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a b s t r a c t

The nuclear factor kappa B (NF-kB) intracellular signalling pathway is central to many stressful,
inflammatory, and innate immune responses. NF-kB proteins themselves are transcription factors for
hundreds of genes. Experiments have shown that the NF-kB pathway can exhibit oscillatory
dynamics—a negative feedback loop causes oscillatory nuclear-cytoplasmic translocation of NF-kB.
Given that cell size and shape are known to influence intracellular signal transduction, we consider a
spatio-temporal model of partial differential equations for the NF-kB pathway, where we model
molecular movement by diffusion and, for several key species including NF-kB, by active transport
as well.

Through numerical simulations we find values for model parameters such that sustained oscillatory
dynamics occur. Our spatial profiles and animations bear a striking resemblance to experimental
images and movie clips employing fluorescent fusion proteins. We discover that oscillations in nuclear
NF-kB may occur when active transport is across the nuclear membrane only, or when no species are
subject to active transport. However, when active transport is across the nuclear membrane and NF-kB
is additionally actively transported through the cytoplasm, oscillations are lost. Hence transport
mechanisms in a cell will influence its response to activation of its NF-kB pathway. We also
demonstrate that sustained oscillations in nuclear NF-kB are somewhat robust to changes in the shape
of the cell, or the shape, location, and size of its nucleus, or the location of ribosomes. Yet if the cell is
particularly flat or the nucleus sufficiently small, then oscillations are lost. Thus the geometry of a cell
may partly determine its response to NF-kB activation.

The NF-kB pathway is known to be constitutively active in several human cancers. Our spatially
explicit modelling approach will allow us, in future work, to investigate targeted drug therapy of
tumours.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Various intracellular signalling pathways are known to exhibit
oscillatory dynamics. Examples include the Hes1 (Hirata et al.,
2002; Bernard et al., 2006), Wnt (Dequeant et al., 2006; Wawra
et al., 2007), p53 (Bar-Or et al., 2000; Lahav et al., 2004), and
nuclear factor kappa B (NF-kB) pathways (Nelson et al., 2004;
Krishna et al., 2006; Friedrichsen et al., 2006). The purpose of
oscillatory dynamics depends on the context in which it arises
but, at least for the pathways just listed, the underlying mechan-
ism is believed to depend on a negative feedback loop (Monk,
2003; Pigolotti et al., 2007; Tiana et al., 2007; Gordon et al., 2009).
There have been many studies of the temporal behaviour of these
pathways (Nelson et al., 2004; Monk, 2003; Kruger and Heinrich,

2004; Hoffmann et al., 2002) but comparatively few studies of
their spatio-temporal behaviour (Gordon et al., 2009; Sturrock
et al., 2011). Yet there is experimental evidence suggesting that
cell size and shape can significantly influence intracellular signal
transduction (Meyers et al., 2006; Neves et al., 2008). Moreover,
the spatial distribution of molecules is clearly of relevance to their
pattern of interaction. Such reasoning indicates that it would be a
progressive step in the computational modelling of intracellular
signalling pathways if more spatio-temporal models were to be
created and explored.

Spatio-temporal models accounting for diffusion and spatial
properties such as the location of ribosomes have recently
appeared for Hes1 (Sturrock et al., 2011), p53 (Gordon et al.,
2009; Sturrock et al., 2011), and Notch-Delta signalling (Terry
et al., 2011). However, we are not aware of any such attempt to
examine NF-kB, despite the fact that there are now a substantial
number of papers on the temporal modelling of NF-kB (Nelson
et al., 2004; Krishna et al., 2006; Hoffmann et al., 2002; Cheong
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et al., 2008; Lipniacki et al., 2004; Ashall et al., 2009; Hat et al.,
2009). Hence our purpose here will be to explore a spatio-
temporal model of the NF-kB pathway. Our model will be a
system of partial differential equations in which the movement of
molecules by diffusion will be explicitly considered. The move-
ment by active transport of several key species, including NF-kB
itself, will also be considered.

The value of modelling NF-kB is clear when one bears in mind
its many biological roles. NF-kB proteins are present in most
animal cells and are central to many stressful, inflammatory, and
innate immune responses (Krishna et al., 2006; Alberts et al.,
2008). Normally NF-kB is held functionally inert in the cytoplasm
by Inhibitor of kappa B (IkB) proteins. There are a number of
isoforms of IkB, including IkBa, IkBb, and IkBe (Lipniacki et al.,
2004). In response to signals originating from a diverse array of
sources, IkB becomes phosphorylated and thereby tagged for
rapid destruction (Alberts et al., 2008). As a result, NF-kB is
liberated from IkB and translocates to the nucleus where it acts as
a transcription factor for several hundred genes, one of which is
the gene for IkBa (Alberts et al., 2008; Lipniacki et al., 2004;
Ashall et al., 2009). Newly synthesised IkBa binds to the liberated
NF-kB, causing NF-kB to again be sequestered in the cytoplasm
(Alberts et al., 2008; Weinberg, 2007). In the presence of a
sustained signal, NF-kB is again liberated and the process just
described repeats. Consequently, oscillations in liberated or ‘‘free’’
NF-kB and IkBa can occur, as revealed experimentally (see Nelson
et al., 2004; Friedrichsen et al., 2006; Ashall et al., 2009 and
Fig. 1). The interactions of NF-kB and IkBa in the presence of a
continuous signal form a negative feedback loop (Alberts et al.,
2008, Fig. 15–80(A)).

The NF-kB pathway is not only regulated by IkB proteins.
NF-kB induces transcription of the protein A20, whilst A20 is
known to inhibit the mechanism by which IkB proteins are
degraded in the presence of a signal (Lee et al., 2000; Lipniacki
et al., 2004; Song et al., 1996). Since A20 attenuates IkB degrada-
tion, it enhances the capacity of IkB to sequester NF-kB.

Some genes are only switched on by NF-kB after it has been
active for several hours (Hoffmann et al., 2002). This suggests that
its oscillatory behaviour may have a functional significance.
However, the purpose and implications of this behaviour is not
yet fully understood (Krishna et al., 2006; Ashall et al., 2009).

Genes activated by NF-kB include those whose protein pro-
ducts possess anti-apoptotic properties, such as Bcl-1, IAP-1, and
IAP-2 (Weinberg, 2007). NF-kB can also function in a mitogenic
fashion by inducing expression of genes that form part of the cell
cycle machinery, such as the myc and cyclin D1 genes (Weinberg,
2007). Hence NF-kB can protect cells from apoptosis and can
drive their proliferation. Consequently, if the machinery in a cell
becomes deregulated in such a way as to leave the NF-kB

pathway constitutively active, then the cell has greater potential
to turn cancerous. Indeed the NF-kB pathway has been found to
be constitutively active in a number of types of human tumour,
including B- and T-cell lymphomas, myelomas, and cervical
carcinomas (Nair et al., 2003; Kokura et al., 2005). Blocking of
the NF-kB pathway has been seen to suppress tumour incidence
(Kokura et al., 2005; Chang et al., 2007; Park et al., 2009). This
blocking can be achieved by different means (Kokura et al., 2005;
Chang et al., 2007; Park et al., 2009). We anticipate that spatio-
temporal modelling may shed light on targeted drug therapy and
suggest directions for improving the efficacy of treatment strate-
gies. However, since this work is an initial effort to explore spatial
effects in the NF-kB pathway, our analysis will be based on a
reduced description of the pathway that demonstrates cyclic
behaviour and we defer a more detailed analysis with targeted
drug therapy to a future study.

This paper is organised as follows. In Section 2 we outline the
biological mechanism of the NF-kB pathway. We convert this
mechanism into a mathematical model in Section 3. This model is
non-dimensionalised in Section 4. We numerically explore the
non-dimensionalised model in Section 5. This allows us to find
dimensional parameter values that yield sustained oscillatory
dynamics. For rates of diffusion, active transport, and degradation,
we find ranges of values such that oscillatory behaviour persists.
In Section 5.1, we discuss temporal plots and spatial profiles
when the cell is circular, noting in particular that our spatial
profiles demonstrate behaviour strikingly similar to the experi-
mental results in Fig. 1. We note also that oscillations in nuclear
NF-kB may occur when all active transport rates are set equal to
zero, so that molecular transport is by diffusion alone, though this
causes less NF-kB to enter the nucleus. In Section 5.2, we explore
the robustness of sustained oscillations in nuclear NF-kB to
changes in the geometry of the cell. We vary the shape of the
cell, the shape, location, and size of its nucleus, and the location of
ribosomes, finding that oscillations are robust to this variation up
to a point. Oscillations are lost when the nucleus is significantly
reduced in size, when the cell is especially flat, or when protein
translation in ribosomes occurs suitably far from the nucleus. We
are led to speculate that the geometry of a cell may partly
determine its response to NF-kB activation. We draw conclusions
and consider ways to extend our work in Section 6. Animations
are included as Supporting Information files.

2. Kinetics of the NF-kB pathway

We have already touched upon the kinetics of the NF-kB
pathway in the Introduction. Now we discuss these kinetics in
more detail. Our discussion will be based on the interactions

Fig. 1. Experimental observation of oscillations in NF-kB localisation. This figure shows time-lapse confocal images of NF-kB-containing species fused to a red fluorescent
protein and of IkBa-containing species fused to a green fluorescent protein in SK-N-AS cells after stimulation with TNFa. The arrow marks one oscillating cell. Nuclear-
cytoplasmic translocation of NF-kB-containing species is apparent. Time is shown in minutes and the scale bar represents 50 mm. Reproduced with copyright permission
from Fig. 1B in Nelson et al. (2004). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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presented in the cell circuitry schematic in Fig. 2. Extracellular
stimuli that activate the NF-kB pathway include bacteria, viruses,
interleukin-1, and tumour necrosis factor-alpha (TNFa) (Alberts
et al., 2008; Weinberg, 2007). Many recent experimental and
computational studies have taken TNFa to be the external
stimulus (see Cheong et al., 2008 and references therein). In
Fig. 2 we represent the extracellular stimulus as a generic
signalling molecule or cascade, which we denote S.

Extracellular stimuli activate the NF-kB pathway by triggering
a chain of reactions that results in the phosphorylation of IkB
kinase (IKK) (Nelson et al., 2004). The phosphorylation of IKK
converts it from a neutral form (IKKn) to an active form (IKKa)
(Lipniacki et al., 2004). The signalling cascade that leads to the
phosphorylation of IKK varies according to the stimulus but the
outcome is the same (Alberts et al., 2008). Since our interest is in a
simplified description that permits spatial insight into NF-kB
oscillations, we shall model IKK activation by assuming that, in
the presence of a sustained continuous signal, IKKa appears at
a constant rate in the outer cytoplasm. We also assume that
IKKa degrades naturally, is deactivated (that is, converted to an
inactive form IKKi) both spontaneously and by the protein A20,
and does not enter the nucleus, all of which is in keeping with
previous models (Lipniacki et al., 2004; Puszynski et al., 2009).
A thorough consideration of IKK activation may be found in a
recent paper by Werner et al. (2008).

As mentioned in the Introduction, NF-kB is usually sequestered
in the cytoplasm by association with IkB proteins. Activated IKK
(IKKa) phosphorylates IkB (whether it is bound to NF-kB or
unbound), which tags IkB for rapid destruction. The destruction

of IkB that is bound to NF-kB liberates the NF-kB, which translo-
cates to the nucleus and initiates the transcription of its target
genes (Fig. 2). Most of the IkB-family inhibition of NF-kB is carried
out by the isoform IkBa (Cheong et al., 2008; Lipniacki et al., 2004;
Sun et al., 1993). In cells lacking other isoforms (IkBb, IkBeÞ,
pronounced oscillations have been observed (Hoffmann et al.,
2002; Cheong et al., 2008). The role of IkBb and IkBe isoforms
seems to be to dampen these oscillations (Hoffmann et al., 2002;
Cheong et al., 2008). As in a number of other studies (Krishna et al.,
2006; Lipniacki et al., 2004), we shall only include the IkBa isoform
in our model, so that it will make sense to seek values for the
model parameters such that stable oscillations occur.

One of the genes targeted by the transcription factor NF-kB is
the gene for IkBa. We will model this by assuming that IkBa
transcript is produced in the nucleus as a saturating function of
NF-kB concentration in the nucleus. A saturating function is
sensible because every gene type has only a small number of
copies. Typically there are only two copies (Puszynski et al., 2009;
Ashall et al., 2009) but there can be more (Schrider and Hahn,
2010) and in particular gene copy number is known to be
elevated (or ‘‘amplified’’) in certain forms of cancer (Chung
et al., 2006). Mathematical models in which NF-kB-induced
production of IkBa transcript is not saturating but grows as a
linear, quadratic, or even cubic power of NF-kB have predicted
that the oscillatory period of the pathway is a rapidly growing
function of total NF-kB, which is in disagreement with experi-
ments (Hat et al., 2009). We further assume that IkBa transcript
diffuses out into the cytoplasm where it produces IkBa by
translation. Newly synthesised IkBa moves into the nucleus,
binds to NF-kB, and leads it out into the cytoplasm where it is
again sequestered (Lipniacki et al., 2004), completing a negative
feedback loop.

To facilitate their function, transcription factors may not
simply diffuse into the nucleus but may also be actively trans-
ported (Arenzana-Seisdedos et al., 1997; Mackenzie et al., 2006;
Lomakin and Nadezhdina, 2010). Hence we assume in our model
that nuclear translocation of NF-kB occurs both by diffusion and
active transport. Given that newly synthesised IkBa binds to
nuclear NF-kB and sequesters it in the cytoplasm, we assume
that IkBa can both diffuse and be actively transported into the
nucleus, and that the complex of IkBa bound to NF-kB (which we
denote IkBa9NFkB) can both diffuse and be actively transported
out of the nucleus.

The gene for A20 is, like the gene for IkBa, a target for NF-kB.
Hence, as we did for IkBa transcript, we assume that A20
transcript is produced in the nucleus as a saturating function of
NF-kB. A20 transcript diffuses into the cytoplasm where it
produces A20 protein by translation and A20 protein contributes
to IKKa deactivation, as mentioned above.

As in many previous studies (Nelson et al., 2004; Hoffmann
et al., 2002; Cheong et al., 2008; Lipniacki et al., 2004), we
suppose that the total amount of NF-kB-containing complexes
is constant. Hence these complexes will not be subject to natural
degradation. On the other hand, IKKa, IkBa transcript, IkBa, A20
transcript, and A20 will be subject to such degradation.

Our modelling assumptions are incomplete without initial
conditions. We suppose, as in Hoffmann et al. (2002) and
Lipniacki et al. (2004), that the initial concentrations of all species
are zero, except for IkBa9NFkB which is positive everywhere in
the cytoplasm, in keeping with the discussion above.

3. Mathematical model

We now present a mathematical model based on the assump-
tions discussed in the previous section. We describe our ideas in

Fig. 2. Cell circuitry schematic of the NF-kB signalling pathway. IKKn transcript
(shown as IKKnt) is transcribed in the nucleus. It diffuses to the cytoplasm and
creates IKKn by translation. The species S represents a generic signalling cascade
that activates IKKn, converting it to IKKa. IKKa mediates degradation of free IkBa
and of IkBa in the complex IkBa9NFkB. This latter reaction liberates NF-kB, which
translocates to the nucleus and mediates production of IkBa transcript (shown as
IkBat) and A20 transcript (shown as A20t). IkBa transcript and A20 transcript
diffuse to the cytoplasm and respectively create IkBa and A20 by translation.
Newly synthesised IkBa binds to NF-kB in the nucleus and cytoplasm and
sequesters it in the cytoplasm in the complex IkBa9NFkB. At the same time,
newly synthesised A20 deactivates IKKa, converting it to IKKi. In the presence of a
sustained signal, the process just described repeats, leading to oscillations in
NF-kB in both time and space. Some reactions shown here involve intermediate
species that are not depicted.
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more or less the same order as the corresponding biological
assumptions in the last section. Our modelling assumptions are
similar to those in Lipniacki et al. (2004) with the following
differences: we model molecular movement by diffusion and
active transport, we model the signalling cascade that activates
IKK in slightly less detail, and (as in Ashall et al., 2009) we
represent NF-kB-inducible transcription as a saturating function
of NF-kB rather than as a less realistic linear function. There are
three compartments in our model—the cytoplasm, nuclear mem-
brane, and nucleus. The equations for our model are different in
the different compartments. Our model will be a system of partial
differential equations (PDEs) with two independent spatial vari-
ables, x and y. We define dependent variables as follows:

" ½IKKaðx,y,tÞ%, ½IKKa9IkBaðx,y,tÞ%, and ½IKKa9IkBa9NFkBðx,y,tÞ% are
the concentrations at time t at the point (x,y) in the cell of,
respectively, active IKK (IKKa), the complex of IKKa and IkBa
(IKKa9IkBaÞ, and the complex of IKKa and IkBa9NFkB
(IKKa9IkBa9NFkBÞ,

" ½IkBa9NFkBðx,y,tÞ% and ½NFkBðx,y,tÞ% are the concentrations at
time t at the point (x, y) in the cell of, respectively, the complex
of IkBa and NF-kB (IkBa9NFkB) and free NF-kB,

" ½IkBatðx,y,tÞ%, ½IkBaðx,y,tÞ%, ½A20tðx,y,tÞ%, and ½A20ðx,y,tÞ% are the
concentrations at time t at the point (x, y) in the cell of,
respectively, IkBa transcript, IkBa protein, A20 transcript, and
A20 protein.

The subscript ‘‘t’’ denoting ‘‘transcript’’ in ½IkBatðx,y,tÞ% and
½A20tðx,y,tÞ% is not to be confused with the independent time
variable t. In fact, for ease of notation, we omit unnecessary
reference to the independent variables henceforth. Thus, for
example, we will refer to ½IkBatðx,y,tÞ% and ½A20tðx,y,tÞ% simply as
½IkBat% and ½A20t%, and so on.

Our model contains many parameters, so a transparent nota-
tion system for them is sensible. In what follows, the letters A, B,
C, d, D, and E will respectively refer to rates of association,
transcription, catalytic degradation, natural (that is, not catalytic)
degradation, diffusion, and translation. Subscripts will be
attached to parameters where this is needed to distinguish
between different species or reactions. Additionally, the names
and concise description of all the parameters are given in
Table 1 below.

We conduct our simulations from time t¼0 onwards. To allow
the resting cell to reach an equilibrium state prior to stimulation,
we assume that continuous stimulation begins at a positive time
T. A similar assumption has been used in other models of the
NF-kB pathway (Lipniacki et al., 2004).

In our model, IKKa is present only in the cytoplasm. We
assume that the effect of continuous cell stimulation is to cause
activation of IKK in the outer cytoplasm. Hence from time T40
onwards we assume that IKKa appears at a constant rate F in the
outer cytoplasm, specifically within a distance H1 of the cell
membrane. This assumption is reasonable because, whilst many
kinases are activated right at the cell membrane (Kholodenko,
2006), some may be activated further into the cell, which is true
in particular of IKK (Lipniacki et al., 2004; Werner et al., 2008).
We suppose that IKKa diffuses with diffusion coefficient DIKKa,
degrades at a per molecule rate dIKKa, and is spontaneously
deactivated at a per molecule rate G. It is deactivated by A20
after the onset of continuous cell stimulation, which occurs at a
mass action rate proportional to the concentrations of IKKa and
A20 with rate parameter J. IKKa forms complexes with IkBa at a
rate proportional to the concentrations of IKKa and IkBa with
constant of proportionality or association rate A1. Similarly it
forms complexes with IkBa9NFkB with association rate A2. These
complexes are formed because IKKa catalytically degrades free

IkBa and IkBa in IkBa9NFkB. Catalytic degradation of these
complexes, at rates C1 and C2 respectively, releases IKKa. We
arrive at the following PDE:

@½IKKa%
@t

¼DIKKar2½IKKa%þgtfr1
F(G½IKKa%(gt J½IKKa%½A20%

(A1½IKKa%½IkBa%(A2½IKKa%½IkBa9NFkB%þC1½IKKa9IkBa%
þC2½IKKa9IkBa9NFkB%(dIKKa½IKKa%, ð1Þ

where gt represent a Heaviside function of t such that gt ¼ 0 if
toT and gt ¼ 1 if tZT, and where fr1 is a Heaviside function of x
and y defined as follows: at the point (x, y) in the cytoplasm,
fr1 ¼ 1 if the distance r1 of (x, y) from the cell membrane is less
than or equal to H1 and otherwise fr1

¼ 0.
The complex IKKa9IkBa is present only in the cytoplasm. It

diffuses at rate DIKKa9IkBa. As we saw in the last paragraph, it is
formed when IKKa binds to IkBa with binding rate parameter A1

and it dissociates at a per molecule rate C1. Thus we have:

@½IKKa9IkBa%
@t

¼DIKKa9IkBar
2½IKKa9IkBa%

þA1½IKKa%½IkBa%(C1½IKKa9IkBa%: ð2Þ

The complex IKKa9IkBa9NFkB is present only in the cytoplasm
where it diffuses at rate DIKKa9IkBa9NFkB. It is formed when IKKa
binds to IkBa9NFkB in order to catalytically degrade the IkBa in
IkBa9NFkB. Association of IKKa and IkBa9NFkB has binding rate
parameter A2. Catalytic activity of IKKa causes IKKa9IkBa9NFkB to
dissociate at a per molecule rate C2, releasing IKKa and liberating
NF-kB. In summary, we can write

@½IKKa9IkBa9NFkB%
@t

¼DIKKa9IkBa9NFkBr
2½IKKa9IkBa9NFkB%

þA2½IKKa%½IkBa9NFkB%(C2½IKKa9IkBa9NFkB%:
ð3Þ

The complex IkBa9NFkB may be present in both the cytoplasm
and the nucleus, and may travel between these regions across the
nuclear membrane. In the cytoplasm, it diffuses at rate DIkBa9NFkB
and is formed when IkBa binds to NF-kB with rate parameter A3.

Table 1
Definitions and values of parameters in the model of Eqs. (1)–(19). Here X
represents any of the species in the model, Y represents IKKa, IkBa transcript,

IkBa, A20 transcript, and A20, and Z represents IkBa9NFkB, NF-kB, and IkBa.

Parameter Definition Value

DX Diffusion coefficient of species X 0:0425 mm2 s(1

dY Degradation rate of species Y 0.00100 s(1

aZ Active transport rate of species Z 0:438 mm s(1

A1 Association of IKKa and IkBa 0:375ðmMÞ(1 s(1

A2 Association of IKKa and IkBa9NFkB 0:750ðmMÞ(1 s(1

A3 Association of IkBa and NF-kB 0:375ðmMÞ-1 s-1

B1 Maximal NF-kB-inducible production of IkBa
transcript

0:0000128 mM s(1

B2 Maximal NF-kB-inducible production of A20
transcript

0:0000128 mM s(1

C1 IKKa9IkBa catalysis 0.0300 s(1

C2 IKKa9IkBa9NFkB catalysis 0.0600 s(1

E1 IkBa translation 0.0750 s(1

E2 A20 translation 0.0750 s(1

F Appearance of IKKa in outer cytoplasm 0.000320 M s(1

G Spontaneous deactivation of IKKa 0.003 s(1

h NF-kB-inducible transcription Hill coefficient 2
H1 Maximum distance of IKK activation from cell

membrane
2:92 mm

H2 Minimum distance of translation from nuclear
membrane

2:92 mm

J IKKa inactivation by A20 1:25ðmMÞ(1 s(1

K Natural degradation of IkBa in IkBa9NFkB 0.00000600 s(1

M NF-kB concentration at which
NF-kB-inducible transcription is half-maximal

0:0052 mM

A.J. Terry, M.A.J. Chaplain / Journal of Theoretical Biology 290 (2011) 7–2610



It is lost when IKKa binds to it in order to catalytically degrade
IkBa. This binding occurs with rate parameter A2. We also assume
IkBa9NFkB dissociates at a rate K due to natural degradation of
the IkBa in it, which liberates NF-kB. Hence we find in the
cytoplasm that

@½IkBa9NFkB%
@t

¼DIkBa9NFkBr
2½IkBa9NFkB%þA3½IkBa%½NFkB%

(A2½IKKa%½IkBa9NFkB%(K½IkBa9NFkB%: ð4Þ

Our PDE for IkBa9NFkB in the nucleus is different from the
cytoplasm in two respects. Firstly, IKKa does not bind to
IkBa9NFkB in the nucleus since IKKa is not present there.
Secondly, we no longer assume IkBa9NFkB dissociates due to
natural degradation of the IkBa in it, as in Lipniacki et al. (2004).
Thus we find in the nucleus that

@½IkBa9NFkB%
@t

¼DIkBa9NFkBr
2½IkBa9NFkB%þA3½IkBa%½NFkB%: ð5Þ

In the nuclear membrane compartment, we suppose that
IkBa9NFkB diffuses and does not form complexes with other
species or dissociate. It is also actively transported (that is,
convected) outwards, towards the cytoplasm, an assumption
consistent with the experimental observation that it has a nuclear
export sequence (Arenzana-Seisdedos et al., 1997). This assump-
tion is modelled using a vector aIkBa9NFkB with constant magnitude
or speed aIkBa9NFkB that is directed away from the point (x,
y)¼(0,0). In a nucleus with centre (0,0), active transport will then
be in directions radially outwards from the centre towards the
cytoplasm. Biologically, our active transport assumption repre-
sents facilitated transport through nuclear pore complexes. In
summary, we can write

@½IkBa9NFkB%
@t

¼DIkBa9NFkBr
2½IkBa9NFkB%

(r ) ð½IkBa9NFkB%aIkBa9NFkBÞ: ð6Þ

The vector aIkBa9NFkB may be written explicitly as

aIkBa9NFkBxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2

p ,
aIkBa9NFkByffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2þy2
p

 !
:

NF-kB may be present in the cytoplasm, nucleus, or nuclear
membrane. In the cytoplasm it diffuses at rate DNFkB and is lost
when IkBa binds to it with rate parameter A3. It appears where
the complex IkBa9NFkB dissociates at a rate K due to natural
degradation of the IkBa in this complex, which liberates NF-kB
(see (4)). It additionally appears where IKKa catalytically degrades
IkBa in IkBa9NFkB since this degradation also liberates NF-kB. As
we mentioned in describing (3), this degradation is modelled as
dissociation of IKKa9IkBa9NFkB with rate parameter C2. Our
assumptions yield the following PDE for NF-kB in the cytoplasm:

@½NFkB%
@t

¼DNFkBr2½NFkB%(A3½IkBa%½NFkB%

þC2½IKKa9IkBa9NFkB%þK½IkBa9NFkB%: ð7Þ

In the nucleus, NF-kB diffuses and is lost when IkBa binds to it.
However it is not liberated from IkBa because this liberation is
assumed to occur only in the cytoplasm. Hence nuclear NF-kB
satisfies

@½NFkB%
@t

¼DNFkBr2½NFkB%(A3½IkBa%½NFkB%: ð8Þ

Across the nuclear membrane, we suppose that NF-kB diffuses.
NF-kB is a transcription factor which must travel to the nucleus to
fulfil its transcriptional role and it is known to possess a nuclear
localisation sequence which is masked when IkBa binds to it
(Mackenzie et al., 2006; Mikenberg et al., 2007). Hence we also
suppose that NF-kB is actively transported (convected) towards

the nucleus. As in the paragraph before Eq. (6), our active
transport assumption implicitly takes the nucleus to be centred
at (x, y)¼(0,0) though now the active transport is directed straight
towards the nucleus instead of straight out of it and is repre-
sented by a velocity vector aNFkB with constant magnitude or
speed aNFkB. Our considerations lead to

@½NFkB%
@t

¼DNFkBr2½NFkB%þr ) ð½NFkB%aNFkBÞ: ð9Þ

We assume IkBa transcript diffuses at rate DIkBat and degrades
at rate dIkBat in the cytoplasm, which yields

@½IkBat%
@t

¼DIkBatr2½IkBat%(dIkBat ½IkBat%: ð10Þ

In the nucleus, we suppose that IkBa transcript diffuses and
degrades at the same rates as in the cytoplasm. We also suppose
that it is produced by transcription as a saturating function of
NF-kB, in keeping with our earlier discussion of transcription in
Section 2. To be specific, the transcription rate is proportional
(with constant of proportionality B1) to a Hill function with Hill
coefficient h and half-maximal rate M, as in Ashall et al. (2009).
Hence in the nucleus, we have

@½IkBat%
@t

¼DIkBatr2½IkBat%þB1
½NFkB%h

½NFkB%hþMh

 !
(dIkBat ½IkBat%:

ð11Þ

Across the nuclear membrane, IkBa transcript diffuses

@½IkBat%
@t

¼DIkBatr2½IkBat%: ð12Þ

We assume IkBa diffuses at rate DIkBa and degrades at rate
dIkBa in the cytoplasm. It is translated from IkBa transcript at a
per molecule rate E1. Proteins are translated from mRNA by
ribosomes in the cytoplasm, a process that is likely to occur at
least some minimal distance from the nuclear membrane, so we
assume that IkBa is translated some minimal distance H2 from
the nuclear membrane. An assumption of this kind is also made in
two recent studies that are similar in scope to this work (Terry
et al., 2011; Sturrock et al., 2011). IkBa is lost when it combines
with and sequesters NF-kB with rate parameter A3. It is also lost
when IKKa binds to it with rate parameter A1, a reaction that
occurs because IKKa catalytically degrades IkBa. Combining our
assumptions yields a PDE for IkBa in the cytoplasm:

@½IkBa%
@t

¼DIkBar2½IkBa%þyr2E1½IkBat%(A1½IKKa%½IkBa%

(A3½IkBa%½NFkB%(dIkBa½IkBa%, ð13Þ

where yr2 is a Heaviside function of x and y defined as follows: at
the point (x, y) in the cytoplasm, yr2 ¼ 0 if the distance r2 of (x, y)
from the nuclear membrane is less than H2 and otherwise yr2 ¼ 1.

In the nucleus we assume IkBa diffuses and degrades at the
same rates as in the cytoplasm. It is also lost when it binds to and
sequesters NF-kB with rate parameter A3. But it is not subject to
the other processes described in (13) since these are specific to
the cytoplasm. Thus in the nucleus we have

@½IkBa%
@t

¼DIkBar2½IkBa%(A3½IkBa%½NFkB%(dIkBa½IkBa%: ð14Þ

Across the nuclear membrane, IkBa diffuses and, given that it
possesses a nuclear import sequence (Sachdev et al., 1998), we
assume that it is actively transported (convected) towards the
nucleus at velocity aIkBa with constant magnitude or speed aIkBa.
Thus IkBa in the nuclear membrane satisfies

@½IkBa%
@t

¼DIkBar2½IkBa%þr ) ð½IkBa%aIkBaÞ: ð15Þ
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We suppose that A20 transcript diffuses at rate DA20t and
degrades at rate dA20t in the cytoplasm, which yields

@½A20t%
@t

¼DA20tr2½A20t %(dA20t½A20t%: ð16Þ

In the nucleus, we assume that A20 transcript diffuses and
degrades at the same rates as in the cytoplasm. As with IkBa
transcript in Eq. (11) and in keeping with (Ashall et al., 2009) and
the discussion in Section 2, we assume that A20 transcript
production is a saturating function of NF-kB, proportional (with
constant of proportionality B2) to a Hill function with Hill
coefficient h and half-maximal rate M. Hence in the nucleus, we
have

@½A20t%
@t

¼DA20tr2½A20t %þB2
½NFkB%h

½NFkB%hþMh

 !

(dA20t½A20t%: ð17Þ

Across the nuclear membrane, A20 transcript diffuses

@½A20t%
@t

¼DA20tr2½A20t %: ð18Þ

The protein A20 is present only in the cytoplasm in our model.
It diffuses at rate DA20 and degrades at rate dA20. It is also
translated from A20 transcript at a rate E2, where we assume, as
we did for IkBa production in Eq. (13), that translation occurs at
least some minimal distance H2 from the nuclear membrane.
Therefore we have

@½A20%
@t

¼DA20r2½A20%þyr2E2½A20t%(dA20½A20%, ð19Þ

where yr2 is defined after Eq. (13).
To complete our description of the model, we state initial and

boundary conditions. As we mentioned at the end of the previous
section, we suppose, as in Hoffmann et al. (2002) and Lipniacki
et al. (2004), that the initial concentrations of all species are zero,
except for IkBa9NFkB which equals a positive constant I0 every-
where in the cytoplasm to reflect the fact that NF-kB is held
functionally inert in the cytoplasm by IkBa until the cell is
stimulated by an external signal. For ease of reference, we write
our initial conditions as equations:

½X%t ¼ 0 ¼ 0 where ½X% is any species except ½IkBa9NFkB% in cytoplasm,

ð20Þ

½IkBa9NFkB%t ¼ 0 ¼ I0 everywhere in cytoplasm: ð21Þ

There are three boundaries in our model—the cell membrane,
the outer nuclear membrane, and the inner nuclear membrane.
For those species moving from one compartment to another
across a boundary, we choose continuity of flux boundary condi-
tions. Otherwise we choose zero flux boundary conditions. These
conditions ensure that no molecules enter regions where they are
not defined, that no molecules leave the cell, and that no
molecules crossing a boundary are lost whilst doing so.

We can state our boundary conditions more explicitly. Let m
denote a species moving across a boundary from compartment P
to compartment Q by continuity of flux. Then we can let [mP] and
[mQ] denote, respectively, the concentrations of m in P and Q, we
can let Dm be the diffusion coefficient of m in P and Q, and at the
boundary we can write

Dm
@½mP%
@n

¼Dm
@½mQ %
@n

and ½mP% ¼ ½mQ %, ð22Þ

where n is a unit normal.

Finally let [m] denote the concentration of a species subject to
zero flux at a boundary. Then at the boundary we can write

@½m%
@n

¼ 0, ð23Þ

where n is again a unit normal.

4. Non-dimensionalisation

To find parameter values that yield oscillatory dynamics in our
model, we follow the method used to find oscillatory dynamics in
two similar recent spatio-temporal models of intracellular signal-
ling (Terry et al., 2011; Sturrock et al., 2011). This method can be
summarised as follows: non-dimensionalise the model, find non-
dimensional parameter values that yield sustained oscillations,
and then calculate dimensional parameters. The calculation of
dimensional parameters involves fitting the experimentally
observed oscillatory period and cell size to the non-dimensional
oscillatory period and non-dimensional cell size.

We non-dimensionalise our model by first defining reference
values. We define the reference concentrations

½IKKa%ref , ½IKKa9IkBa%ref , ½IKKa9IkBa9NFkB%ref ,
½IkBa9NFkB%ref , ½NFkB%ref , ½IkBat%ref ,
½IkBa%ref , ½A20t%ref , ½A20%ref ,

for, respectively,

½IKKa%, ½IKKa9IkBa%, ½IKKa9IkBa9NFkB%,
½IkBa9NFkB%, ½NFkB%, ½IkBat%,
½IkBa%, ½A20t%, ½A20%:

We also define the reference value t for time t and the reference
value L for the spatial variables x and y.

Next we define re-scaled variables. In the following, re-scaled
variables have hats:

½ dIKKa% ¼ ½IKKa%
½IKKa%ref

, ½ dIKKa9IkBa% ¼ ½IKKa9IkBa%
½IKKa9IkBa%ref

, ð24Þ

½ dIKKa9IkBa9NFkB% ¼ ½IKKa9IkBa9NFkB%
½IKKa9IkBa9NFkB%ref

, ð25Þ

½ dIkBa9NFkB% ¼ ½IkBa9NFkB%
½IkBa9NFkB%ref

, ½ dNFkB% ¼ ½NFkB%
½NFkB%ref

, ð26Þ

½ dIkBat % ¼
½IkBat%
½IkBat%ref

, ½ dIkBa% ¼ ½IkBa%
½IkBa%ref

, ð27Þ

½ dA20t % ¼
½A20t %
½A20t%ref

, ½dA20% ¼ ½A20%
½A20%ref

, ð28Þ

t̂ ¼
t
t , x̂ ¼

x
L
, ŷ ¼

y
L
: ð29Þ

By substituting the scaling in (24)–(29) into our model (Eqs.
(1)–(19)) and using the chain rule for differentiation, we obtain a
non-dimensionalised model. In this non-dimensionalised model,
the qualitative form of the equations is unchanged but the
parameters and variables are all dimensionless. To be specific,
we find in the cytoplasm that

@½ dIKKa%
@t̂

¼Dn
IKKar

2½ dIKKa%þgn
t̂
fn

r̂1
Fn(Gn½ dIKKa%

(gn
t̂
Jn½ dIKKa%½dA20%(An

1;1½ dIKKa%½ dIkBa%

(An
2;1½ dIKKa%½

dIkBa9NFkB%þCn
1;1½

dIKKa9IkBa%

þCn
2;1½

dIKKa9IkBa9NFkB%(dn
IKKa½ dIKKa%, ð30Þ
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@½ dIKKa9IkBa%
@t̂

¼Dn

IKKa9IkBar
2½ dIKKa9IkBa%þAn

1;2½ dIKKa%½ dIkBa%

(Cn
1;2½

dIKKa9IkBa%, ð31Þ

@½ dIKKa9IkBa9NFkB%
@t̂

¼Dn

IKKa9IkBa9NFkBr
2½ dIKKa9IkBa9NFkB%

þAn
2;2½ dIKKa%½

dIkBa9NFkB%

(Cn
2;2½

dIKKa9IkBa9NFkB%, ð32Þ

@½ dIkBa9NFkB%
@t̂

¼Dn

IkBa9NFkBr
2½ dIkBa9NFkB%þAn

3;1½ dIkBa%½ dNFkB%

(An
2;3½ dIKKa%½

dIkBa9NFkB%(Kn
1 ½

dIkBa9NFkB%, ð33Þ

@½ dNFkB%
@t̂

¼Dn
NFkBr

2½ dNFkB%(An
3;2½ dIkBa%½ dNFkB%

þCn
2;3½

dIKKa9IkBa9NFkB%þKn
2 ½

dIkBa9NFkB%, ð34Þ

@½ dIkBat %
@t̂

¼Dn
IkBatr

2½ dIkBat %(dn
IkBat ½ dIkBat %, ð35Þ

@½ dIkBa%
@t̂

¼Dn
IkBar

2½ dIkBa%þyn

r̂2
En
1½ dIkBat %(An

1;3½ dIKKa%½ dIkBa%

(An
3;3½ dIkBa%½ dNFkB%(dn

IkBa½ dIkBa%, ð36Þ

@½ dA20t %
@t̂

¼Dn
A20tr

2½ dA20t %(dn
A20t ½ dA20t %, ð37Þ

@½dA20%
@t̂

¼Dn
A20r

2½dA20%þyn

r̂2
En
2½ dA20t %(dn

A20½dA20%, ð38Þ

and in the nuclear membrane we find that

@½ dIkBa9NFkB%
@t̂

¼Dn

IkBa9NFkBr
2½ dIkBa9NFkB%

(r ) ð½ dIkBa9NFkB%an

IkBa9NFkBÞ, ð39Þ

@½ dNFkB%
@t̂

¼Dn
NFkBr

2½ dNFkB%þr ) ð½ dNFkB%an
NFkBÞ, ð40Þ

@½ dIkBat %
@t̂

¼Dn
IkBatr

2½ dIkBat %, ð41Þ

@½ dIkBa%
@t̂

¼Dn
IkBar

2½ dIkBa%þr ) ð½ dIkBa%an
IkBaÞ, ð42Þ

@½ dA20t %
@t̂

¼Dn
A20tr

2½ dA20t %, ð43Þ

and in the nucleus we find that

@½ dIkBa9NFkB%
@t̂

¼Dn

IkBa9NFkBr
2½ dIkBa9NFkB%

þAn
3;1½ dIkBa%½ dNFkB%, ð44Þ

@½ dNFkB%
@t̂

¼Dn
NFkBr

2½ dNFkB%(An
3;2½ dIkBa%½ dNFkB%, ð45Þ

@½ dIkBat %
@t̂

¼Dn
IkBatr

2½ dIkBat %þBn
1

½ dNFkB%h

½ dNFkB%hþ Mnð Þh

 !

(dn
IkBat½ dIkBat %, ð46Þ

@½ dIkBa%
@t̂

¼Dn
IkBar

2½ dIkBa%(An
3;3½ dIkBa%½ dNFkB%(dn

IkBa½ dIkBa%, ð47Þ

@½ dA20t %
@t̂

¼Dn
A20tr

2½ dA20t %þBn
2

½ dNFkB%h

½ dNFkB%hþðMnÞh

 !
(dn

A20t½ dA20t %, ð48Þ

where the r operator is now with respect to the non-dimensional
spatial variables x̂ and ŷ, where the directions of the active
transport vectors are unchanged but now have magnitudes
an
NFkB, an

IkBa, and an

IkBa9NFkB for the species NF-kB, IkBa, and
IkBa9NFkB respectively, and where non-dimensional parameters
are related to dimensional ones as follows. For diffusion coeffi-
cients, degradation rates, and active transport rates, we have

Dn
X ¼

DXt
L2

, dn
Y ¼ dYt, an

Z ¼
aZt
L

, ð49Þ

for X representing any of the species in the model, Y representing
IKKa, IkBa transcript, IkBa, A20 transcript, and A20, and Z
representing IkBa9NFkB, NF-kB, and IkBa.

The term gn
t̂
is a function of the non-dimensional time variable

t̂ such that gn
t̂
¼ 0 if t̂oTn and gn

t̂
¼ 1 otherwise, where

Tn ¼
T
t : ð50Þ

Similarly the term fn

r̂1
is a function of the non-dimensional spatial

variables x̂ and ŷ, defined over points ðx̂,ŷÞ in the cytoplasm such
that fn

r̂1
¼ 1 if the distance r̂1 of the point ðx̂,ŷÞ from the cell

membrane is less than or equal to Hn
1 non-dimensional spatial

units and fn

r̂1
¼ 0 otherwise, where

Hn
1 ¼

H1

L
, ð51Þ

and the term yn

r̂2
is also a function of x̂ and ŷ, defined over points

ðx̂,ŷÞ in the cytoplasm such that yn

r̂2
¼ 0 if the distance r̂2 of the

point ðx̂,ŷÞ from the nuclear membrane is less than Hn
2 non-

dimensional spatial units and yn

r̂2
¼ 1 otherwise, where

Hn
2 ¼

H2

L
: ð52Þ

The remaining parameter relationships are

An
1;1 ¼ A1½IkBa%reft, An

1;2 ¼
A1½IKKa%ref ½IkBa%reft

½IKKa9IkBa%ref
, ð53Þ

An
1;3 ¼ A1½IKKa%reft, An

2;1 ¼ A2½IkBa9NFkB%reft, ð54Þ

An
2;2 ¼

A2½IKKa%ref ½IkBa9NFkB%reft
½IKKa9IkBa9NFkB%ref

, ð55Þ

An
2;3 ¼ A2½IKKa%reft, An

3;1 ¼
A3½IkBa%ref ½NFkB%reft

½IkBa9NFkB%ref
, ð56Þ

An
3;2 ¼ A3½IkBa%reft, An

3;3 ¼ A3½NFkB%reft, ð57Þ

Bn
1 ¼

B1t
½IkBat%ref

, Bn
2 ¼

B2t
½A20t%ref

, ð58Þ

Cn
1;1 ¼

C1½IKKa9IkBa%reft
½IKKa%ref

, Cn
1;2 ¼ C1t, ð59Þ

Cn
2;1 ¼

C2½IKKa9IkBa9NFkB%reft
½IKKa%ref

, Cn
2;2 ¼ C2t, ð60Þ

Cn
2;3 ¼

C2½IKKa9IkBa9NFkB%reft
½NFkB%ref

, ð61Þ

En
1 ¼

E1½IkBat%reft
½IkBa%ref

, En
2 ¼

E2½A20t%reft
½A20%ref

, ð62Þ

Fn ¼
Ft

½IKKa%ref
, Gn ¼ Gt, Jn ¼ J½A20%reft, ð63Þ
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Kn
1 ¼ Kt, Kn

2 ¼
K½IkBa9NFkB%reft

½NFkB%ref
, Mn ¼

M
½NFkB%ref

: ð64Þ

Combining the scaling in (24)–(29) with the initial conditions
in the dimensional model (Eqs. (20) and (21)) gives us initial
conditions for the non-dimensionalised model:

½bX %t̂ ¼ 0 ¼ 0 where ½bX % is any species except ½ dIkBa9NFkB% in cytoplasm,

ð65Þ

½ dIkBa9NFkB%t̂ ¼ 0 ¼ In0 ¼
I0

½IkBa9NFkB%ref
in cytoplasm: ð66Þ

Similarly, we can combine the scaling in (24)–(29) with
the boundary conditions in the dimensional model (Eqs. (22)
and (23)) to obtain boundary conditions in the non-dimensiona-
lised model. Trivially we find that the conditions stated in Eqs.
(22) and (23) still hold, except that Dm, [mP], [mQ], and [m] are
replaced in these equations by Dn

m, ½m̂P%, ½m̂Q %, and ½m̂%,
respectively.

5. Simulations

We can numerically solve our non-dimensionalised model
(Eqs. (30)–(48)) using the COMSOL/FEMLAB package, which uses
the finite element technique. In using this package to perform
simulations, we choose triangular basis elements and Lagrange
quadratic basis functions along with a backward Euler time-
stepping method of integration.

Before conducting simulations we must define a geometry on
which to conduct them and choose values for the model para-
meters. Our goal is to make choices that yield oscillatory
dynamics. We can allow our decisions to be influenced by two
recent studies of intracellular pathways which adopt the same
PDE approach used in our model (Terry et al., 2011; Sturrock
et al., 2011). We define a geometry with similar non-dimensional
size as in these studies. Also as in these studies, we reduce the
number of parameters in our model by making simplifying
assumptions: for instance, all natural degradation rates are set
equal and all species are assumed to have the same diffusion rate.
Simplifying assumptions of this kind are often made in models
with a large number of unknown parameters, including previous
models of the NF-kB pathway (Nelson et al., 2004; Hoffmann
et al., 2002; Lipniacki et al., 2004). A simplified approach is
sensible here because our purpose is an initial spatio-temporal
study. In future work, we will take into account the fact that the
diffusion coefficient of a molecule depends on its size—a larger
molecule has a smaller diffusion coefficient.

To find parameter values, we begin by considering values with
the same order of magnitude as corresponding non-dimensional
parameters in Terry et al. (2011) and Sturrock et al. (2011) where
corresponding parameters exist; examples of such parameters are
diffusion and natural degradation rates. Using all these choices
and assumptions places us in a position to begin a simulation
study. From this position, we have carried out a systematic study
that led us to parameter values yielding oscillatory dynamics. We
fine tuned our parameter values by bearing in mind values used
in previous studies (Nelson et al., 2004; Lipniacki et al., 2004;
Ashall et al., 2009), and also by bearing in mind experimental and
theoretical results suggesting, for instance, that a significant
proportion of NF-kB is freed from IkBa9NFkB by signalling
(Nelson et al., 2004; Lipniacki et al., 2004) and that IKKa
concentration peaks quickly after the onset of continuous cell
stimulation and then rapidly decreases (Lee et al., 2000; Lipniacki
et al., 2004).

The geometry on which we define our non-dimensionalised
model is:

" a circle representing the nucleus, radius 0.5, centre (0,0),
" an annular region, representing the nuclear membrane,

bounded by the following circles: radius 0.5, centre (0,0);
radius 0.52, centre (0,0),

" an annular region, representing the cytoplasm, bounded by the
following circles: radius 0.52, centre (0,0); radius 1.2,
centre (0,0).

We depict this geometry in Fig. 3. It was necessary to suppose the
nucleus was centred at (0,0) in view of our active transport
assumptions (see paragraph containing Eq. (6)). Although we
initially performed simulations on a circular cell, we later found
that oscillations are somewhat robust to changes in the shape of
the cell and its nucleus, as well as the ratio of nuclear to
cytoplasmic size (discussed below in Section 5.2).

Next we explicitly state the simplifying assumptions that we
made for the parameters. We assume that all diffusion coeffi-
cients are equal to a positive constant Dn, all natural degradation
rates are equal to a positive constant dn, and all active transport
rates are equal to a positive constant an. In other words, we have

Dn
X ¼Dn, dn

Y ¼ dn, an
Z ¼ an, ð67Þ

for X representing any of the species in the model, Y representing
IKKa, IkBa transcript, IkBa, A20 transcript, and A20, and Z
representing IkBa9NFkB, NF-kB, and IkBa.

To allow the resting cell to reach an equilibrium state, we do
not allow cell stimulation to begin until time ~t ¼ Tn, where

Tn ¼ 300: ð68Þ

We then find oscillatory dynamics (with period 120 non-dimen-
sional time units, simulating up to ~t ¼ 1400) for the following
parameter choices:

Dn ¼ 0:01, dn ¼ 0:05, an ¼ 1:5, ð69Þ

An
1;1 ¼ An

1;2 ¼ An
1;3 ¼ An

3;1 ¼ An
3;2 ¼ An

3;3 ¼ Cn
1;1 ¼ Cn

1;2 ¼ En
1 ¼ En

2 ¼ 1:5,

ð70Þ

Fig. 3. The non-dimensionalised model (Eqs. (30)–(48)) holds on the green
geometry shown here. The geometry is a cell with three compartments—the
nucleus (the area within the inner circle), the nuclear membrane (the thin annulus
between the two inner circles), and the cytoplasm (the annulus between the two
outer circles). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)
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An
2;1 ¼ An

2;2 ¼ An
2;3 ¼ Cn

2;1 ¼ Cn
2;2 ¼ Cn

2;3 ¼ 3, ð71Þ

Bn
1 ¼ Bn

2 ¼ 0:02, Fn ¼ 0:2, Gn ¼ 0:15, Hn
1 ¼Hn

2 ¼ 0:2, ð72Þ

Jn ¼ 5, Kn
1 ¼ Kn

2 ¼ 0:0001, Mn ¼ 0:065, h¼ 2, ð73Þ

In0 ¼ 1 ðinitial conditionÞ: ð74Þ

Figs. 4–9 show simulation results of the non-dimensionalised
model, performed on the geometry depicted in Fig. 3, with the
parameter choices in Eqs. (67)–(74). We discuss these figures in
Section 5.1 below. In the remainder of the current section, we use
our non-dimensional parameter choices to calculate dimensional
parameter values that generate sustained oscillations. To do this,
we first estimate the reference time t and reference length L. As
indicated at the start of Section 4, the reference time t is chosen
to make the oscillatory period in the dimensional model equal the
experimentally observed oscillatory period. Now we have said
that the oscillatory period in our simulations is 120 non-dimen-
sional time units. But by (29), we have t¼ t̂t, so 1 non-dimen-
sional time unit is t dimensional time units. Hence the oscillatory
period in the dimensional model is 120t dimensional time units.
We set the oscillatory period in the dimensional model equal to

the experimentally observed oscillatory period, which is 100 min
or 6000 s (Nelson et al., 2004), to obtain 120t¼ 6000 s, so that

t¼ 50:0 s: ð75Þ

Note that we shall state all dimensional parameters to three
significant figures.

Using (50), (68), and (75), we find the time T at which cell
stimulation begins in the dimensional model:

T ¼ Tnt¼ 250 min: ð76Þ

In all plots below, time is displayed in dimensional units and
shifted so that continuous cell stimulation begins at 100 min.

As indicated at the start of Section 4, the reference length L is
chosen to make the cell in the dimensional model the same size as
a real-world cell. The diameter of our non-dimensional cell is
2.4 non-dimensionalised spatial units (Fig. 3) or 2.4L dimensional
spatial units (using (29)). Also, the diameter of cells used in
experiments of the continuous stimulation of the NF-kB pathway
is around 30 mm to 40 mm (Nelson et al., 2004; Ashall et al., 2009),
so we set 2:4L¼ 35 mm, which yields

L¼ 14:6 mm: ð77Þ
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Fig. 4. Plots showing the total concentration over time for (a) the cytoplasmic species IKKa, IKKa9IkBa, IKKa9IkBa9NFkB, and A20, and (b) the species A20 transcript,
created from a simulation of the non-dimensionalised model (Eqs. (30)–(48)) with geometry as in Fig. 3 and parameters determined by (67)–(74). Time is displayed here
and in subsequent figures to correspond to continuous cell stimulation from 100 min onwards. Concentrations are shown in non-dimensional units.
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Using (51), (72), and (77), we find the maximum distance H1 of
IKK activation from the cell membrane:

H1 ¼Hn
1L¼ 2:92 mm: ð78Þ

Similarly, by (52), (72), and (77), we find the minimum distance
H2 of translation from the nuclear membrane:

H2 ¼Hn
2L¼ 2:92 mm: ð79Þ

Using (49), (67), (69), (75), and (77), we find diffusion, natural
degradation, and active transport rates:

DX ¼
DnL2

t ¼ 0:0425 mm2 s(1, ð80Þ

dY ¼
dn

t ¼ 0:00100 s(1, ð81Þ

aZ ¼
anL
t ¼ 0:438 mm s(1, ð82Þ

for X representing any of the species in the model, Y representing
IKKa, IkBa transcript, IkBa, A20 transcript, and A20, and Z
representing IkBa9NFkB, NF-kB, and IkBa.

Our value for the diffusion coefficients of 0:0425 mm2 s(1 is
approximately an order of magnitude larger than the diffusion
coefficients in the two similar recent spatio-temporal studies of
intracellular signalling mentioned earlier in this section (Terry
et al., 2011; Sturrock et al., 2011). But how does our value
compare to experimentally measured diffusion coefficients?
Brown and Kholodenko state that the diffusion coefficient of
soluble proteins in the cytoplasm has been estimated by various

means to be from 10(8 cm2 s(1 to 10(7 cm2 s(1, that is, from
1 mm2 s(1 to 10 mm2 s(1, though they note that it can be con-
siderably lower if the protein reversibly binds to immobile
components of the cell (Brown and Kholodenko, 1999). Our
diffusion coefficient estimate implicitly includes reversible bind-
ing to genes (for NF-kB) or ribosomes (for IkBa transcript and A20
transcript) and interaction with nuclear pore complexes (for
IkBa9NFkB, NF-kB, IkBa transcript, IkBa, A20 transcript, and
A20). It seems reasonable to expect genes and nuclear pore
complexes to be rather less mobile than freely diffusing proteins
and transcript molecules. Ribosomes may be free in the cytoplasm
or bound to the endoplasmic reticulum; in either case the
diffusion of a transcript molecule will be slowed by reversible
binding to a ribosome. Hence our estimate is not necessarily
inconsistent with experimental measurements. When we include
greater spatial structure in our model in future work, we may find
that sustained oscillations require a larger diffusion coefficient
than our current estimate. For the moment, we have found that
sustained oscillations may occur in our model for a range of
values for the diffusion coefficient that spans one order of
magnitude (see Eq. (100) below). We have also plotted the
behaviour in cytoplasmic and nuclear NF-kB for various values
of the diffusion coefficient in Fig. 11 below.

We offer a further comment on experimental measurements of
diffusion. Klonis et al. (2002) point out that diffusion rates of
macromolecules in the cytoplasm and nucleus are up to 100 times
slower than in aqueous buffers, whilst Matsuda et al. (2008) give
measurements in aqueous buffers of around 10(7 cm2 s(1 or
10 mm2 s(1. Reducing the measurement of Matsuda et al. by a
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Fig. 5. Plots showing the total concentration over time for the species IkBa9NFkB and NF-kB, created from a simulation of the non-dimensionalised model (Eqs. (30)–(48))
with geometry as in Fig. 3 and parameters determined by (67)–(74). Continuous cell stimulation begins at 100 min. Concentrations are shown in non-dimensional units.
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Fig. 6. Plots showing the total concentration over time for the species IkBa transcript (shown as IkBat) and IkBa, created from a simulation of the non-dimensionalised
model (Eqs. (30)–(48)) with geometry as in Fig. 3 and parameters determined by (67)–(74). Continuous cell stimulation begins at 100 min. Concentrations are shown in
non-dimensional units.

Fig. 7. Plots showing the spatial distribution of (a) NF-kB and (b) IkBa9NFkB
concentrations at 20 min intervals over a typical period, from 400 to 500min, where
continuous cell stimulation begins at 100 min. Plots created from a simulation of the
non-dimensionalised model (Eqs. (30)–(48)) with geometry as in Fig. 3 and para-
meters determined by (67)–(74). Concentrations are shown in non-dimensional units.

Fig. 8. Plots showing the spatial distribution of (a) IkBa transcript and (b) IkBa
concentrations at 20 min intervals over a typical period, from 400 to 500 min,
where continuous cell stimulation begins at 100 min. Plots created from a
simulation of the non-dimensionalised model (Eqs. (30)–(48)) with geometry as
in Fig. 3 and parameters determined by (67)–(74). Concentrations are shown in
non-dimensional units.
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factor of 100 gives 0:1 mm2 s(1, which is about twice as big as our
diffusion coefficient estimate, a difference that is plausible given
our comments above on how we have not explicitly modelled
reversible binding processes.

The natural degradation rate 0.00100 s(1 in (81) is similar to
recently fitted but experimentally constrained values of
0.0003 s(1 and 0.0005 s(1 for IkBa transcript and IkBa respec-
tively (Ashall et al., 2009). It is also similar to the fitted values of
0.0005 s(1, 0.00048 s(1, and 0.00143 s(1 for, respectively, IKKa,
A20 transcript, and A20 degradation in Ashall et al. (2009).

Ribbeck and Gorlich estimate that translocating material can
cross the central channel of nuclear pore complexes (NPCs) at
speeds of at least 0:5 mm s(1 (Ribbeck and Gorlich, 2001). How-
ever, not all of the nuclear membrane consists of the central
channels of NPCs. Hence this estimate is quite consistent with our
active transport rate across the nuclear membrane of
0:438 mm s(1 in (82) because our model makes the simplifying
assumption that convective transport takes place throughout the
entire region of the nuclear membrane.

From (59), (70), and (75), we find the dissociation rate C1 of
½IKKa9IkBa% due to catalytic activity of IKKa:

C1 ¼
Cn
1;2

t ¼ 0:0300 s(1: ð83Þ

From (60), (71), and (75), we find the dissociation rate C2 of
½IKKa9IkBa9NFkB% due to catalytic activity of IKKa:

C2 ¼
Cn
2;2

t ¼ 0:0600 s(1: ð84Þ

From (63), (72), and (75), we find the rate G of spontaneous
deactivation of IKKa:

G¼
Gn

t ¼ 0:003 s(1: ð85Þ

Our values for C1, C2, and G are of the same order of magnitude as
analogous parameters in other models (Lipniacki et al., 2004;
Nelson et al., 2004; Hoffmann et al., 2002).

From (64), (73), and (75), we find the dissociation rate K of
½IkBa9NFkB% due to the natural degradation of the IkBa in it:

K ¼
Kn
1

t ¼ 0:00000600 s(1: ð86Þ

This value is close to the experimentally measured rate for K of
0.00002 s(1 (Pando and Verma, 2000).

From (73), we see that the Hill coefficient h for our
NF-kB-inducible transcription rates is 2. We chose this value
because it is the same as the Hill coefficient in the
NF-kB-inducible transcription terms in the 2-feedback NF-kB
model on page 45 of the Supporting Online Material for Ashall
et al. (2009).

The remaining dimensional parameters have values dependent
on the nine reference concentrations defined at the start of
Section 4. However, it is only necessary to estimate four of these
reference concentrations because we can deduce from our choices
for the non-dimensional parameters and the relationships
between the dimensional and non-dimensional parameters that
six of the reference concentrations are equal. For example, from
(53) and since An

1;1 ¼ An
1;2 by (70), we trivially see that

½IKKa%ref ¼ ½IKKa9IkBa%ref : ð87Þ

By similar observations involving the non-dimensional para-
meters in (70)–(73) and the parameter relationships in
(53)–(64), we can quickly extend (87) to the following:

½IKKa%ref ¼ ½IKKa9IkBa%ref ¼ ½IKKa9IkBa9NFkB%ref
¼ ½IkBa9NFkB%ref ¼ ½NFkB%ref ¼ ½IkBa%ref : ð88Þ

We determine values for the reference concentrations in (88)
by estimating ½IkBa9NFkB%ref . To do this, we first notice that a
typical initial cytoplasmic concentration for IkBa9NFkB used in
the modelling literature is 0:08 mM (Ashall et al., 2009). Hence we
can choose I0 in (21) and (66) to equal 0:08 mM. But then, by (66)
and (74), we have

½IkBa9NFkB%ref ¼
I0
In0

¼ 0:08 mM: ð89Þ

The reference concentrations not determined by (88) and (89)
are ½IkBat%ref , ½A20t%ref , and ½A20%ref . We choose a value for
½IkBat%ref to be in line with the relative concentrations of mRNA
and protein in non-dimensional units, as indicated in Fig. 6. This
leads us to

½IkBat%ref ¼ 0:032 mM: ð90Þ

We assume, as in Lipniacki et al. (2004) and Ashall et al. (2009),
that the parameters governing NF-kB-inducible synthesis of IkBa
transcript are the same as for those governing synthesis of A20
transcript. Hence, in particular, we assume that B1¼B2, so that, by
(58), (72), and (90), we see that

½A20t%ref ¼ ½IkBat%ref ¼ 0:032 mM: ð91Þ

To find the last reference concentration, we assume, as in
Lipniacki et al. (2004) and Ashall et al. (2009), that the translation

Fig. 9. Plots showing the spatial distribution of IkBa9NFkBþNF-kB concentration
over (a) the first 100 min of cell stimulation and (b) a typical period, from 400 to
500 min. Continuous cell stimulation begins at 100 min. Plots created from a
simulation of the non-dimensionalised model (Eqs. (30)–(48)) with geometry as in
Fig. 3 and parameters determined by (67)–(74). Concentrations are shown in non-
dimensional units. Notice the similarity of the behaviour shown here with the
behaviour of the NF-kB-containing species in the experimental images of Fig. 1.
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rates for IkBa and A20 are the same, that is, E1¼E2. Then, by (62),
(70), (88), (89), and (91), we have

½A20%ref ¼ ½IkBa%ref ¼ 0:08 mM: ð92Þ

We can now calculate the remaining dimensional parameters.
Using our values for the reference concentrations in (88)–(92) and
our values for the non-dimensional parameters in (70)–(73), and
also using (75), we find from the relationships in (53)–(64) that

A1 ¼ A3 ¼ 0:375ðmMÞ(1 s(1, A2 ¼ 0:750ðmMÞ(1 s(1, ð93Þ

B1 ¼ B2 ¼ 0:0000128 mM s(1, E1 ¼ E2 ¼ 0:0750 s(1, ð94Þ

F ¼ 0:000320 mM s(1, J¼ 1:25ðmMÞ(1 s(1, M¼ 0:0052 mM:

ð95Þ

Our values for the association rates A1, A2, and A3 are consistent
with fitted or assumed values for these parameters in other
theoretical studies (Nelson et al., 2004; Hoffmann et al., 2002;
Lipniacki et al., 2004). For example, in Lipniacki et al. (2004), the
parameters a2, a3, and a1 correspond to our parameters A1, A2, and
A3, respectively, and are given values as follows: a2 ¼
0:2ðmMÞ(1 s(1, a3 ¼ 1ðmMÞ(1 s(1, and a1 ¼ 0:5ðmMÞ(1 s(1.

Our values for the maximal transcription rates, B1 and B2, are a
little larger than the corresponding parameters, c1a and c1, in the
Supporting Online Material for Ashall et al. (2009). Furthermore
our parameter M (concentration of NF-kB at which NF-kB-
inducible transcription is half-maximal) is approximately one
order of magnitude smaller than the corresponding parameter,
namely k, in Ashall et al. (2009). However, this does not make our
average transcription rates inconsistent with those in Ashall et al.
(2009). Our parameter differences with Ashall et al. (2009)
balance each other, since transcription is proportional to B1 and
B2 but inversely proportional to M.

Our translation rates, E1 and E2, are of roughly the same order
of magnitude as corresponding parameters in Lipniacki et al.
(2004) and Ashall et al. (2009). Our parameter F has no equivalent
in the literature as far as we are aware, which is perhaps to be
expected given that it is representative of a process (IKK activa-
tion) and not a single interaction. The parameter J in our model is
in different units to the corresponding parameter in previous
temporal studies (such as k2 in Lipniacki et al., 2004), though it is
not dissimilar in magnitude. We summarise our values for the
dimensional parameters in Table 1.

Finally we have explored ranges of parameter values for which
oscillations persist. By simulating the non-dimensionalised model
(Eqs. (30)–(48)) with geometry as in Fig. 3 and with parameters
determined by (67)–(74) except for the parameter being varied,
we find oscillations with at least five distinct peaks in nuclear
NF-kB concentration for the following ranges:

0:0047rDnr0:047, ð96Þ

0:0005rdnr0:055, ð97Þ

0:0ranr24:0, ð98Þ

0:0rHn
2r0:27: ð99Þ

Using the reference time in (75) and reference length in (77), we
can convert the ranges in (96)–(99) to the following dimensional
ranges:

0:0200 mm2 s(1rDXr0:200 mm2 s(1, ð100Þ

0:0000100 s(1rdYr0:00110 s(1, ð101Þ

0:0 mm s(1raZr7:00 mm s(1, ð102Þ

0:0 mmrH2r3:94 mm, ð103Þ

where X represents any of the species in the model, Y represents
IKKa, IkBa transcript, IkBa, A20 transcript, and A20, and Z
represents IkBa9NFkB, NF-kB, and IkBa. Note that the range for
the diffusion coefficient in (100) covers one order of magnitude.
Similarly large ranges were found for diffusion coefficients in the
two recent spatio-temporal models of intracellular pathways
mentioned above (Terry et al., 2011; Sturrock et al., 2011).

The nature of the oscillatory dynamics varies across the ranges
in (100)–(103). We discuss this below in relation to the parameter
DX (see Fig. 11 and comments on it in Section 5.1) and also in
relation to the parameter H2 (see Fig. 14 and comments on it in
Section 5.2).

5.1. Analysis of numerical results

Figs. 4–6 show plots of total concentration over time for all
species, created from a simulation of the non-dimensionalised
model (Eqs. (30)–(48)) on the geometry depicted in Fig. 3 and
with the parameter choices in (67)–(74). After continuous cell
stimulation begins, all species quickly settle into stable oscillatory
dynamics. This should not surprise us because each species is
controlled in some way by a negative feedback loop at the core of
the model (Fig. 2).

From Fig. 4(a), we see that for the species IKKa and
IKKa9IkBa9NFkB the total concentration exhibits a tall, narrow
peak immediately after the onset of cell stimulation and is
subsequently low. Such behaviour is consistent with the simula-
tion results in Figs. 3 and 4 in Lipniacki et al. (2004) and with
experimental results in Lee et al. (2000).

There is significantly more A20 than IkBa (Figs. 4 and 6), even
though both of these proteins have NF-kB-inducible genes. This is
because, in our model, IkBa is lost by natural and catalytic
degradation and by forming complexes with NF-kB whereas
A20 is lost only by natural degradation. To balance the levels of
A20 and IkBa, Lipniacki et al. have assumed that A20 has a higher
natural degradation rate than IkBa but suggested that there may
be a catalytic mechanism for A20 degradation that had not yet
been discovered (Lipniacki et al., 2004). For more recent com-
ments on the possible mechanisms by which A20 may be
catalytically graded, see Coornaert et al. (2008). We have assumed
that A20 and IkBa have the same natural degradation rates, and it
is clear by our description of Fig. 9 and our animations below that
this assumption does not prevent our model from faithfully
capturing observed spatio-temporal dynamics of the NF-kB
pathway.

The liberation of NF-kB is notably greater during the first
period of oscillations than in later periods (Fig. 5), which is in
agreement with previous theoretical and experimental studies
(Hoffmann et al., 2002; Nelson et al., 2004; Lipniacki et al., 2004;
Ashall et al., 2009).

The total concentration of nuclear IkBa9NFkB oscillates in a
qualitatively different fashion to all the other species, with twice
as many peaks (Fig. 5, middle). As far as we are aware, this is not a
behaviour that has been seen in previous models based on
ordinary differential equations (ODEs) or delay differential equa-
tions (DDEs). We suggest an explanation for this ‘‘double peak’’
behaviour by first noting that nuclear IkBa9NFkB is formed when
nuclear IkBa and nuclear NF-kB bind together. It is then clear,
from inspecting Figs. 5 and 6, that the successive peaks in nuclear
IkBa9NFkB follow peaks in nuclear NF-kB and nuclear IkBa,
respectively. It is to be expected that peaks in nuclear IkBa will
occur after and not coincide with peaks in nuclear NF-kB, since
NF-kB is a transcription factor for IkBa—it will take time for IkBa
to be synthesised in the cytoplasm and translocate to the nucleus
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once its gene has been activated by nuclear NF-kB. Our explana-
tion seems quite satisfactory until we bear in mind that a similar
argument involving peaks in cytoplasmic NF-kB and IkBa would
predict twice as many peaks in cytoplasmic IkBa9NFkB as are
observed. However, this need not trouble us because it would be
insufficient to rely on such reasoning alone to explain the source
of cytoplasmic IkBa9NFkB. In our model, nuclear IkBa9NFkB is
actively transported to the cytoplasm. Moreover the peaks in
cytoplasmic IkBa9NFkB are fairly rounded.

Experimental data in Rice and Ernst (1993) and considerations in
Carlotti et al. (2000) indicate that unbound IkBa (that is, IkBa not
complexed to other species) constitutes less than 15% of the total
IkBa. Our results are in agreement with this, showing that the vast
majority of IkBa is found in complexes with NF-kB in the cytoplasm.

Spatial profiles of NF-kB, IkBa9NFkB, IkBa transcript, and IkBa
are presented over a typical period in Figs. 7 and 8. From these
figures, we notice that newly liberated cytoplasmic NF-kB trans-
locates to the nucleus (times 420, 440, 460), where it causes
production of IkBa transcript (times 440, 460, 480). The produc-
tion of IkBa transcript leads to translation of IkBa in the
cytoplasm (times 460, 480, 500). This new IkBa is actively
transported to the nucleus where it binds to NF-kB, sequestering
it in the complex IkBa9NFkB, which is then actively transported
out into the cytoplasm (times 480, 500).

A significant proportion of the NF-kB liberated in the cyto-
plasm does not enter the nucleus (Fig. 5). This may seem
biologically counter-intuitive given the importance of NF-kB as a
transcription factor. But notice that the local concentration of
NF-kB in the nucleus attains a higher peak because the nucleus
has a smaller volume than the cytoplasm (times 440, 460, 480 in
Fig. 7). Why should it be that not all of the liberated NF-kB enters
the nucleus in our results? The answer is clear from times 440 and
460 in Figs. 7(a) and 8. IkBa transcript production begins when the
first newly liberated NF-kB enters the nucleus, leading to IkBa
production in the cytoplasm before all of the liberated NF-kB can
translocate to the nucleus. The newly synthesised IkBa then binds
to some of the liberated NF-kB before it reaches the nucleus.

Spatial profiles of the main NF-kB-containing species
(IkBa9NFkBþNF-kB) are shown over the first period in
Fig. 9(a) and over a typical period in Fig. 9(b). Since most of the
NF-kB is liberated during the first period and is actively trans-
ported to the nucleus (Fig. 5), the bulk of the main
NF-kB-containing species moves from the cytoplasm to the
nucleus (times 100, 120, 140 in Fig. 9(a)). NF-kB-inducible
production of IkBa then leads to NF-kB being again sequestered
in the cytoplasm in the complex IkBa9NFkB (times 160, 180, 200
in Fig. 9(a)). A smaller proportion of NF-kB is liberated during
subsequent periods because there is relatively little IKKa to drive
this after the first period (Fig. 4(a)). Hence, although the
NF-kB-containing species (in the form of liberated NF-kB) con-
tinue to periodically enter the nucleus (times 440, 460, 480 in
Fig. 9(b)), there is always a noticeable quantity of these species in
the cytoplasm (all times in Fig. 9(b)).

The behaviour demonstrated in Fig. 9 is exactly the same as
that demonstrated in the experimental results (reproduced from
Nelson et al., 2004) in Fig. 1. The time information in Figs. 1 and 9
does not exactly correspond—for example, stimulation begins at
time 0 in Fig. 1 but at time 100 in Fig. 9. Hence the equivalence of
the behaviour can be seen from comparing times 100, 120, 140,
and 200 in Fig. 9(a) with times 0, 6, 60, and 120, respectively, in
Fig. 1, and from comparing times 400, 460, and 500 in
Fig. 9(b) with times 300, 380, and 410, respectively, in Fig. 1.

Movie clips involving red fluorescent-tagging of NF-kB and
showing the behaviour of the NF-kB-containing species in living
cells are included as Supporting Online Material for Nelson et al.
(2004). The images from Fig. 1 are snapshots from one of these

movies, namely movie clip S1. We include animations from our
computational results as Supporting Information files. In particular,
animation S3 shows the main NF-kB-containing species and bears a
striking resemblance to movie clip S1 from Nelson et al. (2004). For
further details, see the section below called ‘‘Supporting Information’’.

When all the active transport rates are set equal to zero, as in
Fig. 10(a), then oscillatory dynamics still occur. Hence diffusive
transport alone is sufficient for oscillations. However, by compar-
ing Fig. 10(a) with Fig. 5, we see that the removal of active
transport causes the oscillations in nuclear NF-kB to have a
smaller amplitude, causes the total concentration of nuclear
NF-kB to remain positive instead of dropping to zero between
successive peaks, and causes the ‘‘double peak’’ feature of nuclear
IkBa9NFkB to be lost.

The model dynamics are changed more dramatically when
NF-kB is actively transported towards the nucleus throughout the
cytoplasm. Fig. 10(b) was made in the same way as Fig. 5 with
active transport of NF-kB, IkBa, and IkBa9NFkB across the nuclear
membrane at 0:438 mm s(1, but additionally there is now active
transport of cytoplasmic NF-kB towards the nucleus and also at
0:438 mm s(1. This latter transport could represent facilitated
movement along cytoskeletal elements called microtubules. At
least in neuronal cells, which possess an elongated morphology
that poses a particular challenge to intracellular signal transduc-
tion, experiments have shown that NF-kB-dependent transcrip-
tional activity is reduced by microtubule-disrupting drugs
(Mackenzie et al., 2006; Mikenberg et al., 2007). Clearly the
inclusion of cytoplasmic active transport of NF-kB in Fig. 10(b)
causes oscillatory dynamics to be lost and more NF-kB to remain
in the nucleus. We have found (results not shown) that oscillations
in NF-kB can occur when there is cytoplasmic active transport of
NF-kB but only when the rate of this transport is less than
0:0350 mm s(1. In any case, given the importance of NF-kB as a
transcription factor, with hundreds of target genes, it is clear by
comparing Figs. 5 and 10(a) and (b) that the mechanisms by which
a cell transports NF-kB to the nucleus will significantly influence
how it responds to activation of its NF-kB pathway. The ability to
properly distinguish between different modes of transport, such as
diffusion and active transport, is an inherent feature of a spatio-
temporal modelling approach that is not shared by traditional
compartmental ODE or DDE models.

As mentioned at the beginning of Section 5, we have assumed
for simplicity that the diffusion coefficient DX is the same for all
species X. In Eq. (100), we noted that our model yields at least five
distinct peaks in nuclear NF-kB activity for 0:0200 mm2 s(1rDXr
0:200 mm2 s(1. Fig. 11 shows how the time evolution of the total
concentration of cytoplasmic and nuclear NF-kB varies with DX.
We see that the amplitude of the oscillations in nuclear NF-kB is
greatest when DX ¼ 0:0425 mm2 s(1, the oscillatory period is
reduced as DX increases, and the total amount of NF-kB (cytoplas-
mic plus nuclear) is also reduced as DX increases. Fig. 11 gives an
indication of the robustness of oscillatory dynamics to variety in
DX. Such robustness is encouraging because oscillatory dynamics
are known to occur in living cells (Fig. 1) yet not all the species in
our model will, in reality, have the same diffusion coefficient. For
example, proteins are larger than transcript molecules and there-
fore diffuse more slowly. We hope that this work will motivate
experimentalists to measure the diffusion coefficients for all of the
species in the NF-kB pathway. As measurements become available,
we will incorporate them into our spatio-temporal modelling
framework and confirm or improve our predictions.

5.2. Influence of cell geometry on NF-kB dynamics

From Fig. 1 and movie clips in the Supporting Online Material
for Nelson et al. (2004), we see that cells can change shape on the
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same timescale as oscillatory nuclear-cytoplasmic translocation
of NF-kB. Hence in this subsection we have explored the impact
on NF-kB oscillations of variety in cell geometry in our model.
Fig. 12 shows that sustained oscillations in NF-kB can occur when
the nucleus is off-centre or when the cell is elliptical. However,
they do not occur (at least for the parameter set which we are
using) when the cell is particularly flat. For each simulation in
Fig. 12 the geometry is static. In future work we will be interested
in creating simulations during which the cell geometry changes.
Above all, we will ask if oscillatory dynamics may persist if the
cell becomes flat but only briefly.

Fig. 13 shows that sustained oscillations in NF-kB can occur
when the nucleus is elliptical or large (relative to the cell). Yet
oscillations are lost when the nucleus is significantly reduced in
size. How do we account for this? Recall that the total amount of
NF-kB-containing species is constant in our model and is initially
contained entirely in cytoplasmic IkBa9NFkB complexes. From
the initial condition in (74), it is clear that the initial total amount
of IkBa9NFkB will be greater if the cytoplasm contains more
space. Hence, if we decrease the size of the nucleus without
changing the size of the cell, then more NF-kB can be liberated in
response to external stimulation. However, the NF-kB-inducible
production of IkBa transcript is a saturating function of NF-kB.
Therefore, an increase in liberated NF-kB will not necessarily lead
to a corresponding increase in IkBa. In addition, we have assumed
that transcription can occur anywhere in the nucleus rather than
at specific sites (genes), so that a smaller nucleus will reduce
transcription rates. Thus, for a sufficiently small nucleus (such as
in the top row of Fig. 13), the negative feedback inhibition by IkBa
becomes so limited relative to the amount of liberated NF-kB that
most of the NF-kB remains liberated without being sequestered
again in the cytoplasm in the complex IkBa9NFkB.

Our model would clearly be more realistic if we were to
assume that transcription can only be produced at specific sites
(genes) within the nucleus rather than everywhere in it. Our
assumptions are appropriate, however, for a first step in the
spatio-temporal modelling of the NF-kB pathway. In future work
we will consider transcription at specific sites in the nucleus. We
will moreover investigate how the location of genes influences
their sensitivity to transcription factors. Experimental studies
have already revealed connections between the locations of genes
and their activation (Cole and Scarcelli, 2006).

Finally, we comment on the robustness of oscillatory dynamics
in our model to changes in the minimum distance H2 of transla-
tion from the nuclear membrane. Earlier (Eq. (103)) we noted that
there are at least five distinct peaks in the total concentration of
nuclear NF-kB for 0:0 mmrH2r3:94 mm. The behaviour of NF-kB
for various values of H2 is demonstrated in Fig. 14. It is evident
from this figure that the proportion of NF-kB that enters the
nucleus increases with H2. Also, the amplitude of the oscillations
in nuclear NF-kB is greatest for H2 * 2:92 mm and the period
increases with H2 (for those values of H2 that yield oscillations).
The biological implication of these results is that the response of a
cell to activation of its NF-kB pathway will be sensitive to the
spatial arrangement of its translational machinery.

Proteins are translated at ribosomes which are either free in the
cytosol or which associate with the endoplasmic reticulum (ER), a
netlike labyrinth of tubules and flattened sacs that surrounds the
nuclear membrane and extends into the cytosol. Typically proteins
used in the cell, such as IkBa, are translated at free ribosomes
whilst those intended for export or use at the cell membrane are
processed in the ER (Alberts et al., 2008, p. 724). In any case, the
size and extent of the ER will clearly influence the location of either
free ribosomes or of those which associate with it.
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Fig. 10. (a) Plots showing the total concentration over time for IkBa9NFkB and NF-kB created from a simulation of the non-dimensionalised model (Eqs. (30)–(48)), with
geometry as in Fig. 3 and model parameters determined by (67)–(74), except that all active transport rates are set equal to zero. Continuous cell stimulation begins at
100 min and concentrations are shown in non-dimensional units. The plots in (b) were created in the same way as in (a) except that active transport was permitted across
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There appears to be little published experimental data on the
spatio-temporal interactions of the ER, free ribosomes, and
intracellular signalling pathways, perhaps because it is difficult
to accurately measure these interactions. It may also be because
the mathematical framework for employing spatio-temporal data
is still developing (Terry et al., 2011; Sturrock et al., 2011).
Without a suitable modelling framework, such data has limited
use and is unlikely to yield reliable predictions. We hope that by
our creation and exploration of an initial model for the spatio-
temporal dynamics of the NF-kB pathway, experimentalists will
choose to explore the issues raised in this work, confident that
their data can be given a meaningful analysis.

6. Discussion

Given the existence of experimental evidence indicating that
cell size and shape can significantly influence intracellular signal
transduction (Meyers et al., 2006; Neves et al., 2008), we have
created a spatio-temporal model of partial differential equations
for the NF-kB signalling pathway. Our modelling assumptions are
similar to those in Lipniacki et al. (2004) with several exceptions:
we explicitly model molecular movement by diffusion and
active transport, and (as in Ashall et al., 2009) we represent
NF-kB-inducible transcription as a saturating function of NF-kB.
Our model contains two activators, IKKa and NF-kB, and two
NF-kB-inducible inhibitors, IkBa and A20.

The NF-kB pathway is known to exhibit oscillatory dynamics
(Nelson et al., 2004; Krishna et al., 2006; Friedrichsen et al., 2006).
Through numerical simulations of our model, we have found
parameter values such that sustained oscillations occur. Our
values are consistent with experimental measurements for those
parameters for which such measurements exist. For rates of
diffusion, active transport, and degradation, we have found ranges
of values such that oscillations persist.

Consistent with previous theoretical and experimental studies
(Lipniacki et al., 2004; Lee et al., 2000), we found that, after the
onset of continuous cell stimulation, IKK activity peaks quickly
but is subsequently low. Curiously, we found that nuclear
IkBa9NFkB oscillates with twice as many peaks as nuclear IkBa
and nuclear NF-kB. This prediction does not appear to have been
made by previous mathematical models of the NF-kB pathway.
We linked this ‘‘double peak’’ behaviour to two facts: first,
IkBa9NFkB forms in the nucleus when IkBa and NF-kB associate
there; second, peaks in nuclear IkBa necessarily follow peaks in
nuclear NF-kB since NF-kB is a transcription factor for IkBa.

Our model also predicted that not all of the NF-kB liberated by
cell stimulation will translocate to the nucleus. Plots of spatial
profiles suggested that NF-kB liberated near the cell membrane
may be sequestered in the cytoplasm by newly synthesised IkBa
before reaching the nucleus. Plots of the main NF-kB-containing
species in our model (Fig. 9) were found to strikingly resemble
corresponding experimental images of a fluorescent fusion pro-
tein in Nelson et al. (2004) (reproduced in Fig. 1), justifying our
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Fig. 11. Plots showing total NF-kB concentration over time in the cytoplasm (thin red lines) and nucleus (thick blue lines) created from simulations of the non-
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spatio-temporal approach. Animations created from our numer-
ical solution also strongly resemble corresponding experimental
movie clips in Nelson et al. (2004), further justifying our approach
(see the Supporting Information section below).

We modelled active transport as convection across the nuclear
membrane, physiologically representing facilitated transport
through nuclear pore complexes. Three species were subject
to active transport—NF-kB and IkBa were transported into the
nucleus since they possess nuclear import sequences (Mackenzie
et al., 2006; Mikenberg et al., 2007; Sachdev et al., 1998) and
IkBa9NFkB was transported out of the nucleus since it has a
nuclear export sequence (Arenzana-Seisdedos et al., 1997). When
we set all active transport rates to zero, we found that sustained
oscillatory dynamics still occur. However, the character of the
oscillations in nuclear NF-kB was changed, for example by a
reduction in their amplitude. By contrast, when we assumed, in
view of evidence from neuronal cells (Mackenzie et al., 2006;
Mikenberg et al., 2007), that NF-kB could be actively transported

throughout the cytoplasm towards the nucleus (with active
transport permitted across the nuclear membrane for NF-kB,
IkBa, and IkBa9NFkB), oscillations were lost and the total con-
centration of nuclear NF-kB was notably increased. Given that
NF-kB is a transcription factor with hundreds of target genes
(Alberts et al., 2008), it seems clear by our results that the
mechanisms by which a cell transports NF-kB to the nucleus will
significantly influence how it responds to activation of its NF-kB
pathway.

The explicitly spatial modelling framework adopted in this
paper has allowed us to address questions not amenable to
compartmental models of ordinary or delay differential equations.
By considering a variety of cell geometries, we have found that
sustained oscillations in NF-kB are robust to changes in the shape
of the cell or the shape, size, and location of its nucleus. However,
we noticed that oscillations are lost when the cell is particularly flat
or the nucleus sufficiently reduced in size. Since cells can change
shape on the same timescale as oscillatory nuclear-cytoplasmic

0 500 1000
0

0.5

1

1.5

2

2.51

0.5

0

-0.5

-1

-1 0 1 2
time (min)

sc
al

ed
 c

on
ce

nt
ra

tio
n

NFκB
cytoplasm
nucleus

0 500 1000
0

0.5

1

1.5

2

2.5

time (min)

sc
al

ed
 c

on
ce

nt
ra

tio
n

NFκB
cytoplasm
nucleus

0 500 1000
0

0.5

1

1.5

2

2.5

time (min)

sc
al

ed
 c

on
ce

nt
ra

tio
n

NFκB
cytoplasm
nucleus

geometry

1

0.5

0

-0.5

-1

-1 0 1 2

geometry

1

0.5

1.5

0

-0.5

-1

-1.5
-1 0 1 2

geometry
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translocation of NF-kB (Fig. 1), we will, in future work, create
simulations with an evolving cell geometry.

We were able to control the distance from the nucleus at
which translation of proteins from ribosomes occurs. We found
that if the minimum distance of translation from the nuclear
membrane is larger, then a larger proportion of NF-kB enters the
nucleus and that there is a value (approximately 2:9 mm) for this
minimum distance which maximises the amplitude of oscillations
in nuclear NF-kB. With the continuing advance of imaging
technology leading to new experimental measurements of rates
of diffusion and active transport (Seksek et al., 1997; Klonis et al.,
2002; Matsuda et al., 2008), we anticipate that the value of our
spatio-temporal modelling approach will become even more
apparent.

Although the spatio-temporal modelling of individual intra-
cellular signalling pathways is certainly insightful, it should be
borne in mind that different signalling pathways inside a cell

often interact. Hence a more complete picture of the functioning
of a cell could be attained by the construction and analysis of
spatio-temporal models of several interacting pathways. It is
already known that NF-kB can both co-operate with and antag-
onise another pathway that is also important in controlling
apoptosis, innate and adaptive immune responses, and inflam-
mation, namely the p53 pathway (Pommier et al., 2004; Perkins,
2007). A temporal study of crosstalk between these pathways has
been conducted (Puszynski et al., 2009) but, as yet, no spatio-
temporal study has appeared.

Transcriptional control systems are subject to stochastic effects,
so as future work we shall incorporate stochasticity into our model,
possibly by utilising the Gillespie algorithm (Barik et al., 2008,
2010; Kar et al., 2009). We also intend to further this work by
asking what happens when transcription occurs only at specific
locations (genes) in the nucleus, rather than at all points in the
nucleus as assumed in our model. In addition, we may extend our
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model by including species upstream of IKK activation. Finally it
would be worth investigating pulsatile cell stimulation (Ashall
et al., 2009) as opposed to the continuous stimulation considered
here, and we will, in future work, incorporate targeted drug therapy
into our model, since the NF-kB pathway is found to be constitu-
tively active in a number of human cancers (Weinberg, 2007).

Supporting Information

Animations S1, S2, S3, and S4: Animations of (S1) NF-kB
concentration, (S2) IkBa concentration, (S3) IkBa9NFkBþNF-kB
concentration, and (S4) IkBa9NFkBþ IkBa concentration created
from a simulation of the non-dimensionalised model (Eqs.
(30)–(48)) with geometry as in Fig. 3 and parameters determined
by (67)–(74). Time is shown in non-dimensional units. Cell
stimulation begins at 300 time units. Concentrations are in non-
dimensional units.

Animation S3 shows the main NF-kB-containing species in our
model and bears a strong resemblance to corresponding experi-
mental movie clips of NF-kB-containing species fused to a red
flourescent protein in the Supporting Online Material for Nelson
et al. (2004) (for example, see movie clip S1). Animation S4 shows
the main IkBa-containing species in our model and bears a strong
resemblance to corresponding experimental movie clips of
IkBa-containing species fused to a green flourescent protein in
the Supporting Online Material for Nelson et al. (2004) (for
example, see movie clips S1 and S2).

Supplementary material related to this article can be found
online at doi:10.1016/j.jtbi.2011.08.036.
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