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Abstract

By means of Lyapunov functional, we have succeeded in establishing the global
asymptotic stability of the positive solutions of a delayed n-species nonautonomous
Lotka—Volterra type competitive system without dominating instantaneous negative
feedbacks. As a corollary, we show that the global asymptotic stability of the positive
solution is maintained provided that the delayed negative feedbacks dominate other
interspecific interaction effects with delays and the mean delays are sufficiently
small. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

The classical Lotka—Volterra type systems are very important in the models
of multi-species population dynamics. There are considerable works on the
study of the global asymptotic stability of Lotka—Volterra type systems with
time delays that have been developed in [1-11]. In addition to these, the
books of Gopalsamy [12] and Kuang [13] are good sources for these topics of
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Lotka—Volterra type systems with time delays. Recently, by constructing ap-
propriate Lyapunov functionals, Bereketoglu and Gyori [10] and Teng and Yu
[11] have studied the global asymptotic stability of nonautonomous Lotka-
Volterra type systems with finite and infinite delays, respectively. The systems
they considered contain instantaneous delay-independent terms which domi-
nate other intraspecific and interspecific interaction effects with delays. How-
ever, when such delay-independent terms are not present, the Lyapunov
functionals in [10,11] are not valid. In view of the fact that in real-life inter-
actions, instantaneous responses are rare or weak relative to delayed responses,
more realistic models should consist of delay differential systems without in-
stantaneous (negative) feedbacks. Most of the known convergence results for
delayed systems require dominating or strong instantaneous negative feed-
backs or some restrictions on initial conditions. In order to justify the common
belief that “small delays are negligible in some modelling process as far as
stabilities are concerned”, it is thus important and urgent to show under some
reasonable assumptions that the global stability of a Lotka—Volterra system or
other general systems persist when time delays are small enough. This is indeed
a long standing question in the qualitative analysis of systems of delay differ-
ential equations. Kuang [5] presented a partial answer to this open question
for Lotka—Volterra type systems with a saturated equilibrium.

Motivated by the works of Bereketoglu and Gyori [10], Teng and Yu [11]
and Kuang [5], in this paper, we consider delayed nonautonomous Lotka—
Volterra type systems without saturated steady state solutions and without
dominating instantaneous negative feedbacks. For n-species Lotka—Volterra
competitive system with infinite delays, this results in the following delayed
system:

x:(t) = x:(¢) (r[(t) —a;()x:(t) — Zn:aij(t) /0OQ Kii(s)x;(t —s) ds),
i=1,2,...,n, (1.1)

where x;(¢) denotes the density of the ith population, respectively, i =
1,2,...,n.
In this paper, for system (1.1) we always assume that for alli,j =1,2,...,n:

(H1) r,(¢), ai(t), a;(t) are continuous, bounded functions defined on [0, +00),
I",'(t) > 0, a,—(t) = 0, a,j(t) = 0 (l #]), a[[(t) > 0 for all ¢ S [0,00),

(H2) K;(¢) : [0,00) 1[0, 00) is piecewise continuous and normalized function
such that

/ Ky(s)ds =1, aijz/ sK;(s)ds < o0. (1.2)
0 0
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Motivated by application of system (1.1) in population dynamics, we assume
that solutions of system (1.1) satisfy the initial conditions

x(0) = ¢,(0), 0€(—00,0], ¢,00)>0, i=12_..n (1.3)

where each ¢, is given nonnegative and bounded continuous function on
(—00,0]. It is well known that by the fundamental theory of functional dif-
ferential equations [14], system (1.1) has a unique solution x(¢) = (x;(¢),x2(¢),
..., x,(2)) satisfying the initial conditions (1.3). It is easy to verify that solutions
of system (1.1) corresponding to initial conditions (1.3) are defined on [0, +00)
and remain positive for all £ > 0. In this paper, the solution of system (1.1)
satisfying the initial conditions (1.3) is said to be positive.

If 1(¢) is a continuous bounded function defined on [0, +00), we set

fr=int 70, 1M =sup (). (1.4)
(>0 1>0
In the following we say a positive solution of system (1.1) is globally asymp-
totically stable if it attracts all other positive solutions of the system.

The organization of this paper is as follows. In the following section, we
present the boundedness of the positive solution of system (1.1) with initial
conditions (1.3), and sufficient conditions are derived for the positive solu-
tion of system (1.1) with initial conditions (1.3) to be globally asymptotically
stable.

2. Main results

Lemma 2.1. Let x(t) = (x1(¢),x2(¢),...,x,(t)) denote any positive solution of
system (1.1) with initial conditions (1.3). Then there exists a T > 0 such that

O0<x()<M;, (i=12,...,n) fort=T, (2.1)
where
M_ ! r} Jii? :]"2" ) ) 22
a,-L,-oc,-,-e i n (2.2)
and
o —/ Ki(s)ds, i=1,2,...,n (2.3)
0

Proof. Suppose x(t) = (x(),x2(t), . ..,x,(?)) is a solution of system (1.1) which
satisfies (1.3). According to the ith equation of system (1.1), it follows from
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the positivity of the solution of (1.1) and the nonnegativity of the initial values
that
dx;(t °°
dg ) gxl(t) (y'fw — all;/ K,‘[(S))C,'(t — S) ds)
0

<l (1t at [ Katomte - 5)35). 4)

Take M; = rM /ato;. Suppose x;(¢) is not oscillatory about M;; that is, there
exists a T;; > 0 such that

xi(t) > M fort> Ty, (2.5)

or
x:(t) <M fort>T;. (2.6)
If (2.6) holds, then (2.1) follows. Suppose (2.5) holds, (2.4) implies that
dx;i(7)
dr
which implies that there exists a constant x; such that

lim x;(¢) = x7. (2.7)

—00

<0 fOI‘t>T,-1+G,-I-,

If xf > Ml.*e’zM"", then there exists a 7, = T;; + o; such that if ¢t > T, x;(¢) >
Mze'7i, Tt then follows from (2.4) that for ¢ > Tp + oy
dx; (¢
B0 (1 — ey o).
d¢
This will lead to a contradiction. Therefore, we have x; <Me
from (2.7) that there must exist a T;3 > T; such that

i 1t follows
xi(1) gMi*erzM"” =M, forall t> Tjs.

Suppose now that x;(¢) is oscillatory about M;". Let x;(T;) denote an arbi-
trary local maximum of x;(¢). Then it is easy to see from (2.4) that
. T Tii
0= w < x;(Th) (rfw — aiLl./ Ki(s)x;(Tip — ) ds). (2.8)
0

This leads to

%

T~

/ Ki(s)xi (T — s)ds < =
0

al

Hence, there must exist a T4 € [T;p — g, Tjp) such that
xi(Ta) <M. (2.10)
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Integrating both sides of (2.4) on the interval [T}, Tj], we have

Tio Tii
In [ZEYTEZ;] < /T,-4 (1{” - af,./o Kii(s)xi(t —s) ds) dr.

It follows that

Tio
i |5 | < [t - 1), 21

From (2.10) and (2.11), we have

(Tio—

xi(TiO) M* r Tia) gM*e’;MUﬁ :M
Since x;(7Tj) is an arbitrary local maximum of x;(¢), therefore, we can conclude
that there exists a 7; >0 such that x,(¢1)<M; for all r>T,. We set
T = max, ¢;<, I;. This completes the proof. [
In the following, by improving the method given in [10,11], we further

discuss the global asymptotical stability of the positive solutions of system
(1.1). Now we formulate our main result below.

Theorem 2.1. In addition to (H1) and (H2), assume further that

(H3) there exist constants ¢; >0, i = 1,2,... n, such that fori=1,2,....n

1—00

- < (1) + 2a(t M+Zazj )/ / Kii(s)a;(v+s)dvds
—ZCJM/ / /Hr ) s)a;;(v+ 8)K;(r )aj,-(t+r)dvdsdr1 > 0.

Then for any positive solutions x(t) = (x1(¢),x2(¢),...,x,(¢)) and y(t) =
(01(8),23(0)s - 92(1)) of system (1.1), one has

liminf[ (ai(t) + a;(2) c]/ s)a;(t+s)ds
j=lj#i 0

lim |x;(¢) — ()] =0, i=12,...,n. (2.12)
—00
Proof. For two arbitrary nontrival solutions x(z) = (x;(¢),x2(¢), ..., x,(z)) and

y() = 0n(2), (), ..., () of system (1.1), we have from Lemma 2.1 that
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there exist positive constants 7 and M; (i =1,2,...,n) such that for all
t>T,

0<x(t) <M, 0<y(t) <M, i=1,2...,n (2.13)
Fori=1,2,...,n, we let
Va(t) = | Inx;(z) — Iny;(2)]. (2.14)

Calculating the upper right derivative of ¥};(¢) along the solution of (1.1), it
follows that

D) = (8 -2 ) sen(s(t) (1)

— Za,] / (8)(x;(t —5) —y;(t —5))ds

= sgn(xi(1) = y(1)) [ = (@(1) + au(2)) (xi(2) = 3i(0))

n

=Y [ Ky )0yt — ) — e — 5))ds

J=Lj#i

+ a; (1) /Ot /tt Kii(s)(x;(w) — 3i(u)) duds + W (1) |, (2.15)

where
Wi(t) = ay(t / Kii(s)(xi(t) — x;(t — 5))ds — ay(¢)

< [R50 il =5 .
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On substituting (1.1) into (2.15), we derive

DV () = sgn(x;(t) — 3i(t)) {— (ai(t) + ai (1)) (x:(£) — 3:(1))

— Z a; t)/ () (xi(t—s) —yi(t —s))ds

J=lj#

//“ms{ {(u)—a() ()

- Za,, / (mx;(u—r dr:| —yi(u)
_Za,, / " r)y,(u—r)dr} }duds-l— W (¢)

= (ai(t) + au (1)) (x:(8) — »:(0))

ri(u) — a;(u)yi(u)

= sgn(x; (1) — yi(?))

=Y ) / S 5) (e — 5) — (¢ — 5)) ds

J=1j#

(1)/0 /ti. Kii(s){(xi(u) —y:(u)) |:rl.(u) — ai(u)yi(u)

=1

+xi(u) [ — a;(u) (xi(u) = yi(u))

+ Wi (1)

//\

— (ai(t) + aa()) (1) — »i(2)]
3 a t)/ () — ) — ()| ds

J=1j#

T au(t) / | SKﬁ(s>{|xf<u> i)

+Zal, ) [ Ko nar +x,<>[i<u>|x,~<u>—yf<u>

+/Z:1:aij(”)/o Kij(}’)x]‘(u}")yj(ur)dr:| }duds

+ (). (2.16)

ri(u) + a;(u)yi(u)




302 R. Xu et al. | Appl. Math. Comput. 130 (2002) 295-309

Define

/ /K 1+ ) (1) — ()] dudls
J=lj#i

L s

+Za / y,(u—r)dr] |x;(u) — yi(u)| dudods

[ st vmii| [ i

—yi(u—r)| dr} dudovds. (2.17)

() + ai(u) (xi(u) + i(u))

It then follows from (2.16) and (2.17) that
DY V(1) + V(1) < = (ai(t) + aa(0)|xi(2) — (1))
=3 [T R+ sl -0

J=1j#i

00 t
+/ / Kii(s)a;(v+s)dvds
0 t—s

+ Z aij(1) /0 ) Kij(r)y;(t =r) dr] i(t) = 3 (0)]

/ / Kii(s)a; (v +s)dods

S / NKu(f)Ix,-(t SR —y— P+ B (218)

ri(t) + ai(t) (xi(1) + 2i(2))

We now define

Vi(t) = Va(t) + Va(t) + Via(2), (2.19)



R. Xu et al. | Appl. Math. Comput. 130 (2002) 295-309

oS [ [ [ momierons

X a;(u~+r)x (u+r)|x_,( ) vi(u)|dvdsdudr.
Then it follows from (2.18), (2.19) and (2.20) that

DVi(0) < = (ai(t) + a(0)) bi(t) — yi())|

_%i:/MQQMM+@®MM—n®
J=Lj#

/ / Kii(s)a;(v+ s)dvds

+§j%m/<@mmb¢Mrmm—mm

D) A B BC IR

in which

x Kij(r)ay(t 4 r)x ( )dvdsdrlxj(f)—yj(t)|+|Wi(t)|

= —(a (t) a;i (1)) ]xi(¢) — yi()]

/‘K S+ 5)ds [ (1) — 3, (0)
Jj= 1/#1

T [(0) + () () + (e /./K
|+/ / Kii(8)a;(v+s)dvods

xgy ‘/ (e = ) drlb (o) = ()

+Z///t7 i(0+5)

ri(t) + ai(t) (xi(1) + (7))

303

(2.20)

X Kij(r)ay(t + r)xi(t + r) dvdsdr [x;(1) =y, ()] + [Wi(0)] + Bi(1),

where

/ / Kii( v+s dvdsZa
x%;&wmt—ﬂwmﬁ—%OL

(2.21)
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By (2.13), x;(t) < M;, yi(t)<M; (i,j=1,2,...,n) for t = T. This, together with
(2.21), fort =T, leads to

DY) < = (ai(t) + au(®) Ixi(1) = ni()] + Ku s)ai;(t +5)ds |x; (1)

Jj= lﬁél

=y @)+ [ri(t) + 2a;(t M—I—Za,, ]

/ /K Yau(v + 5) dods [(6) — ()]
+M,-; /0 /0 /HHKZ.,.(s)a,,(u+s)1<,-,-(r)a,j(t+r)dudsdr

X |x;(2) = yi ()] + [Wi(0)] + Bi(t). (222)
Now we define a Lyapunov functional V' (¢) as
=" cli). (2.23)
i=1

It then follows from (2.22) and (2.23) that for ¢t > T

I ZA Mxi(t) = (O] + W (1) + B(1), (2.24)

A;(t) = ¢i(ai(t) + au(2)) — (s)a;(t+s)ds
J=1j# /0

<r,()+2a M+Za,, M,)/ /K,, (s)a;(v+s)dvds
t+r

*ZC/M/ / / s)a;;(v+ s)K;(r)a;(t +r)dvdsdr,
t+r—s

i=1,2,...,n,

n

W)= 3 elmo).

i=1
B f) = ZciBi(t)
i=1

By the hypotheses in (H3), there exist constants o, >0 (i=1,2,...,n) and
T7 = T such that
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Noting that

n< Zc,-af-‘,-f[|x,-<r>—yi<r>|+ swp st o] [t
i=1

—o00<s<0

B(t) < il oy |xi(t i su / K;:(s)ds
CEMA ORI |Z af sup () [ Kyl

(2.26)
By assumption (H2), [~ K;(s)ds — 0 and [, K;(s)ds — 0 as t— o0, i ] =
1,2,...,n. It follows from (2. 26) that there exist 5,, 111, 0 <9 < (X,, 0<ny <5 oc,
anda T* > T} such that for t > T*

25\% O]+ 2(),

(2.27)
Z ’11 ‘X, l
where
Zc af sup (o))l [ Kits
—00<s <0
Integrating both sides of (2.24) on interval [T*, 1],
Y+ [ Ao - n(olds
t
V(T") —|—/ W(s)ds +/ B(s)ds fort>=T". (2.28)
T T
It follows from (2.25), (2.27) and (2.28) that
n t
V() +Z(°fi —0i—m;) [ |xi(s) —xi(s)|ds
i=1 ™
t
<V(TY) +/ Z(s)ds for¢=T". (2.29)
-

Note that

t
s)ds = ca" sup  |x;(s ; // K;(r)drds
/T ) Z i 7x<p<0| = yi(s)]
anu sup  |xi(s) —yi(s |/ sKii(s (2.30)

—o00<s <0
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It therefore follows from (2.29) and (2.30) that for ¢ > T*

n

Y0+ Y= b= [ (o) —n(9)lds<C, (231)

for some constant C > 0. Therefore, V' (¢) is bounded on [T*, o0) and also
/ [x:(s) —wi(s)|ds < o0, i=12,...,n (2.32)
-

By Lemma 2.1, |x,(¢) — »:(¢)| is bounded on [T*,0), i =1,2,...,n.
On the other hand, it is easy to see that x;(¢) and y:(¢) (i =1,2,...,n) are

bounded for ¢ > T*. Therefore, |x;(¢) — y;(¢)|, i =1,2,...,n, is uniformly con-
tinuous on [T*, 00). By Barbalat’s lemma (see [12]), one can conclude that
tlim (5 —y(®)] =0, i=12,...,n (2.33)

The proof of the theorem is complete. [

Remark 1. By Theorem 2.1 and the notation in (1.4), one can get a set of easily
verifiable sufficient conditions that guarantee the global asymptotic stability of
the positive solution of system (1.1). The following result gives an estimate on
the size of delays in terms of the coefficients and the upper bounds r, aff and
M, i,j=1,2,... n.

Corollary 2.1. Assume (H1)—(H2) hold. Then the positive solution of system (1.1)
with initial conditions (1.3) is globally asymptotically stable provided that

(H4) there exist ¢; >0, i =1,2,...,n, such that the following hold.

lim inf [c,»(ai(t)—l—ai,-(t))— > /OOOK"”(S)“”(HSMS

—0o0 . /s
J=Lj#

n n
—caloy (7{” + 2a)'M; + Zaf%) — Z cja%a%]lljaﬂ] > 0.
=1 =1

Remark 2. If K;;(s) = J(s), the Kronecker delta function, i,j = 1,2,...,n, then
g; = 0 and system (1.1) reduces to an instantaneous system i.e. one without
delay

x:(2) = x:(¢) (ri(8) — ai(#)x;(2) — i a;(0)x;(t)), i=1,2,...,n. (2.34)
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On substituting Kj;(s) = d(s) and 6;; =0 (i,j = 1,2,...,n) into (H4), Corollary
2.1 yields that the positive solution of system (2.34) is globally asymptotically
stable provided that

(H5) there exist positive constants ¢; (i = 1,2,...,n) such that

liminf | ¢;(ai(1) + ai(1)) — Z cjan(t)] > 0.

J=1j#

We therefore have the following corollary to Corollary 2.1.

Corollary 2.2. The positive solution of system (1.1) with initial conditions (1.3)
is globally asymptotically stable if the positive solution of the corresponding
instantaneous system (without time delay) is globally asymptotically stable and
o;; Is sufficiently small satisfying (H4).

In this paper, we have shown that small delays are negligible for the global
asymptotic stability of the nonautonomous n-species Lotka—Volterra com-
petitive systems with infinite delays provided that the delayed negative feed-
backs dominate other interspecific interaction effects with delays. We note that
Theorem 2.1 cannot be obtained by [10, Theorem 1], and [11, Theorem 3],
when a;(¢) =0,i=1,2,...,n.

Finally, we give a suitable example to illustrate the feasibility of our main
result.

Example. We consider the following delayed system
J.Cl(f) le(f) [Z—G—sint—é/ ome*“““'xl(t—s)ds
0
— (2+sin¢) / ope 12 x, (¢ — ) ds} ,
0

(2.35)
% (1) = x2(2) {2 +cost — (2 +sint) / o€ 2x (¢ —s)ds
0

— 9/ e 2 xy (¢ — ) ds}
0

with o;; > 0, i, 7 = 1,2. In this case, K;;(s) = a;;e~** and it follows directly that
K;;(s) satisfies (1.2) and that o;; = 1 /0.
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We set ¢; = ¢; = 1. Then it is easy to examine that
021

A(t) =4 ———
10 1"‘0‘%1

(0!21 sin ¢ + cos t) — 6611[12M1 + (2 + sin l)(l +M2)]
%21

— oM. 2
2022[ + 1 "‘0‘%1

(021 sin ¢ + cos t)} ,

o

) =T-7
12

(o2 sint + cos ¢)

A12 .
— 6/ 24— sint + cost
1011{ +1+a%2(0!12 + )}

— 90'22[2 + cost + (2 + sin I)Ml + 18M2],

M, = 3011 M, = 3022.
'Te—n¢ 0 T3¢

Obviously, 4;(¢) >0 (i =1,2) provided that g; (i =1,2) are sufficiently

small. Therefore, by Theorem 2.1, if 4,;(¢) > 0, i = 1,2, then the positive so-
lution of system (2.35) is globally asymptotically stable. We note that this
property cannot be obtained by [10, Theorem 1], and [11, Theorem 3], because

a;(t) = 0.

Acknowledgements

The first author wishes to thank the Department of Mathematics, University
of Dundee, for the hospitality, support and the excellent working conditions

provided to him during his visit in Dundee.

References

[11 S. Ahmad, M.R. Mohana Rao, Asymptotically periodic solutions of n-competing species
problem with time delay, J. Math. Anal. Appl. 186 (1994) 557-571.

[2] H.I. Freedman, S. Ruan, Uniform persistence in functional differential equations, J. Dif-
ferential Equations 115 (1995) 173-192.

[3]1 Y. Kuang, H.L. Smith, Global stability for infinite delay Lotka—Volterra type systems, J. Dif-
ferential Equations 103 (1993) 221-246.

[4] Y. Kuang, B. Tang, Uniform persistence in nonautonomous delay differential Kolmogorov
type population models, Rocky Mountain J. Math. 24 (1994) 165-186.

[5] Y. Kuang, Global stability in delay differential systems without dominating instantaneous
negative feedbacks, J. Differential Equations 119 (1995) 503-532.

[6] Y. Kuang, Global stability in delayed nonautonomous Lotka—Volterra type systems without
saturated equilibria, Differential Integral Equations 9 (1996) 557-567.



R. Xu et al. | Appl. Math. Comput. 130 (2002) 295-309 309

[7] B. Tang, Y. Kuang, Permanence in Kolmogorov type systems of nonautonomous functional
differential equations, J. Math. Anal. Appl. 197 (1996) 427-447.
[8] W. Wang, L. Chen, Z. Lu, Global stability of a competition model with periodic coefficients
and time delays, Canad. Appl. Math. Quarterly 3 (1995) 365-378.
[9] L. Wang, Y. Zhang, Global stability of Volterra-Lotka systems with delay, Differential
Equations Dynam. Sys. 3 (1995) 205-216.
[10] H. Bereketoglu, I. Gyori, Global asymptotic stability in a nonautonomous Lotka—Volterra
type systems with infinite delay, J. Math. Anal. Appl. 210 (1997) 279-291.
[11] Z. Teng, Y. Yu, Some new results of nonautonomous Lotka—Volterra Competitive systems
with delays, J. Math. Anal. Appl. 241 (2000) 254-275.
[12] K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population
Dynamics, Kluwer Academic Publishers, Dordrecht, 1992.
[13] Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, Academic
Press, Boston, MA, 1993.
[14] J. Hale, Theory of Functional Differential Equations, Springer, Heidelberg, 1977.



	Global asymptotic stability in n-species nonautonomous Lotka-Volterra competitive systems with infinite delays
	Introduction
	Main results
	Acknowledgements
	References


