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Abstract

A delayed Lotka—Volterra type predator-prey model with stage structure for preda-
tor and prey dispersal in two-patch environments is investigated. It is assumed that
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reproduce; on the other hand, it is assumed that the prey species can disperse between
one patch with a low level of food and without predation and one patch with a higher
level of food but with predation. By means of two different kinds of Lyapunov function-
als, sufficient conditions are derived respectively for the global asymptotic stability of a
positive equilibrium of the model. By analyzing the characteristic equation, criterion is
established for the local stability of the positive equilibrium. Numerical simulations are
presented to illustrate our main results.
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1. Introduction

Interest has been growing in the study of mathematical models of popula-
tions dispersing among patches in a heterogeneous environment(see, for exam-
ple, [1-15], and references cited therein). Many of the existing models deal with
a single population dispersing among patches. Some of them deal with compe-
tition and predator-prey interactions in patchy environments. The analysis of
these models has been centered around the coexistence of populations and
the stability of equilibria. These works indicate that a diffusion process in an
ecological system is often considered to have a stabilizing influence on the sys-
tem (see, for example, [6,11]), but is also probably destabilizing the system (see,
for example, [9,10]). In [2], Beretta et al. discussed a predator-prey model where
the prey can diffuse between one patch with a low level of food and without
predation and one patch with higher level of food but with predation. By
homotopy techniques they proved that if the prey diffusion is weak enough,
then a nonzero globally stable equilibrium exists. By assuming that the preda-
tor density is regulated only by predation (the intra-specific competition rate is
equal to zero), they proved the existence of a Hopf bifurcating orbit from a po-
sitive equilibrium. We note that it is assumed in [2] that each individual pred-
ator admits the same ability to feed on prey. This assumption seems not to be
realistic for many animals. In the natural world, there are many species whose
individuals have a life history that takes them through two stages, immature
and mature, where immature predators are raised by their parents, and the rate
they attack at prey and the reproductive rate can be ignored.

Stage-structured population models have received great attention in recent
years. The pioneering work of Aiello and Freedman [16] on a single species
growth model with stage structure represents a mathematically more careful
and biologically meaningful formulation approach. In [16], a model of single
species population growth incorporating stage structure as a reasonable gener-
alization of the classical logistic model was formulated and discussed. This
model assumes an average age to maturity which appears as a constant time
delay reflecting a delayed birth of immatures and a reduced survival of imma-
tures to their maturity. The model takes the form

Xi(8) = oo (8) — px; (1) — 0™ x, (¢ — 1),

(1.1)

Fu(t) = 0e 7 x,(t — 1) — P (), t>r,

where x,(¢) denotes the immature population density, x,,(¢) represents the ma-
ture population density, o > 0 represents the birth rate, y > 0 is the immature
death rate, > 0 is the mature death and overcrowding rate, t is the time to
maturity. The term oe™""x,,(t — 7) represents the immatures who were born
at time ¢ — 7 and survive at time ¢ (with the immature death rate y), and there-
fore represents the transformation of immatures to matures. Recently, many
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authors proposed and discussed different models with stage structure, and
some excellent work was done for the global dynamics of stage-structured
models (see, for example, [16-27]).

Motivated by the recent work of Aiello and Freedman [16] and Beretta et al
[2], in the present paper we are concerned with the combined effects of stage
structure for predator and prey dispersal on the global dynamics of Lotka-
Volterra type predator-prey system. To do so, we study the following delayed
differential system

X1 (1) = x1(6)(r1 — anxi (t) — aizy, (1)) + Di(x2(t) — x1(2)),
02 (1) = x2()(r2 — anx2(1)) + Da(x:1 (1) — x2(2)),

V() = oe 7 xi (t = )y (¢ — ©) — 3y (£) — azpi(0),
Va(t) = oy () (8) — 9, (1) — we™"x1 (t — )y (t — 1),

where x/f) denotes the density of species x in patch i (i = 1, 2) at time ¢, and
y1(2) and y»(¢) represent the densities of immature and mature individual pre-
dators at time ¢, respectively. a, @13, a», as3, 11, ra, 13, D1, Dy, o, y and t
are positive constants. The model is derived under the following assumptions.

=

(1.2)

(A1) The prey population: the prey can live in two patches. In patch 2 there is
less food without predation; in patch 1 there is more food but risk of pre-
dation. r; is the intrinsic growth rate of the prey in patch i, i=1, 2; a;;
(i =1, 2) are the intra-specific competition rates of the prey in patch i.
D; is the dispersion rate of prey species between two patches. To model
the different levels of food supply, we suppose that the carrying capacity
ri/ay; in patch 1 is greater than the carrying capacity r»/a,» in patch 2.

(A2) The predator population: a3 is the capturing rate of mature predator,
o/ayz is the conversion rate of nutrients into the reproduction of the
mature predator, r3 is the death rate of the mature predator, asz is the
intra-specific competition rate of the mature predators. The death
rate of the immature population is proportional to the existing imma-
ture population with a proportionality constant y > 0. The term o
e ""x1(¢t — 1)y1(t — 7) represents the number of immature predators that
were born at time ¢ — t which still survive at time 7 and are transferred
from the immature stage to the mature stage at time ¢. It is assumed in
(1.2) that the mature and immature predators cannot disperse into patch
2, and immature individual predators do not feed on prey and do not
have the ability to reproduce.

The initial conditions for system (1.2) take the form of

xi(0) = ¢(0),  »i(0) = ¥i(0),
$;,(0) >0, ¥,(0)>0, i=1.2,
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where  (¢,(0), ¢,(0),y,(0),¥,(0)) € C([-7,0],R%,), the Banach space of

continuous functions mapping the interval [—7,0] into Rio, where Rio =
{(xl7x27x37x4) tXp = 07 i= 1727 374}
For continuity of the initial conditions, we further require
0
70 = [ 51 (5)i (5)ds (14

The paper is organized as follows. In the next section, we will discuss the
permanence of system (1.2). In Section 3, we are concerned with the global sta-
bility of a positive equilibrium of system (1.2) by constructing two different
kinds of Lyapunov functionals, respectively. By analyzing the characteristic
equation, criterion is derived for the local stability of the positive equilibrium
of system (1.2). Numerical simulations are presented to illustrate our main
results. A brief discussion is given in Section 4 to conclude this work.

2. Permanence

In this section, we are concerned with the permanence of system (1.2). To
this end, we first need to show the positivity of solutions to system (1.2) with
initial conditions (1.3) and (1.4).

Lemma 2.1. Solutions of system (1.2) with initial conditions (1.3) and (1.4) are
positive for all t = 0.

Proof. Let (x(2), x(?), y1(2), y>(¢)) be a solution of system (1.2) with initial
conditions (1.3) and (1.4). Let us first consider y;(z) for ¢ € [0, 7]. It follows from
the third equation of system (1.2) that

Vi(t) = ae 7Py (t — W (1 — 7) — ray (1) — assyi (1) = —rsp (1) — azayi(f)

since ¢1(0) = 0, Y1(0) = 0 for 0 € [—1,0]. Therefore, a standard comparison
argument shows that
r3y1(0)

t) = >0
yl( ) assy; (O)(Cr3t — 1) + 73

We derive from the first and the second equations of system (1.2) that for
te[0,1],

X1 (t)|x1:0 = Dl(t)xz >0 forx, > 0,
).Cz(l‘)|x2:0 = Dz(l)xl >0 forx; >0.

Thus, it follows that x;(¢) > 0, x»(¢) > 0 for ¢ € [0, 1].
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In a similar way we treat the intervals [z,27],...,[nt,(n + 1)7], n € N. Thus,
x1(2) > 0, x5(z) > 0 and y(¢) > 0 for all # > 0.
By (1.4) and the fourth equation of system (1.2) we obtain that

t
hm:/‘meMQm@m& @2.1)

-1
Therefore, the positivity of y,(¢) for ¢ = 0 follows. The proof is complete. [

In order to discuss the permanence of system (1.2), we need the following
result from [23].

Lemma 2.2. Consider the following equation
%(t) = ax(t — 1) — bx(t) — ex*(2),
where a, b, ¢ and t are positive constants, x(t) >0 for t € [ —1,0]. We have

(1) If a> b, then lim,_, .. x(t) = (a — b)/c;
(1) If a < b, then lim,_, .x(t) = 0.

We are now able to state and prove our permanence result for system (1.2).
Theorem 2.1. Let ri/a;, = rolay. Assume further that

(Hl) V]OCCiTE*V:;a“ > 0,

(H2) r,—D,>0,

(H3) (rioe™" —rsay) (1 — ) — Dyoe™ > 0.

Then system (1.2) is permanent.

Proof. Suppose (x((?),x2(2),y1(¢),y2(?)) is a positive solution of system (1.2)

with initial conditions (1.3) and (1.4).
Define

plt) = max{x (1), x: (1)}

Using a similar argument in the proof of Lemma 2.1 in [15] we derive that

. r 14
lim sup p(¢) < max {—1,—2} =
=00 ap an

7
an '
Therefore, for ¢ > 0 sufficiently small there is a 77; > 0 such that if > T,

)< e =M, wnl) < tie=M,. (2.2)
ar ap
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It follows from the third equation of system (1.2) that for ¢t > 7 + 1,

. (T
70 <o (2 )l = 1) = () - a0
11
Consider the following auxiliary equation

alt) = e 7 (i + s) u(t — 1) — rau(t) — apu (7).

ar
By Lemma 2.2, we obtain that

oe™"" (a% + .s) —r3
lim u(z) = .

t—4o0 a33

A standard comparison argument shows that

oe " (’—1 + 3) —r;
. ar]
lim sup y,(#) < .
t—+00 ass

Since ¢ > 0 is arbitrary and sufficiently small, we can conclude that
. rioe”’t — ra
limsup y, (1) < ——————1
t—+00 apass
Hence, for ¢ > 0 sufficiently small there is a 7, > T; + 7 such that
rioe”’"t —ria
() <y (23)

apass

Setting 77 = T4, + 7, it then follows from (2.1) that for ¢t > T,

o 7T
yz(f) < ;Mle(l —¢c ) = M}

Again, we derive from (1.2) that for ¢ > T},
).Cl (l) > X (t)(r1 — D1 — 013M2 — apx; (t)),
jCz(t) > Xz(t)(l”z — Dy — 022x2(1)).

By comparison we derive from the first inequality of (2.4) that

oae ""—r3a
ry — Dy —6113<4r1 - ”+8)

apass

liminfx (¢) >
t—+00 ary

Since ¢ > 0 is arbitrary and sufficiently small, we conclude that
I _D1 —ap rioe” " —riay

liminf x () > anas
t—+00 an
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Hence, for ¢ > 0 sufficiently small there is a 75 > T such that if ¢ > T5,

r =Dy —aptE ot
X1 (f) > P —&i=m. (25)
11

Similarly, it follows from the second inequality of (2.4) that

o 1 — Dy
liminfx,(r) > ——.
——+00 (122

Therefore, for &> 0 sufficiently small there exists a 753> 7, such that if
t> T3,X2(l) >ﬂ—8

a

It follows from the ihird equation of system (1.2) that for > T3 + 1,
Ji(t) = e muyy (t — 1) = rayy (1) — asnyi(o).
Consider the following equation
i(t) = ae " mu(t — 1) — rau(t) — asu(1).

By Lemma 2.2 we derive that

1 r — Dy — apy 12" =nan
lim u(f) = — |oe ST .
(=00 ass ap

By comparison it follows that

1l r| — Dy — a3 1% =nan
liminf y, (1) > — |oe™"" W g | —rs].

=400 ass ap

Since ¢ > 0 is arbitrary and sufficiently small, we conclude that

1 [ -t —yT D —yt
liminfy,(f) > — (rl“e _,,3) (1 _aoe ) _ Dioe }

=400 ass | ap apas;z ap

Therefore, for ¢ > 0 sufficiently small there is a 7> T3 + 7 such that if > T,

- - -7
N> LMD (1) P

ass apg apas;z ar

It follows from (2.1) that for t> T+t
»(t) = %mlmz(l —e7) > 0.
The proof is complete. [

We now give a result on the extinction of the mature and immature
predator.
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Theorem 2.2. The mature and immature predator population will go to extinc-
tion if the following holds:

(H4) rioe™ " <rzay.

Proof. Let (x(¢),x,(t),y1(2),y>(t)) be a positive solution of system (1.2) with
initial conditions (1.3) and (1.4). Choose ¢ > 0 sufficiently small such that

oe” " (r_1 + 8) —r;<0. (2.7

ap

By Theorem 2.1 for ¢ > 0 sufficiently small satisfying (2.7) there is a 7, > 0 such
that if ¢ > T,

-
xi(f) <+ +e.
ap

It therefore follows from the third equation of system (1.2) that for ¢ > T + 1,
. T
70 <5 (ko= 9) = n0) - a0

Consider the following equation

mg—mﬂ<”+0wpquwm—QWWy (2.8)
ar
By Lemma 2.2 we derive from (2.7) and (2.8) that

tilglo u(t) =0.

A standard comparison argument shows that
li =0.
Jim (1) =0

Therefore, Ve > 0, there is a T, > T3 such that if 1 > Ty, 0 < y,(¢) < W’ie,)

In addition, it follows from (2.2) that 0 < x;(¢) < M; for t > T4 > T5. Thus, we
derive from (2.1) that for t > T, + 7,

t t
—(t—s —(t—s yé
yz(l) :/tiroce y(t )xl(s)yl(s)ds< /Hae p(t )M]WdS<8.

We therefore obtain that
tETwyz(t) =0.

This completes the proof. [
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3. Global stability

In this section, we discuss the global asymptotic stability of a positive equi-
librium of system (1.2). The strategy of the proofs is to construct appropriate
Lyapunov functionals.

By Theorem 2.1 we see that if (H1)-(H3) hold, system (1.2) is permanent,
which implies that system (1.2) must have at least one positive equilibrium
(see, for example, [7]). In the following we always assume that such a positive
equilibrium exists and denote it by E*(x},x5, ¥}, 5)-

Theorem 3.1. Let (H1)-(H3) hold. Assume further that

(H5) A4,>0,i=1, 2, where

2 -yt
aij;oe ’
_ 13

Ay =ay — )
aass (3 1)

y 1 apoae™ ae™" Djoe™

2 =35 - - N .
2 aass 2(133 riae~ "t — ryagn

Then the positive equilibrium E* (X}, x5, vt, v5) of system (1.2) is globally asymptot-
ically stable.

Proof. We first consider the following subsystem:
x1() = x1 (0)(m — anxi (1) — asy, (1)) + D1 (x2(t) — x1(1)),
(1) = x2()(r2 — anxs(1)) + Da(xi (1) — x2(1)), (32)
() = o0& i (t = 1)y (£ — 1) = 3y, (1) — a3 (1)

Noting that Ej(x},x5,y}) is a positive equilibrium of system (3.2), we may
rewrite system (3.2) as

X1 (1) =x1 () [—an1 (x1 () — x7) — aiz(v1 (¢) = ¥7)]
D

~ S - x) +3 (1) (a(0) — ),

Xo(t) = — azz;Z(f)(xz(f) —-Xx3) N (3.3)
- —;xl (1) (x2(t) — x3) + x—gn(t)(xl (t) —x1),

n(0) =oe 7y (1 = 1) (0 (1 = 1) —x) + oo (0 (£ = 1) = )
s (1) = y1) — a1 (8) 1) 01 (1) = 31)-



302 R. Xu et al. | Appl. Math. Comput. 171 (2005) 293-314

Define

0= Y (w0 5t 5 m™0) 4 S - ) (3.4)

i=1 i

Calculating the derivative of V7(¢) along solutions of system (1.2), it follows
that

) _ i_ici<xi(t> )2 i) =)
— —cuan(m0) =)~ evnslx ()~ 5 () — 1) 22
. _<g< (0 =) + 22 (0~ ) a0 )
-~ crantra) ~ 5~ S22 1 4 22

X (1(1) = x7) (1) = x3) + ez "y (E = ) (0 (1 = 7)
=) (8) = 37) + esoe X (0 (1) =) (2 = 7) = 37)
— () = 3)’ = san( (@) + )00 0) - 1) (3-3)

Setting ¢; = 1, ¢; = Dyx}/(Dax}), we derive from (3.5) that

drvi(e) w2 anDix; 2 *
& = —ay (xi () — x7)" — Dox; (x2(2) = x3)” — aiz(x (1) — x7)
< 0n0) = 37) = 2 [\ 2000 (0 = 30) = 20 —xé)]

+ezoe Ty (t =) (xi (= 1) = x7) 1 (1) — 1)
+esoe X (1 (1) = 3 Oy (£ — 1) = ) — ears (0 (1) = 37)°
—czazn (v (t) + 7)) (1) — yT)

anDix; 02 .
0 —x)? - {) —
Dox: (xa(t) —x3)" — a3 (x1 (1) — x7)

X (1(1) = y1) + esoe 7y (1 = 1) (1 = 1) = x) (1 () = »7)
+ e T (0 (1) = 7)) 0 (1 = ©) = 7) = ears(n(6) = v
= can(vi(6) + 7)) 01 (1) = »1)’. (3.6)

< —an(x(t) —x)° -
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By using the inequality ab < Lka® + L 5%, it follows from (3.6) that

dv(z) 2
a (x2(2) — x3)

a22D1x2

< —an(x(t) —x)* - Dor.
1

1 1 -
a5 400 =5+ 55010 =10} + exne e =)

{38 — 0 =5+ 55000 50

YTk 1 * 1 *
+ c30e7"x] {5 Cn (1) — ¥ + 3 Dn(t—1)— yl)z}

— () = 3)’ = aan( (@) +31) 00 0) — 1) (3.7)

where parameters 4, B, C are positive constants to be determined.
Define

1 t 1 '
V(e)=7(1) +*Cade_”3/ y1(s) (1 (s) = x7)7ds + 5~ 3087
2 - 2¢

t
< [ onls) =iy (338)
—7
Then it follows from (3.7) and (3.8) that
dr(e) . anDix; .
“ar < —ay (x(2) —x1)2 - Zgzx} 2 (x2(2) _xz)z
1 %12 1 %\ 2
+an §A(x1(t) —xp) +ﬂ(J’1(f) =)
1 — 5\ 2 1 —y1 %2
+§C3OCB€ () (x1(2) = x7) I it =) (1) =)
7T 1 1 %\ 2 %\ 2
+ c3oe” " x] 2C+2C 1) =21)" = esrs(n (8) —37)
— cyay (v (1) + ) 01 (1) = 3})*. (39)
Setting A :Z%, B=C=1, :ﬁ, we derive from (3.9) that for
t>T+1,
dv (s 1 a» DX}
T < —3lan — e Ol — 5 ~ 22 ) -3’
ai, 1 o2
— |csazy (1) — E—icwfe Tt =1) 00 () =)

—Ai () = x})" = Aa(a(r) = x3)" = A3 (0 (0) = 7)’, (3.10)
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where
1 = 1 a%ae’” - a22D1x§
1=5lan ————M> |, Ady=——+,
2 rioe— "t —r3ap sz
’ ! (3.11)
a’.a3m @’ a’,0e” "M '
Ar — 13%331102 13 13 2
3 - -7 - - —)T ’
rioe— "t —riag 26111 2(1"10(8 ’ —7‘36111)

M, and m, are defined in (2.3) and (2.6), respectively.

If (H1)-(H3) and (HS) hold and &> 0 is sufficiently small, we have
Ay > 0, 43 > 0. We therefore conclude from the Lyapunov Theorem (see, for
example, [28, Corollary 5.2]) that the positive equilibrium E7(x},x3,y}) of
system (3.2) is globally asymptotically stable. Thus, we have

lim xi() =%, lim @) =x,  lim () = (3.12)

By using L’Hospital’s rule, it follows from (2.1) and (3.12) that

lim y,(7) = lim ale’x; (£)y, (£) — e x (1 — 1)y, (t — 7))

t—+00 t—+o00 yeyt
o . .
=2 lim {((0n(0) ~ €7~ o - )
=%(1 —e ) =y (3.13)

This completes the proof. [

In the following, we give another result on the global stability of the
positive equilibrium E*(x}, x5, ¥%, %) of system (1.2) by constructing a different
Lyapunov functional.

Theorem 3.2. Let (H1)-(H3) hold. Then the positive equilibrium E* (x},x5, v, v3)
of system (1.2) is globally asymptotically stable provided that

(H6) o;>0,i=1, 2, 3, where

ae an 1 . D, .
o = ———oe "M \Mjt (111-’-7*4-056 e s
as ny X1
Dy [oapnxie ™ 1 .
o= (2 e M Mt ),
X 6113D2 21’1’!2

(3.14)

ay = as; — —o*Mxite " — — M Mjote "
my ZWZQ

2D )
X (all + 2a13 + x—*l +oe™ " + 2a33),
1

in which M; and m; are defined in (2.2), (2.3), (2.5) and (2.6), respectively.
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Proof. We first consider the following subsystem
x1(1) = x1(0)(r1 — anxi(t) — aay, (1)) + D1 (x2(1) — x1(2)),
).Cz(t) = )Cz(f)(rz — azzxz(t)) + Dz(xl (l) — XZ([)), (315)
J1(0) = o 7x (1 — 1)y, (£ — 7) — rayy (1) — asapi (2).
System (3.15) can be rewritten as
X1 () =x1 (1) (r1 — anxi (1) — asy (1)) + Di (xa (1) — 21 (2)),
Xo(t) =x3(2) (r2 — anxa(t)) + Da(x1 (1) — (1)),
W1(O) =y ()(=r3 +0e™x1 (1) — azzy, (1))

—oe " /,j yi(u){xr (u) (r = anxy (u) — a3y (u)) + Dy (x2(u) — x1 (u)) bdu

t
—ae" / xy (1) {ore ™) (1 — 1)y (1 — T) = rayy () — a3 (u) bdu.
=1
(3.16)
Noting that if (H1)-(H3) hold, E7(x7, x5, ;) is a positive equilibrium of system
(3.15), we therefore rewrite system (3.16) into

(1) =x1 () [=an (1) — x7) — as(n1 (1) = »7)]

- f,f‘n(r)(xl () - x)) +f;x1<t><xz<r> ),

$a(t) = — annr(B)(0a(1) — x3) — 3 (1) (a(0) — ) +%2x2(f)(xl(f) %)),

I (6) = (Oee™ 0 (1) = x7) = axn(n (1) = 1))

— e /— by (u){xl (w)[=an (i (u) — x7) — a3 (v, (u) — »7)]

= () ) = 37) + 2 ) ra) ) [

1 1

— oce”"f/ xp(u){oe™ [y (u — 1) (01 (w0 — 7) — x7)

+x1 (ul 1) = 1) = x () — )] — azsyy () (v (u) — 7)) bdu.
(3.17)
Let
Vi(t) = Zci (x,—(t) —x —x lnx;(:)>, (3.18)

where ¢ and ¢, are positive constants to be determined.
Calculating the derivative of V(¢) along solutions of system (1.2), it follows
from (3.17) and (3.18) that
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x1(2) )
(t) + C2(X2<t) 2) XZ(t)

dvi(e)
i =ci(x(t) —x))—=

=—mmwmay—mf—cmmuma—xn@xn—yﬁ—?gﬁﬁg
< () =) + 22 (0 0) =) a0 =)
- caneat) ~ ) — 222 W0l -3’
22 010) ) ) — ). (3.19)

Setting ¢; = ae™ a3, ¢o = aDxie™" /(a;3Dax}), we derive from (3.19) that
dV1 t OCC_VTLZU " . « «
) 20 (4 ) = xi)? — e (0) — 5] ((0) — 91)

dr ans
(0a(0) = x3)°

otazlex;e’”

a13D2XT
0 0 :
aDe 7" X (1 N xy(t "
— ——(x1(t) = x7) — 4 [—=(x2(t) — x
anT [ xl(t)( 1( ) 1) Xz(l)( 2( ) 2)‘|
ae "a . - X %
< - = (o (1) — xp)? — o (g (1) — x7) (0, (£) — ¥7)
ozazzD]xje’“/T )
- —x3). 2
2 () ) (3.20)
Next, let
* 3 y t
Varlt) = n(0) — i — v 2. (321)

1

Calculating the derivative of V() along solutions of system (1.2), it follows
from (3.17) and (3.21) that

= —an(y,(0) = y;)" +oe 7 (a (1) =x) 0 () = y7) — o

1 N ) *
Xyl(t) 01 (1) _.V1)/’_T.V1(”) {xl (u)[—an (o1 () —x7) —aiz (v, (u) — 7))

D, D1 . o .

_EXZ(M) (1 (u) —x7) +x—Tx1 (u) (x2(u) —x3) }du — e 0 0y (1) =)

< [ (0 (a2 (=) =) #5101 = 9)3)
0 (0) )]~ s () ) 3 (322)
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Using the inequality a* + b* > 2ab, we derive from (3.22) that

deiilt(t)g—ass(yl(t) Vi) o e (1) =) 0 (1) — yT)+ae”12y11(t)

<0030 [ n{nen+an) + 3w

1

D ,
+ZLxi (u) }du +oe™ "
x

*

1

5 /y <”>{XI<M>[au<xl (1) =x})’

+an( () - 1)) +’j—;xz<u><xl<u> )

2

om0~ s 000 )

1

|
2y, (1)
« /,, 1 () o7 (v (1 — 7) + 21 + sy, ()}l

+oe "

2y, (1) /t:x1 (u){oce*?f Wy (u—1)(x; (u—1) —x’f)2

(01 (= 1) = 2)7 421 (01 () = 1)) + @z () (0 (w) —y’{)z}du-
(3.23)

By Theorem 2.1, there is a 7> 0 such that if t > T, m; < x{f) < M, (i=1,2),
my < y1(t) < M. It therefore follows from (3.23) that for t > T + 1,

) s 01 0) ) o (a0~ ) (1 (1) —39)

1 e 2D1 5\ 2
+2—sz 1Moore™ <a11+013+?>()’1(0—)’1)

+oe"

/:Mz{Ml lan (e (1) — )2+ ans (g () — )]

my J,_

D D
#2010 0) )+ M )33

1 1
1 I .

+2—M1me Toe”™ (Mo 4 2x7)
m;

t

M {oe " My (x) (u—1) —x7)°

|
+az M) (y, (1) _J’T)2 +oe 3

my -t

o g (=) = 3]+ 0 () = 7))

T anMa(y, (u) - ;) }du. (3.24)
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Define
1 —or ' ! *\2 %\ 2
Van(t) = 3 oM Mre an(x(u) —x7)" + ais (v (u) — »7)
-7 s
D, w2 Di 2 1 ot
+E(x1(u) —x7) +E(x2(u) —X5) }duds—l——zm2 oM e

t t
x /{mﬂ%Mxmw—w>—ﬁY+wxnw—w>—ﬁf
—1 N

+x1 01 () = 1})] + assMa (3 () — ¥7) duds. (3.25)
We derive from (3.24) and (3.25) that for ¢t > T+ 1,

dVy ()  dVayp(e)

dr a Sasbn(0) - Vi) e @ (0) =) 0 (1) = »))

1 , 2D N
+2—M1M2cxre”(a11 +ap;+ *1)()’10)—)/1)2
ny xl

I . .
+ gz Me Mo (1 0) = 57+ a1 (9 31
2

Dy

K
X1

n Mmmww#+%MMnm—wﬂ

1 " 9t * *
+ Z—szlowe*”[oze T(My 4 2x7) + assM] (v (1) —J’1)2

1 . )
+—oaM e " {ae " [My(x (¢ — 1) — )ﬁ)2
2]1’l2

+X[ 0 (= 1) =37 +x0n () = 37)°]
+anMa(y, () — )’} (3.26)

Define

t

Vz(l) = V21(f) + sz(f) +2L’;12062M1T€72W/ [Mz(xl(l) — XT)Z

-1

+ 200 (1) =y IdL. (3.27)
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It follows from (3.26) and (3.27) that for t > T + 1,

dv,(z)

a S manbn(n) - Vi) o (1) = x) (04 (6) — 1))

1 ot 2D, )2
+2712M1M2067:e ! <a11 + a3 +x’f> () = 1)

1 7T * *
+ e M Mo (10 = )+ a0 0) 1))

D D
20000 0) =7+ M) 23
1 1

l v —vT * *
+ﬁM1are" [e™7 (M3 + 2x7) + assM>] (v, (?) *Jﬁ)z
2

1 , —vr * * *
+=—aMyre " {oe M (xi (1) — x7)” + 2x (1, (1) — ¥})’]

2m;
+assMa(y, (1) — 7)) (3.28)
Finally, we define
V(t)=Vi(t) + V(). (3.29)
Then we obtain from (3.20), (3.28) and (3.29) that for t > T + 1,
T < a0 —xD)* — ma(aalt) = 33)° = o601 (0) 1),

where o; is defined in (3.14). We therefore conclude from the Lyapunov Theo-
rem (see, for example, [28, Corollary 5.2]) that the positive equilibrium
E;(x7,x5,y7) of system (3.15) is globally asymptotically stable. Thus, we have

lim x;(¢) =x7 (i=1,2), [Liiricyl(t) =J.

t—+00

By the same argument as in (3.13) it follows from (2.1) that lim,_ .y, () = 5.
This completes the proof. [

It is interesting to discuss the local stability of the positive equilibrium
E*(x{,x3,77,73) of system (1.2).

The characteristic equation of the positive equilibrium E* of (1.2) is of the
form

(2+0P() +0(2)e "] =0,
where

P(2) = 1>+ ay2* + ay) + ay,

0(2) = byJ> + by + by,
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here

. . X3 . X
ay =(r3 + 2azyy) || anx] + Dy g A2 + Dz; —D1Dy |,
1 2

* * x* * X*
ay =(r3 + 2azy}) (auxl + D, x% + axnx, +szfi)
1 2

+ | aux] + D1 = | | anx; + Dy— | — DDy,
X X

P b
2 1

a, =anx; + D oy + anx; +D2; +r3 + 2ayy,
1 2

A K 3 x* * x* 3k * x*
by :ae”fxl —\anx; + D, % anx, + D, 716 + apiy) | anx; + D, 716 + DD, |,
Xy X X

*
1

by =— o7y} [a“xf + D, x—f + anx; + szj - 413YT] 5
X X
by = — o x].
Clearly, 2= —v is a negative eigenvalue. Noting that ¢;>0 (i=0,1,2) and
aja; — ap >0, by Routh—-Hurwitz Theorem the positive equilibrium E* of
system (1.2) is locally asymptotically stable when 7 = 0.
Let

F(y) = |P(iy)* - |0(iy)
=3+ (a% —2a; — bg)y4 + (a% — 2apa; + 2b,by — b%)y2 + aé — b(z).
It is easy to show that

k * x* * x*
aop + bO = asz); [(a“xl +D1 x—i) <a22x2 -+ D2 x—i) — D1D2:|

1 2

* * * x]
+ aisy)(rs + as))) (azzxz + D, xi) >0,
>

w\ 2 £\ 2
X X
a% — 2(11 — b% = a“x’f + D1 —i + azzxz + Dz—i + 2D1D2
X X3

+ azy) (2rs + 3aszyy) > 0.
By the general theory on characteristic equations of delay differential equations

(see, for example, [28, Theorem 4.1]), we therefore derive the following results
on the stability of the positive equilibrium E*.

Theorem 3.3. Suppose that system (1.2) admits a positive equilibrium
E*(x7, 3,7, 03)-
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(1) If ag > by, a} — 2apas + 2brby — b% > 0, then the positive equilibrium E* of
system (1.2) is locally asymptotically stable.

(2) If ag < by, then there exists a positive number to such that the positive equi-
librium E* of system (1.2) is locally asymptotically stable if 0 < t < 1o and is
locally unstable if © > 1,

We now give two examples to illustrate our main results in Theorems 3.1
and 3.3.

Example 1. As an example, we consider the following system:

21 (1) = x1 (0)(8 = 2x1(1) = 2p, (1)) + 0.01(x2(2) —x:1(1)),
J:cz(t =x(6)(1 = 2x2(2)) + 0.01(x1 (1) — x2(2)), (3.30)
Ii(t) =2e7x (1 — 1)y (£ — 1) = 0.1y, (1) — 8y7 (),

(1) = a1 ()31 (1) = y2(8) = 2e7x, (8 = )y (£ = 7),

where the parameter t is a positive constant.
It is easy to show that if T <4, then (H1)-(H3) and (HY5) hold for system
(3.30). By Theorem 2.1 we see that system (3.30) is permanent when 7 < 4.

3.5

25h B

solution
N
1

(0] ittt 2

0 5 10 15 20 25 30 35 40 45 50
time t

Fig. 1. The temporal solution found by numerical integration of system (3.30) with 7 =1 and

($1(0), 2(0), Y1(0), ¥2(0)) = (0.5,0.5,0.5,0.5(1 — e )).
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By Theorem 3.1 we see that the positive equilibrium of system (3.30) is globally
asymptotically stable. Numerical integration can be carried out using standard
MATLAB algorithm. Numerical simulation also confirms the fact above (see
Fig. 1).

Example 2. Consider the following system

(1) = x1(1)(8 —x1(r) — 5y, (1) + 5(xa(t) — x1 (1)),
K (t) = x2(1)(1 = 0.5%2(1)) + 10(x1 (1) — x2(1)),
(3.31)
(1) = 3e xi(t = 1)y, (¢ — 1) — 0.5y, (1) — 0.01y7(¢),
(1) = 3x1 (1 (1) — yo(t) = 3¢ (= Dy (£ = 1).

System (3.31) has a unique positive equilibrium E*(0.4674,0.5052, 1.5873,
1.4069). It is easy to show that ag = 3.0881 < by = 35.9172. Numerical simula-
tion shows that the positive equilibrium E* of system (3.31) is locally unstable
(see Fig. 2).

solution

30 40 50 60 70 80 90 100

Fig. 2. The temporal solution found by numerical integration of system (3.31) with

($1(0), 2(0), Y1(0), ¥2(0)) = (0.5,0.5,0.5,0.5(1 — e )).
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4. Discussion

In this paper, motivated by the work of Aicllo and Freedman [16] and
Beretta et al [2], we discussed a Lotka—Volterra type predator-prey model with
stage structure for predator and prey dispersal in two-patch environments. By
using comparison arguments we established sufficient conditions for system
(1.2) to be permanent. By constructing two different kinds of Lyapunov func-
tionals, sufficient conditions are derived for the global asymptotic stability of
the positive equilibrium of system (1.2). Theorem 3.1 gives a result for the glo-
bal stability of the positive equilibrium of system (1.2) with a longer delay. By
Theorem 3.1 we see that if the intra-specific competition rates of prey in two
patches and the intrinsic growth rate of the prey in patch 1 are high and the
dispersion rate is low satisfying (H1)-(H3) and (HY), the positive equilibrium
of system (1.2) is globally asymptotically stable. On the other hand, Theorem
3.2 shows that if the time delay due to maturity is sufficiently small, the positive
equilibrium of system (1.2) is globally asymptotically stable. By Theorem 2.2
we see that if the intrinsic growth rate of the prey species in patch 1 and the
transformation rate of immatures to matures are low and the death rate of
the mature predator and the intra-specific competition rate of the prey species
in patch 1 are high enough satisfying (H4), the predator population will go to
extinction.
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