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Abstract—A delayed three-species periodic Lotka-Volterra food-chain model without instanta-
neous negative feedback is investigated. By using Gaines and Mawhin’s continuation theorem of
coincidence degree theory and by constructing a suitable Lyapunov functional, a set of easily veri-
fiable sufficient conditions are derived for the existence, uniqueness, and global stability of positive
periodic solutions of the system. Computer simulations are presented to illustrate the conclusions.
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1. INTRODUCTION

The classical Lotka-Volterra type predator-prey systems are very important in the models of
multi-species population dynamics. There are considerable works on the global dynamics of
Lotka-Volterra predator-prey systems (see, for example, [1-3]). It is often observed that popu-
lations in the real world tend to fluctuate. This is especially so for predator-prey interactions.
There are three typical approaches for modelling such behavior

(i) introducing more species into the model, and considering the higher dimensional systems
(like predator-prey interactions, see [4]);
(ii) assuming that the per capita growth function is time dependent and periodic in time;
(iii) taking into account the time delay effect in the population dynamics (see [5,6]).
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In most of the models considered so far, it has been assumed that all biological and environmental
parameters are constants in time. However, any biological or environmental parameters are
naturally subject to fluctuation in time. The effects of a periodically varying environment are
important for evolutionary theory as the selective forces on systems in a fluctuating environment
differ from those in a stable environment. Thus, the assumption of periodicity of the parameters
is a way of incorporating the periodicity of the environment (such as seasonal effects of weather,
food supplies, mating habits and so forth).

On the other hand, time delays of one type or another have been incorporated into biological
models by many researchers, we refer to the monographs of {7-10], for general delayed biological
systems, and to {11-16], and the references cited therein, for studies on delayed biological systems.
In general, delay differentisl equations exhibit much more complicated dynamics than ordinary
differential equations since a time delay could cause a stable equilibrium to become unstable and
cause the population to fluctuate. Time delay due to gestation is a common example, because
generally the consumption of prey by the predator throughout its past history governs the present
birth rate of the predator. Therefore, more realistic models of population interactions should take
into account the seasonality of the changing environment and the effects of time delays.

The purpose of this paper is to study the combined effects of periodicity of the environment and
delays on the dynamics of Lotka-Volterra predator-prey systems. To do so, we discuss the follow-
ing delayed three-species periodic Lotka-Volterra type food-chain system without instantaneous
negative feedback

1 (t)
2 (t)
a3 (t)

with initial conditions,

T (t) [7'1 (t) - a11 (t) x1 (t - 7'11) — ai2 (t) I3 (t)] R
z2 (t) [—r2 (t) + a21 (t) 21 (t — 721) — Gg2 (t) 22 (t — T22) — ag3 (t) z3 ()], (1.1)
z3 (t) [-73 (t) + a2 (t) T2 (t ~ Ta2) — aza (t) T3 (t — 733)] ,

i

il

z,(0)=¢:i(0), Oe[-1,0], ¢:(0)>0

¢; € C([~7,0),Ry), i=1,2,3, (1.2)

where z1(t), z2(t), and z3(t) denote the densities of prey, predator, and top predator population,
respectively. We have assumed in (1.1) that when the predator species z is absent, the prey
species z; is governed by the well-known delay logistic equation,

dzy (t)

praiak (&) (r1 () — @11 (t) z1 (t — T11)),

where 11 > 0 denotes the delay in the negative feedback of the prey species z1. 73; and 73 are the
delays due to gestation, that is, mature adult predators can only contribute to the reproduction
of predator biomass. In addition, we have included the terms —agoz(t — 792) and —az3z3(t — 733)
in the dynamics of predator z, and top predator x3, respectively, to incorporate the negative
feedback of predator crowding.

In this paper, for system (1.1), we always assume that the following holds.

(H1) r3(t),a;;(t) are continuously positive periodic functions with period w, 4,5 = 1,2, 3.

It is well known that by the fundamental theory of functional differential equations [17], sys-
tem (1.1) has a unique solution z(t) = (z1(t), z2(t), z3(t)) satisfying initial conditions (1.2). It is
easy to verify that solutions of system (1.1) corresponding to initial conditions (1.2) are defined
on (0, +00) and remain positive, for all ¢ > 0. In this paper, the solution of system (1.1) satisfying
initial condition (1.2) is said to be positive. A

The organization of this paper is as follows. In the next section, by using the powerful and
effective coincidence degree theory, a new criterion is obtained for the existence of positive w-
periodic solutions of system (1.1),(1.2). In Section 3, by means of a suitable Lyapunov functional,
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a set of easily verifiable sufficient conditions are derived for the uniqueness and global stability
of the positive periodic solution to the system. Finally, computer simulations are presented to
illustrate the conclusions.

2. EXISTENCE OF PERIODIC SOLUTION

The objective of this section is to derive sufficient condition for the existence of positive periodic
solutions to system (1.1),(1.2) by using Gaines and Mawhin’s continuation theorem of coincidence
degree theory. To this end, we first introduce the following notations.

Let X,Y be real Banach spaces, let L: Dom L € X — Y be a linear mapping, and N : X — Y
be a continuous mapping. The mapping L is called a Fredholm mapping of index zero, if
dimKer L = codimImZL < 4+co and Im L is closed in Y. If L is a Fredholm mapping of index
zero and there exist continuous projectors P: X — X, and @ : Y — Y, such that Im P = Ker L,
Ker @ = Im L = Im(J — Q), then, the restriction Lp of L to Dom LNKer P: (I - P})X —ImL is
invertible. Denote the inverse of Lp by Kp. If §) is an open bounded subset of X, the mapping N
will be called L-compact on {2 if QN () is bounded and Kp(I — Q)N : - X is compact. Since
Im @ is isomorphic to Ker L, there exists an isomorphism J : Im @ — Ker L.

For convenience of use, we introduce the continuation theorem of coincidence degree theory
(see [18, p. 40]) as follows.

LEmMMA 2.1. Let & C X be an open bounded set. Let L. be a Fredholm mapping of index zero

and N be L-compact on . Assume
(a) for each A € (0,1), x € N Dom L, Lz # ANz;
(b) for each z € QN Ker L, QNzx # 0;
(c) deg{JQN,QNKerL,0} #0.
Then, Lt = Nz has at least one solution in @ N Dom L.
In what follows, we shall use the following notations,

F_ 1 [* L_ M_
F=g [ f@d o= mn o, M -maxro.

tef0,w]

where f is a continuous w-periodic function.
We are now in a position to state and prove our result on the existence of periodic solutions of
system (1.1).
THEOREM 2.1. In addition to (H1), assume further that the following holds.
(H2) Frafialy — FaaMadl — FpaMall — 7alladl > 0.
Then, system (1.1),(1.2) has at least one positive w-periodic solution.
PRrROOF. Since solutions of (1.1),(1.2) remain positive, for all ¢ > 0, we let

u (t) = Infzy (8)], ug (t) = In{z2 (t)], usz (t) = In[zs (2)], (2.1)
and derive that
du;t(t) =71 (t) —an (1) €107 — gy, () €42,
D2 (E)  ry (1) + am (1) €0 — gy (8) T — agy (1) €2, (2:2)
du;t(t) = —73 (t) + agz () €2 (772 — agg (1) e (=759,

It is easy to see that, if system (2.2) has one w-periodic solution (u}(t),u}(t),u3(t))", then,
() = (23(t), 3(t), z3(2)) T = (exp[ui(t)], exp[us(t)], exp[u(t)])T is a positive w-periodic solu-
tion of system (1.1). Therefore, to complete the proof, it suffices to show that system (2.2) has
at least one w-periodic solution.
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Take

X=Y= {(ul(t),uz(t),ug )T € C(RR3) :uy (t+w) = wi (1), i = 1,2,3}

and s
T
t),ug (£),us (¢ “ = (@)
[ 002 0, @) = 3 ma b
here, | - | denotes the Euclidean norm. It is easy to see that X and Y are both Banach spaces.
Set

d¢ ' dt 7 dt
where Dom L = {(u(t), uz(t),us(t))” € CY(R,R*)} and N : X — X,

U1 r1 () — ann (8) €170 — agy (8) €2 ()
Nluyl = | —-ro (t) + ao1 (t) v (t-Ta1) _ ag2 (t) uz(t—T22) _ as3 ( )6"3(t)

—-Tr3 (t) + ags (t) e¥? (t-7s2) _ a33 (t) 6“’3 t—7a3)

-
L:DomLNX — X, Lu(t),uz(t),us()’ = (dm (t) dug (t) dU3(t)) ,

U3

Define two projectors P and Q as

-l/ ui (t) dt |
“ Jo
Uy Uy 1 w Uy
P {’UQ:I :Q [’Uq} = a/ U2(t) dt , [U2:| GX:Y
Uz ] 1 Ow U3
-;/0 U3(t) dt

It is clear that
KerL={z|zeX, z=h, he R*},

ImL = {y lyeY, / y(t) dt = 0} is closed in Y,
0
and
dim Ker L = codim Im L = 3.

Therefore, L is a Fredholm mapping of index zero. Obviously, P and @ are continuous projectors,
such that
ImP =KerL, KerQ =ImL =Im({J — Q).

Furthermore, it is easy to prove that the inverse Kp of Lp has the form: ImL — Dom LN Ker P,

KP(ZU)=/Oty(3) ds—al;/ow/oty(s) ds dt.

Then, QN : X =Y and Kp(I — Q)N : X — X read,

1 W
;/ [Tl (t) — ayy (£) em =) — gy (t) 61‘2“)] dt
Y g °
QNz = " / [—rg (t) + a1 (t) e 7720 — goq (1) e¥2(7T22) g5 (t) 6”3“)] dt
0

—:—l— / [*—7‘3 (t) + aszp (t) eta(t-7a2) _ a33 (t) eua(t-Tas)} dt

W Jo

Kp(I—Q)NQ::/OtN:E(s) ds—-j:/ow/OtN:c(s) dsdt—(%—%)/:Nx(s) ds.
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It is easy to see that QN and Kp(I — Q)N are continuous. By using the Arzela-Ascoli the-
orem, it is not difficult to prove that Kp(I — Q)N({2) is compact, for any open bounded set
Q C X. Moreover, QN(Q) is bounded. Therefore, N is L- -compact on {) with any open bounded
set Q C X.
In order to apply Lemma 2.1, we need to search for an appropriate open, bounded subset .
Corresponding to the operator equation Lz = ANz, A € (0,1), we have

d’LLl = A [T]_ (t —ai (t ul(t—Tu) — a2 (t) 6“’2“)] s

dusg (t

U2 ( - [ ro (t) + a9y ) uy(t—721) _ ass (t) ete(t—Ta2) _ azs (1) eﬂs(t)] , (2.3)
du3 (t) =A [ r3 () + agz (t) €277 — ag (1) eua(t_m)] :

Suppose that (u;(t), uz(t), us(t))T € X is a solution of (2.3) for a certain A € (0,1). Integrat-
ing (2.3) over the interval [0,w] leads to

W w w
/ an (t) e 7T dt + / a1z (t) €2 dt = / ri(t) dt, (2.4)
0 0 0

/ To (t) dt +/ ass (t) eue(t=722) 1 +/ a9 (t) st gy — / as (t)eul(t—-721) dt,

' ’ ’ 0 (2.5)
w w w

/ T3 (t) dt + / a33 (t) euslt=733) jp — / asy (t) ev2(t=7s2) g1

’ ’ ° (2.6)

It is easy to see that

w W—Tij
/ Qi (t) e (t=75) dt = / (2% (S + T,‘j) €uj(s) ds.
0

—~Tij

By means of the mean value theorem of integral theory, we see that there exists §ij € [—7ij,w—75),
such that

W—"Tij

w
/ ai; (t) euj(t—‘rij) dt = aij (gz_] + Tij)/ euj(s) ds
0 T (2.7)

w
= Qi (&‘j + Tij)/ euj(s) dS,
0

in which (1, j) € {(1,1),(2,1),(2,2), (3,2), (3,3)}.
Using the mean value theorem of integral theory again directly, we derive

/ ai; (t) €0 dt = a;; (&) / e*i(® ds, (2.8)
0 0

in which &; € [0,w], (4,7) € {(1,2),(2,3)}.
On substituting (2.7),(2.8) into (2.4)—(2.6), we derive

W )

ayg (€11 + 7'11)/ e*1(9) ds + a1z ({12)/ e*2() dg = Fw, (2.9)

az1 (€21 +7'21)/ e“1(9) ds—qoy (5224-722)/ e“2(%) ds—aqs (623)/ e¥3(s) gg = Faw, (2.10)
0 0 0

W W
a3z (€32 + 732) / "2 ds — ag3 (£33 + 733)/ e“2(%) dg = Fyw. (2.11)
0 0
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It follows from (H1),(H2) and (2.9)—(2.11) that

w .
/ e“i8) ds = f%, (2.12)
0

where
Ap = T1a23 (§23) a32 (€32 + T32) — 73012 (§12) a23 (€23)

+ 1092 (€22 + T22) a33 (€33 + 733) + T2a12 (£12) a3z (a3 + T33),

Az = 71091 (€21 + T21) 33 (€33 + Taz) — Taany (€11 + T11) aaz (€az + Tas)
+ 73a11 (§11 + T11) ags (€a3),

Az = T1a21 (€21 + To1) asz (€32 + Ta2) — T2a11 (€11 + T11) a3z (€32 + 732)
— 73011 (§11 + T11) a2z (€22 + T22) — T3012 (€12) @21 (€21 + T21),

A = a1 (&1 + 111) 622 (€22 + T22) aas (€33 + T33)

+ a11 (€11 + T11) @23 (€23) asz (€32 + 732)
+ a33 (€33 + 733) @12 (€12) @21 (€21 + To1) .

By Assumptions (H1),(H2), it is easy to verify that A >0, 4; >0, i = 1,2,3.
Using the mean value theorem again, we derive that there exists 7; € [0,w], such that

ui(m)zlnf, 1=1,2,3.
Thus, there must exist constants C; > 0, such that
lus ()l <Gy i=1,2,3, (2.13)
It follows from (2.3) and (2.4) that
w (%
/ [ui (B dt < / [rl (t) + ay1 (t) €0 4 gy (1) 6“2(‘)} dt = 27 w.
o 0

This, together with (2.13), leads to

iul (t)l < [u1 (7’]1)[ + /Ol"J [u'l (t)‘ dt < Cy + 2Fiw 1= R;. (214)

It follows from (2.3) and (2.5) that

W W
/ luz (t)] dt < / [72 (1) + a1 (8) €147 1 gy (1) €20=720) 4 (1) o] at
0 0
= 2/ an; (t) e*1{=721) gy
0

w
= 2a93 (521 -+ 7'21)/ e*1(8) gg
0

< 2(1)2‘/{&)601 s

which, together with (2.13), yields

lug ()| < |us (n2)] +/ |ub (£)| dt < Co + 2a§'{wecl = Ro. (2.15)
0
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Similarly, by (2.3) and (2.6), we obtain

w w
/ lu% (t)l dt < / [r3 (t) + a3 (t) guz(t—Tsz) + az3 () eug(t—1-33)] dt
0 0 Y
= 2/ aso (t) eu2(t_7'32) dt
0

w
= 2a3y (532 + ng)/ e*2(%) dg
0

< ZG%weCZ,

which, together with (2.13), leads to
)
lug (t)] < |us (13)] +/ lug (t)] dt < Cs + 2aMwe .= R3. (2.16)
0

Obviously, Ry, Rz, and R3 in (2.14), (2.15), and (2.16) are independent of A. Denote M =
Ri+ R34+ R3+ Ry, where Ry is taken sufficiently large, such that the unique solution (a*, 8*, 7*)T
of the system of algebraic equations,

71 —dye* — Eblgeﬂ =0,
—7y + 8g1e% — 5,2265 — Gg3e” =0, (2.17)
—73 + G326 — Gz3e” =0,
satisfies [|(a”, 6%,7") 7| = |a*] + |6°] + [y*| < M.
We now take Q = {(uy(t),ua(t),us(t))T € X : |(u1,uz,u3)"|] < M}. This satisfies the

Condition (a) in Lemma 2.1. When (u;(t), ug(t),us(t))T € 0Q N Ker L = 0Q N R3, (u1,ug,uz) '
is a constant vector in R?® with |u1| + Jus| + |ug| = M. Obviously, we have

[y 1 — ap et — aroe¥? 0
QN [ ug | = | —F2 + Go1€™ — B22e™? —Gg3e™ | # | 0
uz —~73 + G30e%2 — agzels 0

This proves that Condition (b) in Lemma 2.1 is satisfied.
Finally, we will prove that Condition (¢} in Lemma 2.1 holds. Taking J = I : ImQ —
Ker L, (u1,up,u3) T — (u1,u2,u3)" and by a standard calculation, we can derive

deg (JQN(ul, uz,u3) T, 2N Ker L, (0,0, O)T)
= deg ((’Fl — G11e%! — @y0e¥?, —Tg + ag1e™* — Ggoe™? — Gqg3e™?,
—73 + Ggge™? — d336u3)T ,nNKerL, (0,0, O)T)
=-1.
By now, we have proved that  satisfies all the requirements in Lemma 2.1. Hence, (2.2) has at

least one w-periodic solution. Moreover, system (1.1) has at least one positive w-periodic solution.
The proof is complete. ]

3. UNIQUENESS AND GLOBAL STABILITY

We now proceed to the discussion on the uniqueness and global stability of the w-periodic
solution z*(¢) in Theorem 2.1. It is immediate that if £*(¢) is globally asymptotically stable,
then, z*(t) is, in fact, unique. We first derive certain upper bound estimates for solutions of
(1.1),(1.2).
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LEMMA 3.1. Let z(t) = (x1(t),z2(t), z3(t)) denote any positive solution of system (1.1) with
initial conditions (1.2). If system (1.1) satisfies (H1) and (H2), then, there exits a T > 0, such

that

0 <z (t) < M; (i=1,2,3)fort > T, (3.1)
where o
]\41 — Z_lL_e-rr{W’
an
Mar _ L
M, = %lyi_r_?e(aﬁm-rf)fy (3.2)
@32
Mar L
M, = a32M2L T8 (ol Ma—rh)r
Q33

The proof of Lemma 3.1 is standard and it is similar to that of Lemma 2.1 in {19}, therefore,
we omit it here.

We now formulate the uniqueness and global stability of the positive w-periodic sclutions of
system (1.1).
THEOREM 3.1. In addition to (H1),(H2), assume further that the following hold:

(H3) litm inf A;(t) >0,:=1,2,3,

—00

where

t+711
A (t) = a1 (t) - (1‘1 (t) +an (t) My + a1z (t) Mz)‘/; ail (S) ds

+7k1

2 t+ThE+TR1
—ag1 (t+721) = Y Mypagy (t+7'k1)/ ark (8) ds;
k=1 k4

As () = aga (8) — (m )+ an(t) Mk) /t T ana(s) ds

k=1

t+7111
— a2 (t) — azz (t + 732) — Miayz (t) / a1 (s) ds
¢ (3.3)
3 t+Ter+Th2
- ZMkakz (t + Tra) / axx (s) ds;
k=2 t+ Tk

As (t) = ags (£) — (rs (£) + aga (£) Ms + ags (£) Ma) / N s (5) ds

t+T122
-~ a93 (t) — Mosags (t) / a9 (8) ds
i

t4+2Ta3
— Mzasz (t + 7'33)/ aas (s) ds.
t+733
Then, system (1.1),(1.2) has a unique positive w-periodic solution =*(t) = (x}(t), z5(t), z5(t)) T
which is globally asymptotically stable.
ProOF. Due to the conclusion of Theorem 2.1, we only need to show the global asymptotic
stability of the positive periodic solution of (1.1),(1.2). Let z*(t) = (z}(t),z5(t),z3(t))" be a
positive w-periodic solution of system (1.1),(1.2), and y(t) = (y1(t), y2(t), y3(t)) T be any positive
solution of system (1.1).
It follows from Lemma 3.1 that there exist positive constants T and M; (i = 1,2, 3), such that,
forallt > T,
0< LE,L* (t) <M, O0<uy (t) < M;, 1=1,2,3. (3.4)

Let
Vi1 (t) = [lnz3 () — Inyy (¢)]. (3.5)
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Calculating the upper right derivative of Vi;(¢) along the solution of (1.1), it follows that

D Vi () = (D - 28 spn a1 () - 1 0

=sgn (] (t) — y1 (t)) [~a1u (¢) (] (¢ — 711) — 91 (£ — T11))
a2 (1) (&3 (6) — 32 (1))
=%nwﬁﬂ—mﬂh[~mdﬂwﬂﬂ—mﬂn
—ay12 (t) (x5 (t) —y2 (1))

ran® [ (¢:<u)—-y1<u>)du]

t—T11
< ~a1 ()25 (1) ~ 1 O] + 13 (1) 3 (€) — s (0
| @i =i w) du

+ a1 (t)

On substituting (1.1) into (3.6), we derive

DV (t) < —an () |27 (B) — y1 ()] + as2 () |25 () — y2 ()]

| @ - on @ (- 7) - a2 (055 )

+ Q11 (t)

=11 (w) [ry (u) — a11 () y1 (u — 711) — @12 (u) y2 (v)]} du
= —a11 (1)1 () = 91 ()] + az2 () 125 (8) — 32 (4] o)

[ (@@-ue)nw

t—711

+ a11 (t)

—ay () y1 (v — 111) — a2 (v) ya (u)]

—an (v) 27 (u) (2] (v — m11) — 91 (w — 711))
—ayz (v) 21 (u) (z3 (v) — y2 (w))} du| .
It follows from (3.4) and (3.7) that, for t > T + 27,

D™Vii (t) < —an (8) 21 () — y1 (B)] + a1z (2) |25 () — v2 (¢)]

tar ®) [l () + an (u) Mo + 0o () M)l u) = 31 )] s3)

t—T11

+ars (u) My |23 (u = 711) = 91 (u = 71| + arz () My |25 (w) — 2 (w)]} du.
Define
t+7111 i
Viz (t) = f / a1 (8) [r1 (w) + a11 (u) My + a1a (1) My] |2} (u) — y1 (u)| duds
t+7111 pt
+M1/t + /;_m a1y (s) a1 (w) |z7 (w — 1) — 1 (u — 711)] duds (3.9)

t+711 t
+M; / / a11 (s) a12 (u) |25 (u) — y2 (u)| duds.
t s—7T11
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Then, it follows from (3.8) and (3.9) that, for t > T + 27,
D Vi1 (8) + Viz (1) < —a11 (8) l21 () — a (8)] + @12 (2) |25 () — y2 (1))

t+T711
+lr1 (&) + 011 (8) My + sz (8) M) /t a1t (s) ds |3 (t) - 1 ()]

t471 (3.10)
+Miar; (t) 011 dS ‘.”L'l (t—’Tu) —- 1N (t-——Tu)l
t+4711
+Ma;zz (t) a1 (s) dslz3 (t) — ya (1) -
We now define
Vi (t) = Vi (t) + Via (t) + Vis (t), (3.11)
in which L2
11
Viz t) = M1/ 0,11 a11 (l + 7'11) l.’L‘T (l) -1 (l)f dsdl. (312)
T11 J 47112

Then, it follows from (3.10), (3.11), and (3.12) that, for t > T + 27,
DTV (t) < —ayn (8) |27 (8) — 31 ()] + ar2 () |23 (B) — v2 ()]
t+711
+(r1(t) + a1y (8) M1+ a12 (t) Mz)/ a1 (8) ds |z (t) — y1 ()]
t+2mn (3.13)
+Mjaqy (t+ 711) a1 (s) ds|zi (t) — v ()]

t+111

t4+7111
+Miags (£) / a1 (s) ds|zb () — vz (1))

Next, let
Va(t) = Var (t) + Vao (t) + Vas (t), (3.14)
where
Va1 (t) = [Inz3 (t) — Iny2 (t)1,

Vag (1) = / a2t (5 +721) 23 (5) = va (5)] ds

t+722 3
+f / az ( (Tz W+ am () Mk) 123 (u) — v ()] duds
§—Tg22 k=1

t+T22
+ M, / / a2 (s) Za% (u) 2§ (u — 7o) — vk (v — Tox)| duds  (3.15)
t 5—Tg2 k=1
t+Ta2
+ Mg/ / @22 (8) ag3 (u) |25 (v) — y3 (u)| duds,
§—Ta2

I+Tok+T122
Vas (¢ / aza (5) azk (1 + 7a) |2 (1) — i ()] dsdl.
t—Tog

I+7ok
Calculating the upper right derivative of V(t) along the solution of (1.1), we derive that, for
t>T+ 2T,
DT Vo (t) < —aze (t) |23 () ~ y2 ()] + aa1 (¢ + 721) |27 (8) — 31 (B

3 t+7122
+az3 (t) |23 (1) —y3 ()| + (T'z ®)+> az ( Mk) / azz (s) ds x5 (t) — yz2 (8)]
k=1 ¢
t+To2+T2k (3-17)
e Z o (0 0) [ aza (s) dsa (8) - v (1)
t+T2k
t+722

+Maazs (t) agz (s) ds|z3 (t) — y3 (8)] .-
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Finally, we define
Vi (t) = Va1 (t) + Va2 (t) + Vaz (), (3.17)

where
Va1 (t) = [Inx3 (¢) —Inys (2)],

Vo () = / asz (s + 732) 2 () — w2 ()] ds (3.18)
t—739

/t+-rs3 / ass (s) (7‘3 (u + Z aBk u) Mk> ].’1:3 (u) Y3 (’LL)I duds

t+733
+ M3 / / a33 (
§—T33 k

=2
x azk () |z) (u — T3) — yk (u — 73x)| duds, (3.18)(cont.)
l+7r33+73k
Vas (t) = M; Z/ / aa3 (8) asp (L + 73k} |2k () — v (D} dsdl.
t—73p JUI+T3k

Calculating the upper right derivative of V3(t) along the solution of (1.1), it follows that, for
t>T+ 27,

D*V3 (t) < —ass (t) |23 (t) — ys (t)] + asz (t + 732) |25 (t) — ya (¢)]

3 t+T7as
+ (Ts (t) + zaak'(t) Mk) /t asz (s) ds|z3 (t) — ys ()|

(3.19)
t+Ta3+Tak
+Ms Z asg (t + Tgk)/ ass (s) ds |z, (£) — yx (8)].
t+Tap
Now, we define a Lyapunov functional V(t) as
Vi) =Vi(t)+V2(t) +Va(t). (3.20)
Then, it follows from (3.13), (3.16}, (3.19), and (3.20) that, for t > T + 27,
3 .
DYV () < =D Ai(®) |z} (1) - w (0, (3.21)

i=]1

where A,(t) is defined in (3.3).
By Hypotheses (H3), there exist constants a; > 0 (i = 1,2,3) and 7* > T + 27, such that

A-,; (t) > a; >0, for t > T*. (322)

Integrating both sides of (3.21) on interval [T*,¢], we derive
3 t
v+ / Ai(s) (22 () — i ()] ds <V (T*),  fort>T". (3.23)
1 T+
It follows from (3.22) and (3.23) that

3 t
t) + Zai /T lz2 (s) — s (s)] ds < V(T*),  fort >T" (3.24)
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Therefore, V(t) is bounded on [T, 00) and also
o0
/ lz7 () —wi(s) ds < o0,  i=1,2,3. (3.25)
Tt

By Lemma 3.1, |z} () — y:(t)] (¢ = 1,2,3) are bounded on [T, c0).

On the other hand, it is easy to see that £}(t) and g;(t) (i = 1,2, 3) are bounded for ¢t > T™.
Therefore, |27 (t) — v:(t)|(i = 1,2, 3) are uniformly continuous on {T*, o). By Barbalat’s lemma
(see [8, Lemmas 1.2.2 and 1.2.3}), one can conclude that

Jim o7 () -3 (0] =0, =123

The proof is complete. . 1

REMARK 1. If 7; =0, 4,5 = 1,2,3, then, system (1.1) reduces to an instantaneous system, i.e.,
one without delay

1 =21 (8) (11 (t) — a1 (1) 71 () — a12 (V) 72 (1)),
Ty = 23 (t) (=72 (1) + a21 (t) 71 (t) — a2z (t) 72 (t) — a2s (t) 23 (1)), (3.26)
T3 = z3 (t) (=73 (t) + a3z (t) 22 (t) — as3 () 23 (1)) -

On substituting 7;; =0 (4, j = 1,2, 3) into (H3), Theorem 3.1 yields that system (3.26) has a unique
positive w-periodic solution which is globally asymptotically stable provided that (H1),(H2) and
the following hold,
htm ng.f [a11 (t) — ag (t)} >0,
lim inf [a2; () — @12 () — as2 (£)] > O, (3.27)
lltIIl g}f [0,33 (t) — @23 (t)] > 0.

Therefore, we have the following corollary to Theorem 3.1.

COROLLARY 3.1. System (1.1),(1.2) has a unique positive w-periodic solution, which is globally
stable, if the corresponding instantaneous system (without time delay) has a unique and globally
stable positive w-periodic solution and 7;; (1,5 = 1,2, 3) are sufficiently small satisfying (H3).

Finally, we give two examples to illustrate the feasibility of our main results.

EXaAMPLE 1. We consider the following Lotka-Volterra food-chain model

Ty (t) =21 (1) [30 +sint — 10z, (t - 1—3)-3) ~ (2 + cost) ze (t)} ,
3 1 1

T2 (t) =z2 (t) [ ——sint + (8 + cost) zy ( -
10 ~ 100 105) (3.38)

—10z5 (t - Fl)g) — (2 +sint)z3 (t)] )

2 1 1 1
z3 (t) =x3 (t) [_E 150 ——sint + (5 + sint) z2 (t 105) —dx3 (t - ng)] .

It is easy to examine that the coefficients in system (3.28) satisfy all the assumptions in Theo-
rems 2.1 and 3.1. Thus, by Theorem 3.1, system (3.28) has a unique positive 2r-periodic solution
which is globally stable. Using Shampine’s and Thompson’s program dde23 in solving DDEs [20],
numerical simulation shows that system (3.28) has a unique 27-periodic solution which is globally
asymptotically stable (see Figure 1).
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Figure 1. The existence of 27-periodic solution of system (3.28) with initial conditions

(¢1(6), ¢2(9), $3(0)) = (1.5,15,1,5).

ExAMPLE 2. We consider another delayed periodic Lotka-Volterra food-chain system,

Z1(t) =z1 (¢) |20 — sint — (4 —sint) z; (t - I%g) — 6z4 (t)] ,

2 (t) =z2 () | -2 +sint + 2z (t - i%) — 5Z> (t — 1—2)3'> — 2x3 (t):I , (3.29)

‘ 92 9 , 1 1 1
z3 () =z3 (t) 10 + i-o-dcost + (1.5 +sint) zo (t — 1—03> - Exs (t - W)] .

It is easy to examine that (H2) doesn’t hold for system (3.29). Numerical simulation shows
that system (3.29) still has at least one pasitive 27-periodic solution (see Figure 2).

4. DISCUSSION

In this paper, we have investigated the combined effects of periodicity of the environment and
time delays on the dynamics of Lotka-Volterra food-chain predator-prey systems. By using the
effective and powerful continuation theorem of coincidence degree theory and by constructing a
suitable Lyapunov functional, we have discussed the existence, uniqueness and global stability of
periodic solutions for a delayed three-species periodic simple food-chain system. By Theorem 2.1,
we see that system (1.1) with initial conditions (1.2) will have at least one periodic solution if
the prey intrinsic growth rate, the conversion rates of the predator and the top predator are high
and the death rates of the predator and the top predator are low. We have shown in Theorem 3.1
that small delays are negligible for the global asymptotic stability of positive periodic solutions of
the delayed three-species periodic Lotka-Volterra food-chain systems provided that the delayed
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solution

1 .
I
I
| A 7N\ 7\ /N - o a
\ PN RN AN RN N AN / \\
A N ~_ S v ~_/ Nl NS ~_7
0 ] 1 1 1 1 ! 1 ] i ”
0 5 10 15 20 25 30 35 40 45 50
timet

Figure 2. The 2w-periodic solution of system (3.29) with initial conditions (¢1(9),
d2(9), ¢#3(8)) = (0.5,0.5,0,5).

negative feedbacks dominate other interspecific interaction effects with or without delays. We
would like to mention here that Example 2 shows that our results in Theorems 2.1 and 3.1 have
room for improvement. By using a similar technique, it is interesting to discuss the existence,
uniqueness and global stability of positive periodic solutions to an n-species periodic Lotka-
Volterra predator-prey system or competition system with time delays. We leave these for future
work.
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