynamics we observe can no longer be classified as travelling waves
due to the destabilisation of the coexistent stable steady-state). Once the initial
transient has spread through the domain, regular, small amplitude oscillations
appear, initially in the left-half of the domain, before spreading throughout the
entire domain (see Fig. 4). Qualitatively similar dynamics are observed for the
other three species N, M, Q and the chemoattractant k (figures not shown). We
expect to observe behaviour of this nature near the taxis destabilising threshold
[16,20]. The parasitoid chemotactic response to hosts has given rise to a spatially
heterogeneous steady-state.
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Fig. 5 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) and the chemo-
attractant k (represented by a black line) at the generation times t = 100, 150, 600, 1000 when
χP = χQ = 0.0015 and ρ1 = ρ3 = 2.5 (spatially homogeneous system stable). The parasitoid P
interacts with the other three species in the domain Ω = (0, 1) with zero flux boundary conditions
set up on ∂Ω . For the initial conditions and parameter values discussed in the text, domain-wide,
heterogeneous patterns are observed (t = 600, 1000). Although quasi-ordered these patterns are
not fixed and peaks are shown to both appear and be destroyed. A quasi-uniform chemoattractant
concentration pattern, with small amplitude oscillations, is also observed (t = 600, 1000)

On a bounded domain, (0, 1), the destabilising effect of chemotaxis (just
above threshold) gives rise to a spatially heterogeneous steady-state pattern
of mode number n, where n = κ

π
and κ is the spatial wavenumber (see, [20]).

Our numerical results correspond closely to the results predicted by the linear
stability analysis. For the case presented in Fig. 4, the maximum value of κ is
κ2 ≈ 9750 (see the dispersion curve in Fig. 1 for χP = χQ = 0.000545) and so
n ≈ 31, as observed in Fig. 4.

Given the impact of the parasitoid chemotactic response just above the de-
stabilising threshold we are interested in the effect of further increasing the
strength of the response (when the underlying dynamics are stable). Figure 5
shows the impact on the spatio-temporal dynamics when the chemotactic
response is significantly increased (we consider χP = χQ = 0.0015). Follow-
ing the initial transient, large amplitude patterns of parasitoid P abundance are
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Fig. 6 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) and the chemo-
attractant k (represented by a black line) at the generation times t = 200, 850, 2000, 4000 when
χP = χQ = 0.000545 and ρ1 = ρ3 = 2.5 (spatially homogeneous steady-state stable). The para-
sitoid P interacts with the other three species in the domain Ω = (0, 1) with Dirichlet boundary
conditions set up on ∂Ω . The observed dynamics are qualitatively analogous to those when the
domain is set up with zero-flux boundary conditions

shown to arise. Although there is some order to the patterns, their shape and
position varies over time and we note that there is no fixed pattern, as was the
case for chemotaxis just above threshold (see Fig. 4). The results of our linear
stability analysis highlight that more than one spatial mode may be excited and
the results of our simulation indicate this. Multiple spatial modes appear to have
been excited and are interacting, with no single mode dominating, resulting in
a spatio temporal pattern that is not fixed, with new peaks observed to appear
over time. This result is similar to previous results discussed in [7] for models
of cancer invasion. In Fig. 5 the corresponding profile for the chemoattractant
is also plotted. The chemoattractant oscillates with small amplitude throughout
the domain, with the peaks of chemoattractant corresponding to the peaks of
parasitoid abundance, as expected from the form of the source term for k.

Having thus far used Neumann zero-flux boundary conditions, we now also
briefly discuss the implementation of zero Dirichlet boundary conditions. As
noted in Sect. 2, zero-flux boundary conditions correspond to an experimental
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Fig. 7 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) and the chemo-
attractant k (represented by a black line) at the generation times t = 100, 150, 600, 1000 when
χP = χQ = 0.0015 and ρ1 = ρ3 = 2.5 (spatially homogeneous steady-state stable). The parasitoid
P interacts with the other three species in the domain Ω = (0, 1) with Dirichlet boundary conditions
set up on ∂Ω . The observed dynamics are qualitatively analogous to those when the domain is set
up with zero-flux boundary conditions

“greenhouse” environment where none of the species may escape from the
domain, while zero Dirichlet boundary conditions correspond to a field set-
ting with a hostile external environment. Figures 6 and 7 show the results of
implementing zero Dirichlet boundary conditions on our domain. As is to be
expected from the structure of the equations and a linear stability analysis, no
significant qualitative change in the spatio-temporal dynamics is observed.

Increasing the parasitoid chemotactic response just above the destabilis-
ing threshold is observed to have a significant impact on the spatio-tempo-
ral dynamics of our system when the spatially homogeneous steady-state is
unstable (limit-cycle). For chemotaxis below the threshold, disordered het-
erogeneous spatio-temporal patterns of parasitoid (and host) abundance are
observed (see Fig. 3). However, considerably altered patterns are observed
when χP = χQ = 0.000545. Ordered patterns, that are fixed in shape, arise
following the initial transients of the parasitoids (see Fig. 8). The observed
patterns represent peaks and troughs of parasitoid P abundance. Qualitatively
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Fig. 8 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) at the generation
times t = 100, 150, 600, 1000 when χP = χQ = 0.000545 and ρ1 = ρ3 = 4 (spatially homogeneous
system unstable). The parasitoid P interacts with the other three species in the domain Ω = (0, 1)

with zero flux boundary conditions set up on ∂Ω . For the initial conditions and parameter values
discussed in the text the previously observed patterns of spatio-temporal heterogeneity have been
replaced by fixed, stable heterogeneous patterns (t = 600, 1000)

similar patterns are observed for the other three species N, M, Q and the chemo-
attractant k (figures not shown). Although no formal analysis can be carried
out to determine the impact of chemotaxis on the system with underlying limit
cycle dynamics, it is clear from our computational simulations that (in this case),
chemotaxis also has a significant effect.

We have shown through linear stability analysis and computational simula-
tions that parasitoid chemotactic response to regions of high host abundance
has a significant (destabilising) impact on the spatio-temporal dynamics of the
multi-species system whether the underlying spatially homogeneous steady-
state is stable or unstable (limit-cycle). Comparing Figs. 4 and 8 highlights
the somewhat qualitatively similar dynamical behaviour that arises under the
destabilising influence of parasitoid chemotactic response just above threshold.
However, the destabilising impact of chemotaxis brings about a more significant
dynamical change when the underlying steady state is unstable (limit-cycle) with
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Fig. 9 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) and the chemo-
attractant k (represented by a black line) at the generation times t = 100, 150, 600, 1000 when
χP = χQ = 0.0015 and ρ1 = ρ3 = 4 (spatially homogeneous system unstable). The parasitoid P
interacts with the other three species in the domain Ω = (0, 1) with zero flux boundary conditions
set up on ∂Ω . For the initial conditions and parameter values discussed in the text, ordered patterns
of almost fixed shape are observed (t = 600, 1000). The pattern is also shown to shift in space. An
ordered chemoattractant concentration pattern with small amplitude oscillations is also observed
(t = 600, 1000)

“order” being imposed on previously disordered quasi-chaotic heterogeneous
dynamics.

Finally, when the underlying spatially homogeneous steady-state is unstable
(limit-cycle), increasing the chemotaxis strength (again we consider χP = χQ =
0.0015) a further dynamical change in the spatio-temporal patterns is observed.
The results presented in Fig. 9 show that following the initial transients, ordered
patterns of almost fixed shape arise. The patterns are qualitatively similar to
those observed in Fig. 8 (and also somewhat qualitatively similar to those in
Fig. 5). However, we observe that the position of these patterns varies, shifting
in space over time. We have run our simulations for very long time periods
(also with both boundary condition types) and Fig. 10 highlights that there is
no convergence to a stable heterogeneous steady-state. We again note that this
is consistent with the results of the linear stability analysis, highlighted in the
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Fig. 10 Snapshots of the 1-D dynamics of parasitoid P at the generation time t = 10000 when
χP = χQ = 0.0015 and ρ1 = ρ3 = 4 [spatially homogeneous steady-state unstable (limit-cycle)]
with Neumann zero-flux (left hand sub figures) and zero Dirichlet (right hand sub figures) boundary
conditions set up on ∂Ω . Corresponding sub-figures show the dynamics of parasitoid P at genera-
tion times t = 600, 1000, 6000, 10000 for sections of the domain. We highlight the temporal drift of
the peaks

dispersion curve (for χP = χQ = 0.0015) in Fig. 1. The dispersion curve shows
that, for these values of chemotaxis, more than one spatial mode is excited. As
we noted earlier, there is no guarantee of a final single dominant spatial mode
producing a heterogeneous steady state. The results for the long time simu-
lation runs appear to verify this point, as the spatio-temporal patterns persist
dynamically and are not fixed (see Fig. 10).

All of the cases considered here highlight the impact of chemotaxis on the
spatio-temporal dynamics of a multi-species host-parasitoid system, where the
parasitoids respond chemotactically to plant infochemicals released during host
feeding. It is clear that, for our system, the destabilising influence of the para-
sitoid chemotactic response over-rides the underlying stability properties of the
spatially homogeneous system (and the corresponding spatio-temporal behav-
iour in the absence of chemotaxis), whether stable or unstable (limit-cycle).
The mathematical and ecological implications of these impacts are considered
in the following section.
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5 Discussion

In this paper we have presented a mathematical model for a multi-species host-
parasitoid system in which the parasitoids search chemotactically for hosts,
mediated by plant infochemicals released during host feeding. The results of
our model show that chemotactic searching by the parasitoids (i.e. an aggre-
gative response to infochemical concentration) has a significant impact on the
spatio-temporal dynamics of our multi-species system. Our results highlight
several dynamical outcomes depending on whether the spatially homogeneous
steady-state of the system is stable or unstable (i.e. a limit-cycle is present).
We have primarily contributed to Pieris–Cotesia research by drawing atten-
tion to potential qualitative population dynamics that are extremely difficult to
determine experimentally.

Our first result is the destabilisation of the steady state when the chemo-
tactic response is above a threshold level. We first observe the appearance of
a heterogeneous steady-state pattern for chemotaxis just above threshold. We
also consider the impact of further increasing chemotaxis when the underlying
dynamics are stable. The spatio-temporal patterns are no longer fixed and we see
more complex behaviour including the appearance of new peaks. The appear-
ance of a heterogeneous steady-state (for chemotaxis just above threshold) was
an expected result. A number of previous works have specifically considered
the destabilising impact of chemotactic responses on the dynamics of a variety
of biological systems including slime mould, bacterial colonies and interacting
cells. The work of Keller and Segel [14–16] discusses chemotactic initiation of
migrating bands and regards aggregation as an instability, while other works
have considered chemotaxis-driven pattern formation [12,19,20,34].

Limited work, however, has considered the impact of parasitoid chemotactic
response on the dynamics of multi-species host-parasitoid communities. The
work of Schofield et al. [27,28] considers an individual-based model of a two
species host-parasitoid system and the authors conclude that parasitoids adopt-
ing chemically mediated strategies give rise to a dynamically unstable patchy
distribution of hosts and parasitoids [27]. However the authors also note that
addition of chemotaxis to their continuum model makes little or no quali-
tative difference to the long-term population dynamics [28]. This is not the
case for our continuum model of a multi-species community where the addi-
tion of chemotaxis makes a significant qualitative difference to the population
dynamics.

The second result to emerge from the computational simulations of our
model is the impact of chemotaxis on the dynamics of the system when the
underlying spatially homogeneous steady state is unstable (i.e. a limit-cycle
is present). In the absence of chemotaxis and under low levels of chemo-
taxis, underlying limit-cycle kinetics give rise to quasi-chaotic heterogeneous
spatio-temporal patterns. However, when chemotactic strength is increased just
beyond the destabilising threshold, the disordered heterogeneous patterns are
replaced by steady-state heterogeneous patterns which are significantly differ-
ent. As chemotaxis is increased, ordered patterns of almost fixed shape arise.
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However, the patterns are not fixed in space and shift over time. The patterns
bear some qualitative similarity to the dynamics when the underlying homo-
geneous steady-state is stable. It is clear that when the parasitoid chemotactic
response is strong, the spatially homogeneous dynamics of the system have lit-
tle bearing on the spatio-temporal dynamics. The destabilising influence of the
parasitoid chemotactic response over-rides the other mechanisms that initiate
dynamical behaviour. Although the results of our linear stability analysis predict
a threshold chemotaxis strength above which the system will be destabilised and
the possibility of fixed heterogeneous patterns, they give less indication of the
dynamical behaviour that we observe when chemotaxis strength is increased.

There are several ecological implications of our results. Firstly, it is clear that
if the chemotactic response of dispersing parasitoids to plant infochemicals is
sufficiently strong (above a threshold level) there is no stable spatio-tempo-
ral outcome possible. In the absence of chemotaxis the multi-species system
is stable for the baseline parameter set. However, we observe the appearance
of a domain-wide heterogeneous steady-state when chemotaxis is just above a
threshold level. Thus we have shown that if parasitoids respond chemotactically
to hosts, multi-species host-parasitoid interactions may never achieve a stable
spatio-temporal state, regardless of the underlying dynamics of the spatially
homogeneous system. This outcome highlights the importance of considering
spatio-temporal interactions.

A further ecological implication concerns the significance of increasing the
parasitoid chemotactic response. The model results highlight that increasing the
chemotactic response has a significant dynamical impact. In ecological terms,
setting the chemotaxis coefficient to zero is analogous to modelling random
parasitoid foraging behaviour. Parasitoids are modelled as dispersing randomly
throughout a given domain. Random parasitoid searching has been shown to
give rise to a wide range of spatio-temporal dynamics depending on the underly-
ing spatially homogenous dynamics (see Sect. 4 and [21]). However, as discussed
in the introduction, there is considerable evidence to suggest that parasitoids do
not search randomly but aggregate in response to plant infochemicals released
during host feeding [8,9,28,35,36]. Furthermore parasitoid searching behav-
iour has been shown to have a degree of plasticity and both C. glomerata and
C. rubecula exhibit improved searching ability as a result of learned experience
[8,9] (and references therein). Thus, increasing the chemotaxis coefficients can
be viewed as equivalent to modelling an improved and more effective searching
ability of parasitoids that can occur over a parasitoid’s life span due to learned
experience. The impact of increasing the chemotactic response on the spatio-
temporal dynamics is significant and is shown to have the potential to over-ride
all other spatio-temporal dynamics and the mechanisms that generate them.

We now show computational results we obtain from solving our system using
different initial conditions (see Figs. 11, 12). If we set the chemotactic response
to a value above the destabilising threshold and a small perturbation is applied
to the spatially homogeneous steady-state, the stable steady-state is destabilised
and the perturbation initiates a domain-wide heterogeneous steady-state. This
result is expected from the linear stability analysis. In Fig. 11 we show the results
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Fig. 11 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) at the generation
times t = 0, 500, 1000, 1500 when χP = χQ = 0.0015 and ρ1 = ρ3 = 2.5 (spatially homogeneous
system stable). The parasitoid P interacts with the other three species in the domain Ω = (0, 1)

with zero flux boundary conditions set up on ∂Ω . For the initial conditions (stable steady state)
and parameter values discussed in the text, domain-wide, heterogeneous patterns are observed
(t = 500, 1000, 1500). Although there is some order, these patterns are not fixed and new peaks are
shown to appear. The patterns are analogous those shown in Fig. 5

of perturbing the stable homogeneous steady-state when χP = χQ = 0.0015.
The dynamics we observe are analogous to those discussed in Sect. 4 (see also
Fig. 5). When the system is solved using spatially heterogeneous initial condi-
tions, the impact of increasing chemotaxis above threshold is also as previously
discussed (see Fig. 12 and also Fig. 9). Figure 12 again shows the results for
χP = χQ = 0.0015.

Implementing these alternative initial conditions also has ecological implica-
tions. Many environmental factors could result in our system being perturbed.
Thus, whether the system is at its stable spatially homogeneous steady-state
or in a heterogeneous dynamical state (limit-cycle kinetics), if the chemotactic
response of the parasitoids changes over time and increases above a desta-
bilising threshold (which could occur over time as a learned response, [29])
any perturbation will result in a potentially significant change in the dynamical
state of the system. Thus the interplay of an environmental perturbation and
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Fig. 12 Snapshots of the 1-D dynamics of parasitoid P (represented by a red line) at the generation
times t = 0, 500, 1000, 1500 when χP = χQ = 0.0015 and ρ1 = ρ3 = 4 (spatially homogeneous
system unstable). The parasitoid P interacts with the other three species in the domain Ω = (0, 1)

with zero flux boundary conditions set up on ∂Ω . For the initial conditions (heterogeneous) and
parameter values discussed in the text, ordered patterns of almost fixed shape, that shift in space,
are observed (t = 500, 1000, 1500). The patterns are analogous to those shown in Fig. 9

improved parasitoid searching ability could act to destabilise the spatio-tempo-
ral dynamics of a multi-species system.

We note that our work can also be viewed in the wider context of invasion and
pattern formation in ecological systems modelled by reaction-diffusion equa-
tions. The seminal work of Sherratt et al. [31,32] demonstrated the existence
of both regular and irregular (chaotic) spatiotemporal oscillations in the wake
of invasive waves of predators in reaction-diffusion models of predator-prey
interactions. The systems were studied on large spatial domains. The subsequent
work of Malchow and Petrovskii [22,23] analysed a predator-prey system on a
finite domain. They demonstrated the initiation of spatio-temporal chaos via a
different mechanism—by perturbing the spatially homogeneous steady-state of
a reaction-diffusion predator-prey system with underlying limit-cycle kinetics.
For a wide class of initial conditions chaotic patterns are observed to first appear
in a sub-domain before growing and invading the whole domain. The authors
calculate the minimum speed of invasion and conclude that once a chaotic
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pattern arises at a particular spatial location it will always invade the whole
domain. The authors also observe spatially heterogeneous patterns which vary
slowly and gradually in time (the local temporal behaviour of the predator and
prey following the limit-cycle of the underlying ODE kinetics). We note that the
potential role played by boundary conditions in determining spatio-temporal
behaviour of oscillatory reaction-diffusion equations has also been a focus of
recent interest [33]. A change of boundary conditions from zero-flux to zero
Dirichlet has been shown to result in the initiation of heterogeneous spatio-tem-
poral behaviour in reaction-diffusion systems with limit-cycle kinetics. Specific
examples are given in [33]. Finally, chaotic dynamics have been observed in a
recent model of a multi-species host-parasitoid system with disease dynamics
[24]. In this system, the underlying ODE system itself is shown to have a cha-
otic attractor. When diffusion is included and the associated system of PDEs is
solved numerically on a finite domain, dynamic heterogeneous spatio-temporal
patterns are observed.

It is now widely thought that heterogeneous dynamics and pattern forma-
tion are inherent in ecological systems where species disperse and their trophic
interactions give rise to limit-cycle kinetics. Several mechanisms have been
identified as responsible for generating them [21–23,31–33]. In this paper we
have shown that chemotaxis has the potential to initiate a range of spatio-tem-
poral behaviour in our system and in particular, that destabilising chemotaxis
can bring “order” to quasi-chaotic heterogeneous patterns.

Future work will continue to focus on the current model system. Greater
biological realism will be incorporated by including model terms that account
for the release of a separate chemoattractant by each host. Furthermore, differ-
ences in the parasitoid chemotaxis coefficients will be considered to uncover
the impact of differences in the strength of the two parasitoid’s chemotactic
response. This will allow us to consider the scenario of a randomly searching
parasitoid population competing with a non-randomly searching population.

Acknowledegments The authors thank an anonymous referee for helpful constructive comments
of an earlier version of the paper.
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