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Abstract

In this paper, we first investigate a stage-structured competitive model with time delays, harvesting, and nonlocal
spatial effect. By using an iterative technique recently developed by Wu and Zou (Wu J, Zou X. Travelling wave fronts
of reaction–diffusion systems with delay. J Dynam Differen Equat 2001;13:651–87), sufficient conditions are established
for the existence of travelling front solution connecting the two boundary equilibria in the case when there is no positive
equilibrium. The travelling wave front corresponds to an invasion by a stronger species which drives the weaker species
to extinction. Secondly, we consider a stage-structured competitive model with time delays and nonlocal spatial effect
when the domain is finite. We prove the global stability of each of the nonnegative equilibria and demonstrate that the
more complex model studied here admits three possible long term behaviors: coexistence, bistability and dominance as is
the case for the standard Lotka–Voltera competitive model.
! 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Population models with stage structure are of current research interest in mathematical biology. They can exhibit
phenomena similar to those of partial differential equations and many important physiological parameters can be incor-
porated [4]. Moreover, they are often much simpler than the corresponding models governed by partial differential
equations. There has been much work on modelling stage-structured population models (see, for example, [1–13,18–
22,24,25]). In [1], the work of Aiello and Freedman on a single species growth model with stage structure, represents
a mathematically careful and biologically meaningful approach. In [1], a model of single species population growth
incorporating stage structure as a reasonable generalization of the classical logistic model was derived and investigated.
This model assumes an average age to maturity which appears as a constant time delay reflecting a delayed birth of
immatures and a reduced survival of immatures to their maturity. The model takes the form
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_uiðtÞ ¼ aumðtÞ $ cuiðtÞ $ ae$csumðt $ sÞ;

_umðtÞ ¼ ae$csumðt $ sÞ $ bu2mðtÞ; t > s;
ð1:1Þ

where ui(t) denotes the immature population density, um(t) represents the mature population density, a > 0 represents
the birth rate, c > 0 is the immature death rate, b > 0 is the mature death and overcrowding rate, s is the time to matu-
rity. The term ae$csum(t $ s) represents the immatures who were born at time t $ s and survive at time t (with the
immature death rate c), and therefore represents the transformation of immatures to matures.

In [6], Gourley and Kuang studied a diffusion version of the system (1.1) to allow for individuals moving around.
When motion is allowed for, the derivation of the time-delayed term has to be altered to take proper account of motion.
Let ui(t,x) and um(t,x) be the densities of the immature and the mature population at time t and location x. They argued
that the delayed term ae$csum(t $ s) appearing twice in system (1.1), and representing the rate of leaving the immature
and entering the mature class, must be replaced by

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffi
4pdis

p e$ðx$yÞ2=4dise$csaumðt $ s; yÞdy; ð1:2Þ

where di > 0 is the diffusivity of the immature species. Expression (1.2) allows for the fact that an individual that enters
the mature class at location x will most likely have been born at some other point y. In (1.2), aum(t $ s,y) represents the
number born at time t $ s and location y, e$csaum(t $ s,y) represents the number born at time t $ s and location y and
is still alive at time t, the term

1ffiffiffiffiffiffiffiffiffiffiffi
4pdis

p e$ðx$yÞ2=4dise$csaumðt $ s; yÞdy

represents the number born at time t $ s and location y and still alive at time t and now at location x. Finally, the inte-
gral (1.2) totals up the contributions from all parts of the domain. Based on the assumptions above, Gourley and
Kuang [6] discussed the following reaction–diffusion single-species population model with stage structure:

oui
ot

¼ di
o2ui
ox2

þ aum $ cui $ ae$cs
Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffi
4pdis

p e$ðx$yÞ2=4disumðt $ s; yÞdy;

oum
ot

¼ dm
o2um
ox2

þ ae$cs
Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffi
4pdis

p e$ðx$yÞ2=4disumðt $ s; yÞdy $ bu2m

ð1:3Þ

for t > 0 and x 2 ($1,1). In the case of finite domain, through the use of a sub/supersolution pair method, it is shown
in [6] that system (1.3) continue to generate simple global dynamics (the positive solution of system (1.3) uniformly con-
verges to the positive equilibrium). In the case of infinite domain, they also shown the possibility of travelling wavefront
solutions of the scalar equation for the mature population.

Motivated by the work of Gourley and Kuang [6], in the present paper we are concerned with the following reac-
tion–diffusion competitive model with stage structure, harvesting, and nonlocal spatial effect:

ou1
ot

¼ D1
o2u1
ox2

þ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$ðx$yÞ2=4d1s1u1ðt $ s1; yÞdy

$ b1u
2
1ðt; xÞ $ E1u1ðt; xÞ $ a1u1ðt; xÞu2ðt; xÞ;

ov1
ot

¼ d1
o2v1
ox2

þ a1u1 $ c1v1 $ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$ðx$yÞ2=4d1s1u1ðt $ s1; yÞdy;

ou2
ot

¼ D2
o2u2
ox2

þ a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$ðx$yÞ2=4d2s2u2ðt $ s2; yÞdy

$ b2u
2
2ðt; xÞ $ E2u2ðt; xÞ $ a2u1ðt; xÞu2ðt; xÞ;

ov2
ot

¼ d2
o2v2
ox2

þ a2u2 $ c2v2 $ a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$ðx$yÞ2=4d2s2u2ðt $ s2; yÞdy

ð1:4Þ

for t > 0, x 2 ($1,1).
In system (1.4), u1(t,x) and u2(t,x) represent the densities of the mature populations of two species at time t and

location x, respectively; v1(t,x) and v2(t,x) represent the densities of the immature populations of two species at time
t and location x, respectively. The parameters ai, di, Di, Ei, ai, bi, ci, si (i = 1,2) are positive constants, where a1 and
a2 are the rate of competition between the two mature competitors. It is assumed in (1.4) that the competition happens
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only between the mature individuals. E1 and E2 denote, respectively, the harvesting effort on the two mature
populations.

This paper is organized as follows. In the next section, we first introduce some notations and terminology, and show
the existence of a travelling wavefront solution to the two coupled equations of the mature populations (the first and the
third equations in system (1.4)) by using the technique developed by Wu and Zou [23]. In Section 3, in the case of the
domain being finite, by using the coupled lower–upper solution technique developed by Redlinger [17] we investigate
the global convergence of the positive solutions to a stage-structured reaction–diffusion competition model with delays
and nonlocal spatial effect under homogeneous Neumann boundary conditions.

2. Existence of travelling wavefronts

In this section, we discuss the existence of travelling wavefronts of the equations describing the competition between
the adult members of the two species in (1.4), i.e., we study the following subsystem:

ou1
ot

¼ D1
o2u1
ox2

þ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$ðx$yÞ2=4d1s1u1ðt $ s1; yÞdy

$ b1u
2
1ðt; xÞ $ E1u1ðt; xÞ $ a1u1ðt; xÞu2ðt; xÞ;

ou2
ot

¼ D2
o2u2
ox2

þ a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$ðx$yÞ2=4d2s2u2ðt $ s2; yÞdy

$ b2u
2
2ðt; xÞ $ E2u2ðt; xÞ $ a2u1ðt; xÞu2ðt; xÞ

ð2:1Þ

for t > 0, x 2 ($1,1).
System (2.1) always has a trivial equilibrium E0(0,0). If a1e$c1s1 > E1, a2e$c2s2 > E2, then system (2.1) has two semi-

trivial equilibria E&
1ðk1; 0Þ and E&

2ð0; k2Þ, where

k1 ¼
a1e$c1s1 $ E1

b1

; k2 ¼
a2e$c2s2 $ E2

b2

. ð2:2Þ

If b2ða1e$c1s1 $ E1Þ > a1ða2e$c2s2 $ E2Þ > 0, b1ða2e$c2s2 $ E2Þ > a2ða1e$c1s1 $ E1Þ > 0, then system (2.1) has a unique po-
sitive equilibrium E&ðu&1; u&2Þ, where

u&1 ¼
b2ða1e$c1s1 $ E1Þ $ a1ða2e$c2s2 $ E2Þ

b1b2 $ a1a2
;

u&2 ¼
b1ða2e$c2s2 $ E2Þ $ a2ða1e$c1s1 $ E1Þ

b1b2 $ a1a2
.

In the following, we first discuss the local stability of the nonnegative equilibria E&
1 and E&

2 of system (2.1).

Lemma 2.1. If the following hold:

(A1) b2ða1e$c1s1 $ E1Þ > a1ða2e$c2s2 $ E2Þ,
(A2) b1ða2e$c2s2 $ E2Þ < a2ða1e$c1s1 $ E1Þ.

Then the nonnegative equilibrium E&
1ðk1; 0Þ is locally stable and E&

2ð0; k2Þ is unstable.

Proof. For the nonnegative equilibrium E&
1ðk1; 0Þ, we find, after some algebra, that the associated linearized system has

nontrivial solutions of the form (c1,c2)exp(rt + ikx) if and only if the following holds:

f1ðr; k2Þ a1
b1
ða1e$c1s1 $ E1Þ

0 f2ðr; k2Þ

"""""

""""" ¼ 0;

where

f1ðr; k2Þ ¼ r$ a1e$c1s1 e$rs1 e$d1k2s1 þ D1k2 þ 2a1e$c1s1 $ E1;

f2ðr; k2Þ ¼ r$ a2e$c2s2 e$rs2 e$d2k2s2 þ D2k2 þ E2 þ
a2
b1

ða1e$c1s1 $ E1Þ.
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In what follows, by a root we mean a value r̂ðk2Þ satisfying fiðr̂; k2Þ ¼ 0. Clearly, when s1 = 0, equation f1(r,k
2) = 0 has

only one real negative root $D1k
2 $ (a1 $ E1). We now claim for any s1 > 0, the roots of f1(r,k

2) = 0 have only neg-
ative real parts. Suppose that RerP 0. Then it follows that:

Rer ¼ a1e$c1s1 e$s1Re r cosðs1ImrÞe$d1k2s1 $ ½D1k2 þ 2a1e$c1s1 $ E1( 6 $D1k2 $ ½a1e$c1s1 $ E( < 0;

which is a contradiction. Therefore, we have Rer < 0 for all s1 P 0.
We now claim all the roots of f2(r,k

2) = 0 have negative real parts. Suppose otherwise that Rer P 0. Then it follows
that:

Rer ¼ a2e$c2s2 e$s2Re r cosðs2ImrÞe$d2k2s2 $ D2k2 þ E2 þ
a2
b1

ða1e$c1s1 $ E1Þ
# $

6 $D2k2 þ a2e$c2s2 $ E2 $
a2
b1

ða1e$c1s1 $ E1Þ < 0

since (A2) holds. This is a contradiction and hence, we have Rer < 0 for all s2 P 0. Accordingly, it follows by standard
argument that E&

1ðk1; 0Þ is locally stable.
In a similar way, one can verify that the nonnegative equilibrium E&

2ð0; k2Þ is locally unstable if (A1) holds. This
completes the proof. h

Remark. Clearly, if (A1)–(A2) hold, then the positive equilibrium E&ðu&1; u&2Þ is not feasible. However, if
b2ða1e$c1s1 $ E1Þ > a1ða2e$c2s2 $ E2Þ, b1ða2e$c2s2 $ E2Þ > a2ða1e$c1s1 $ E1Þ, we can also discuss the local stability of
the positive equilibrium of system (2.1) using similar arguments to those described in the next section, we omit it here.

In order to investigate the existence of travelling wavefronts of system (2.1), in the following we first summarize some
basic notations and concepts.

Consider the following reaction–diffusion system with time delay:

ouðt; xÞ
ot

¼ D
o2uðt; xÞ

ox2
þ f ðutðxÞÞ; ð2:3Þ

where tP 0, x 2 R, u 2 R2, D = diag(D1,D2) with Di > 0 (i = 1,2); f :C([$s, 0];R2) ! R2 is continuous, and ut(x) is an
element in C([$s, 0];R2)! R2 parameterized by x 2 R and is given by

utðxÞðsÞ ¼ uðt þ s; xÞ; s 2 ½$s; 0(; t P 0; x 2 R.

A travelling wave solution of (2.3) is a solution of the form u(t,x) = /(x + ct), where / 2 C2(R,R2) and c > 0 is a constant
corresponding to the wave speed. On substituting u(t,x) = /(z) 2 R2,z = x + ct with c P 0, we derive from (2.3) that

D/00ðzÞ $ c/0ðzÞ þ fcð/zÞ ¼ 0; z 2 R; ð2:4Þ

where /z(f) = /(f + z), and the function fc: Xc: = C([$cs, 0];R2)! R2 is defined by

fcðwÞ ¼ f ðwcÞ; wcðsÞ ¼ wðcsÞ; s 2 ½$s; 0(.

If, for some c > 0, (2.4) has a monotone (componentwise) solution defined on R satisfying

lim
z!$1

/ðzÞ ¼ u$; lim
z!þ1

/ðzÞ ¼ uþ; ð2:5Þ

where u$ and u+ are equilibria of (2.3). Then u(t,x) = /(x + ct) is called a wave front of system (2.3) with speed c. With-
out loss of generality, we can assume u$ = 0, u+ = K, and seek for travelling wave front solution connecting these two
equilibria.

We look for wave front solutions to system (2.3) in the following profile set:

C& ¼ / 2 CðR;R2Þ :
ðiÞ / is nondecreasing in R;

ðiiÞ lim
z!$1

/ðzÞ ¼ 0; lim
z!þ1

/ðzÞ ¼ K

( )
.

We also need the following definition of upper and lower solutions to system (2.4).

Definition 2.1. A continuous function !/ : R ! R2 is called an upper solution of system (2.4) if !/ is twice differentiable
almost everywhere in R and satisfies

D!/
00ðzÞ $ c!/

0ðzÞ þ fcð!/zÞ 6 0. ð2:6Þ

A lower solution of (2.4) is defined in a similar way by reversing the inequality in (2.6).
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We are now in a position to discuss the existence of travelling wavefronts of system (2.1) by using the upper–lower
solution method and an iteration scheme developed by Wu and Zou [23].

To seek a travelling wave front solution of system (2.1), we set u1(t,x) = /1(z), u2(t,x) = /2(z), where z = x + ct and
c > 0 is the wave speed. Then system (2.1) becomes

D1/
00
1ðzÞ $ c/0

1ðzÞ þ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1/1ðz$ cs1 $ yÞdy

$ b1/
2
1ðzÞ $ E1/1ðzÞ $ a1/1ðzÞ/2ðzÞ ¼ 0;

D2/
00
2ðzÞ $ c/0

2ðzÞ þ a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$y2=4d2s2/2ðz$ cs2 $ yÞdy

$ b2/
2
2ðzÞ $ E2/2ðzÞ $ a2/1ðzÞ/2ðzÞ ¼ 0;

ð2:7Þ

which will be solved subject to the following conditions:

lim
z!$1

/1ðzÞ ¼ 0; lim
z!þ1

/1ðzÞ ¼ k1;

lim
z!$1

/2ðzÞ ¼ k2; lim
z!þ1

/2ðzÞ ¼ 0.
ð2:8Þ

The solution of (2.7) and (2.8) corresponds to the travelling wave fronts of (2.1) connecting two equilibria (0,k2) and
(k1,0).

Now, by making change of variables ~/1 ¼ /1, ~/2 ¼ k2 $ /2 and dropping the tildes, (2.7) and (2.8) become,
respectively,

D1/
00
1ðzÞ $ c/0

1ðzÞ þ fc1ð/zÞ ¼ 0;

D2/
00
2ðzÞ $ c/0

2ðzÞ þ fc2ð/zÞ ¼ 0;
ð2:9Þ

and

lim
z!$1

ð/1ðzÞ;/2ðzÞÞ ¼ ð0; 0Þ :¼ 0;

lim
z!þ1

ð/1ðzÞ;/2ðzÞÞ ¼ ðk1; k2Þ :¼ K;
ð2:10Þ

where

fc1ð/zÞ ¼ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1/1ðz$ cs1 $ yÞdy

$ b1/
2
1ðzÞ $ E1/1ðzÞ $ a1k2/1ðzÞ þ a1/1ðzÞ/2ðzÞ;

fc2ð/zÞ ¼ a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$y2=4d2s2/2ðz$ cs2 $ yÞdy

þ b2/
2
2ðzÞ $ ð2b2k2 þ E2Þ/2ðzÞ þ a2k2/1ðzÞ $ a2/1ðzÞ/2ðzÞ.

ð2:11Þ

Denote

D1ðk; cÞ ¼ a1e$c1s1 ed1s1k
2$cs1k $ ðE1 þ a1k2 þ ck$ D1k

2Þ;

D2ðk; cÞ ¼ a2e$c2s2 ed2s2k
2$cs2k $ ðE2 þ a2k1 þ ck$ D2k

2Þ.
ð2:12Þ

In the following we discuss the property of the roots of equations D1(k,c) = 0 and D2(k,c) = 0.

Lemma 2.2. Let (A1)–(A2) hold and D1(k, c) and D2(k, c) be defined by (2.12).

(i) There exists a c*(s1,a1,a1,c1,E1,d1,D1,k2) > 0 such that for c > c* the equation D1(k, c) = 0 has two positive real
roots 0 < k1 < k2 and

D1ðk; cÞ
> 0 for k < k1;

< 0 for k 2 ðk1; k2Þ;
> 0 for k > k2.

8
><

>:
ð2:13Þ
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(ii) The equation D2(k, c) = 0 has a negative real root k3 and a positive real root k4 and

D2ðk; cÞ

> 0 for k < k3;

< 0 for k 2 ðk3; k4Þ;

> 0 for k > k4.

8
>><

>>:
ð2:14Þ

Proof

(i) We note that if c = 0, then

D1ðk; 0Þ ¼ a1e$c1s1 ed1s1k
2 $ ðE1 þ a1k2 $ D1k

2Þ.

By (A1) we have a1e$c1s1 > E1 þ a1k2. Hence, D1(k, 0) = 0 has no real roots. By continuity, for sufficiently small c > 0,
D1(k,c) = 0 still has no real roots.We now consider the critical situation: the curves y1ðkÞ ¼ a1e$c1s1 ed1s1k

2$cs1k and
y2(k) = E1 + a1k2 + ck $ D1k

2 touch. In this case, we are concerned with

D1ðk; cÞ ¼ 0;
o
ok

D1ðk; cÞ ¼ 0. ð2:15Þ

It follows from (2.15) that:

gðkÞ ¼ 2d1D1s1k
3 $ ðD1cs1 þ 2d1cs1Þk2 þ ½c2s1 $ 2d1s1ðE1 þ a1k2Þ $ 2D1(kþ cs1ðE1 þ a1k2Þ þ c ¼ 0.

Clearly, the equation g(k) = 0 has a real negative root. Denote

k0 ¼
cþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ 4D1ðE1 þ a1k2Þ

p

2D1
.

It is easy to verify that g(k0) < 0. We therefore know that g(k) = 0 has two positive real roots k&1 and k&2 satisfying
0 < k&1 < k0 < k&2. We note that y2ðk

&
2Þ < y2ðk0Þ ¼ 0. Hence, only k&1 is a repeated root of D1(k,c) = 0. On substituting

k&1 into D1(k,c) = 0, one can get c* > 0 implicitly. Therefore, if c > c*, then the equation D1(k,c) = 0 will have two real
positive roots satisfying (2.13).

(ii) Denote h1ðkÞ ¼ a2e$c2s2 ed2s2k
2$cs2k, h2(k) = E2 + a2k1 + ck $ D2k

2. By (A2) we have h1ð0Þ ¼ a2e$c2s2 < h2ð0Þ ¼
E2 þ a2k1. Therefore, D2(k,c) = 0 admits one real negative root and one real positive root satisfying (2.14).
The proof is complete. h

Taking

d1 > a1k2 þ 2b1k1 þ E1; d2 > a2k1 þ 2b2k2 þ E2; ð2:16Þ

we define

H &ð/ÞðzÞ ¼ fcð/zÞ þ d/ðzÞ; / 2 CðR;R2Þ; z 2 R. ð2:17Þ

where d = (d1,d2). The operator H* has the following properties:

Lemma 2.3. For any / 2 C*, we have

(i) H*(/)(z) P 0 for all z 2 R;
(ii) H*(/)(z) is nondecreasing in z 2 R;
(iii) H*(w)(z) 6 H*(/)(z) for all z 2 R, provided that /, w 2 C(R;R2) is such that 0 6 w(z) 6 /(z) 6 K for z 2 R.

Proof. Let H &ð/ÞðzÞ ¼ ðH &
1ð/ÞðzÞ;H &

2ð/ÞðzÞÞ.

(i) Noting that for "z 2 R,
Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1/1ðz$ cs1 $ yÞdy P 0;
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we derive that

H &
1ð/ÞðzÞ ¼ fc1ð/zÞ þ d1/1ðzÞ P d1/1ðzÞ $ b1/

2
1ðzÞ $ E1/1ðzÞ $ a1k2/1ðzÞ þ a1/1ðzÞ/2ðzÞ

P d1/1ðzÞ $ b1k1/1ðzÞ $ E1/1ðzÞ $ a1k2/1ðzÞ ¼ ðd1 $ b1k1 $ a1k2 $ E1Þ/1ðzÞ P 0.

In a similar way we can obtain that H &
2ð/ÞðzÞ P 0.

(ii) Let z1 > z2. It follows that:

H &
1ð/Þðz1Þ $ H &

1ð/Þðz2Þ ¼ fc1ð/z1Þ $ fc1ð/z2Þ þ d1ð/1ðz1Þ $ /1ðz2ÞÞ

¼ d1ð/1ðz1Þ $ /1ðz2ÞÞ þ a1e$c1s1

)
Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1 ) ½/1ðz1 $ cs1 $ yÞ $ /1ðz2 $ cs1 $ yÞ(
% &

dy

$ b1½/2
1ðz1Þ $ /2

1ðz2Þ( $ ðE1 þ a1k2Þ½/1ðz1Þ $ /1ðz2Þ( þ a1½/1ðz1Þ/2ðz1Þ $ /1ðz2Þ/2ðz2Þ(

P d1ð/1ðz1Þ $ /1ðz2ÞÞ $ b1ð/1ðz1Þ þ /1ðz2ÞÞð/1ðz1Þ $ /1ðz2ÞÞ

$ ðE1 þ a1k2Þ½/1ðz1Þ $ /1ðz2Þ(

P ðd1 $ 2b1k1 $ E1 $ a1k2Þð/1ðz1Þ $ /1ðz2ÞÞ P 0.

Similarly, we can derive H &
1ð/Þðz1Þ $ H &

1ð/Þðz2Þ P 0. Therefore, H*(/)(z) is nondecreasing in z 2 R.
(iii) Let /,w 2 C* be such that 0 6 w(z) 6 /(z) 6 K for z 2 R. It follows that:

H &
1ð/ÞðzÞ $ H &

1ð/ÞðzÞ ¼ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1 ) ½/1ðz$ cs1 $ yÞ $ w1ðz$ cs$ yÞ(
% &

dy

$ b1½/
2
1ðzÞ $ w2

1ðzÞ( $ E1ð/1ðzÞ $ w1ðzÞÞ $ a1k2ð/1ðzÞ $ w1ðzÞÞ
þ a1ð/1ðzÞ/2ðzÞ $ w1ðzÞw2ðzÞÞ þ d1ð/1ðzÞ $ w1ðzÞÞ

P $b1½/
2
1ðzÞ $ w2

1ðzÞ( $ E1ð/1ðzÞ $ w1ðzÞÞ $ a1k2ð/1ðzÞ $ w1ðzÞÞ þ d1ð/1ðzÞ $ w1ðzÞÞ
P ðd1 $ 2b1k1 $ E1 $ a1k2Þð/1ðzÞ $ w1ðzÞÞ P 0.

In a similar way, we can derive H &
2ð/ÞðzÞ P H &

2ðwÞðzÞ for z 2 R. This completes the proof. h

We note that (2.9) is equivalent to the following system:

D1/
00
1ðzÞ $ c/0

1ðzÞ $ d1/1ðzÞ þ H &
1ð/ÞðzÞ ¼ 0;

D2/
00
2ðzÞ $ c/0

2ðzÞ $ d2/2ðzÞ þ H &
2ð/ÞðzÞ ¼ 0.

ð2:18Þ

We now assume that an upper solution !/ 2 C& and a lower solution / (which is not necessarily in C*) of (2.18) are given
(we shall construct such a pair later in this section) so that

(B1) 0 6 /ðzÞ 6 !/ðzÞ 6 K for all z 2 R;
(B2) /(z)5 0.

Consider the following iteration scheme:

cx0nðzÞ ¼ Dx00nðzÞ $ dxnðzÞ þ H &ðxn$1ÞðzÞ; z 2 R; n ¼ 1; 2; . . . ð2:19Þ

with the boundary conditions

lim
z!$1

xnðzÞ ¼ 0; lim
z!þ1

xnðzÞ ¼ K; ð2:20Þ

where x0 ¼ !/, D = (D1,D2), d = (d1d2), xn(z) = (xn1(z),xn2(z)).
Solving (2.19) and (2.20) for n = 1,2, . . . , we get a sequence of functions fxng1n¼1, given by

x0iðzÞ ¼ !/iðzÞ; z 2 R;

xniðzÞ ¼
1

Diðk2i $ k1iÞ

Z t

$1
ek1iðz$sÞH &

i ðxn$1ÞðsÞdsþ
Z 1

t
ek2iðz$sÞH &

i ðxn$1ÞðsÞds
# $

;
ð2:21Þ
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where i = 1,2; n = 1,2, . . . ; z 2 R, and

k1i ¼
c$

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ 4diDi

p

2Di
; k2i ¼

cþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þ 4diDi

p

2Di
. ð2:22Þ

Using Lemma 2.3, we can establish the following result (see, [23], Lemmas 3.3–3.4 and Proposition 3.5).

Theorem 2.1. The sequence of functions fxng1n¼1 satisfies

(a) xn 2 C* for all n = 1,2, . . . ;
(b) /ðzÞ 6 xnðzÞ 6 xn$1ðzÞ 6 !/ðzÞ for all n = 1,2, . . . and z 2 R;
(c) each xn is an upper solution of (2.19);
(d) x(z) :¼ limn!1xn(z) is nondecreasing and is a solution of (2.19) and (2.20).

From Theorem 2.1, we see that the existence of travelling wave fronts for system (2.1) follows from the existence of a
pair of upper and lower solutions of (2.19) (or (2.9)) satisfying (B1)–(B2). We now construct such a pair of upper and
lower solutions for (2.18) (or (2.9)). We shall use the same upper–lower solutions as in [3]. However, here we need to
tackle in detail the nonlocal terms

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4pdisi

p e$y2=4disi/iðz$ csi $ yÞdy ði ¼ 1; 2Þ.

Define

!/1ðzÞ ¼
k1ek1z; z 6 0;

k1; z > 0;

%
!/2ðzÞ ¼

k2ek1z; z 6 0;

k2; z > 0;

%

We now claim that if D2(k1,c) 6 2(b2k2 $ a2 k1), !/ðzÞ ¼ ð!/1ðzÞ; !/2ðzÞÞ is an upper solution of (2.9).
Clearly, !/ðzÞ 2 C&.

(i) If z > 0, then !/1ðzÞ ¼ k1, !/2ðzÞ ¼ k2. Noting that !/1ðzÞ 6 k1 for z 6 0, it follows that:

D1
!/
00
1ðzÞ $ c!/

0
1ðzÞ þ fc1ð!/zÞ 6 a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1 !/1ðz$ cs1 $ yÞdy $ b1k
2
1 $ E1k1 $ a1k1k2 þ a1k1k2

6 k1a1e$c1s1 $ b1k
2
1 $ E1k1 ¼ 0.

Similarly, we have

D2
!/
00
2ðzÞ $ c!/

0
2ðzÞ þ fc2ð!/zÞ 6 0.

(ii) For z 6 0, we have !/1ðzÞ ¼ k1ek1z; !/2ðzÞ ¼ k2ek1z. On substituting into (2.9), we derive that

D1
!/
00
1ðzÞ $ c!/

0
1ðzÞ þ fc1ð!/zÞ ¼ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1 !/1ðz$ cs1 $ yÞdy þ D1k1k
2
1e

k1z $ ck1k1ek1z $ b1k
2
1e

2k1z

$ E1k1ek1z $ a1k1k2ek1z þ a1k1k2e2k1z.

We note that if z $ cs1 6 y, then !/1ðz$ cs1 $ yÞ ¼ k1ek1ðz$cs1$yÞ; if z $ cs1 > y, then !/1ðz$ cs1 $ yÞ ¼ k1 6 k1ek1ðz$cs1$yÞ.
It therefore follows that:

D1
!/
00
1ðzÞ $ c!/

0
1ðzÞ þ fc1ð!/zÞ 6 a1k1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1 ek1ðz$cs1$yÞ dy þ D1k1k
2
1e

k1z $ ck1k1ek1z $ b1k
2
1e

2k1z

$ E1k1ek1z $ a1k1k2ek1z þ a1k1k2e2k1z

¼ a1k1e$c1s1 ed1s1k
2
1þk1ðz$cs1Þ þ D1k1k

2
1e

k1z $ ck1k1ek1z $ b1k
2
1e

2k1z $ E1k1ek1z $ a1k1k2ek1z

þ a1k1k2e2k1z

¼ k1ek1z½a1e$c1s1 ed1s1k
2
1$cs1k1 þ D1k

2
1 $ ck1 $ E1 $ a1k2( þ k1e2k1zða1k2 $ b1k1Þ

¼ k1ek1zD1ðk1; cÞ þ k1e2k1zða1k2 $ b1k1Þ ¼ k1e2k1zða1k2 $ b1k1Þ.

By (A2) we see that a1k2 < b1k1. We therefore have

D1
!/
00
1ðzÞ $ c!/

0
1ðzÞ þ fc1ð!/zÞ 6 0.
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In a similar way, for !/2ðzÞ, we derive that

D2
!/
00
2ðzÞ $ c!/

0
2ðzÞ þ fc2ð!/zÞ ¼ a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$y2=4d2s2 !/2ðz$ cs2 $ yÞdy þ D2k2k
2
1e

k1z $ ck2k1ek1z þ b2k
2
2e

2k1z

$ ð2b2k2 þ E2Þk2ek1z þ a2k2k1ek1z $ a2k1k2e2k1z

6 a2e$c2s2

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd2s2

p e$y2=4d2s2 ek1ðz$cs2$yÞ dy þ D2k2k
2
1e

k1z $ ck2k1ek1z þ b2k
2
2e

2k1z

$ ð2b2k2 þ E2Þk2ek1z þ a2k2k1ek1z $ a2k1k2e2k1z

¼ k2ek1z½a2e$c2s2 ed2s2k
2
1$cs2k1 þ D2k

2
1 $ ck1 $ 2b2k2 $ E2 þ a2k1( þ k2e2k1zðb2k2 $ a2k1Þ

¼ k2ek1zðD2ðk1; cÞ $ 2b2k2 þ 2a2k1Þ þ k2e2k1zðb2k2 $ a2k1Þ.

Noting that b2k2 $ a2k1 < 0, if D2(k1,c) 6 2(b2k2 $ a2k1), then we have

D2
!/
00
2ðzÞ $ c!/

0
2ðzÞ þ fc2ð!/zÞ 6 0.

Hence, if D2(k1,c) 6 2(b2k2 $ a2k1), !/ðzÞ ¼ ð!/1ðzÞ, !/2ðzÞÞ is an upper solution of (2.9).

We now construct a lower solution of (2.9). Choose e > 0 sufficiently small satisfying k1 < k1 + e < k2. LetM > 1 be a
constant to be chosen later. Define

/1ðzÞ ¼
ð1$MeezÞek1z; z < z1;

0; z P z1;

%
/2ðzÞ ¼ 0;

where z1 = $ (1/e)lnM < 0. Clearly, /(z)P 0 for all z 2 R.
For z > z1, /1(z) = 0, and hence

D1/
00
1
ðzÞ $ c/0

1
ðzÞ þ fc1ð/zÞ ¼ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1/1ðz$ cs1 $ yÞdy P 0.

For z < z1,

/1ðzÞ ¼ ½1$Meez(ek1z;
/0

1
ðzÞ ¼ ½k1 $Mðk1 þ eÞeez(ek1z;

/00
1
ðzÞ ¼ ½k21 $Mðk1 þ eÞ2eez(ek1z.

Therefore, it follows that:

D1/
00
1
ðzÞ $ c/0

1
ðzÞ þ fc1ð/zÞ ¼ D1½k21 $Mðk1 þ eÞ2eez(ek1z $ c½k1 $Mðk1 þ eÞeez(ek1z

þ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1/1ðz$ cs1 $ yÞdy $ b1½1$Meez(2e2k1z

$ ðE1 þ a1k2Þ½1$Meez(ek1z.

We note that if z $ cs1 $ z1 < y, /1ðz$ cs1 $ yÞ ¼ ½1$Meeðz$cs1$yÞ(ek1ðz$cs1$yÞ; if z$ cs1 $ z1 P y; /1ðz$ cs1 $ yÞ ¼
0 P ½1$Meeðz$cs1$yÞ(ek1ðz$cs1$yÞ. We therefore have

D1/
00
1
ðzÞ $ c/0

1
ðzÞ þ fc1ð/zÞ P D1½k21 $Mðk1 þ eÞ2eez(ek1z $ c½k1 $Mðk1 þ eÞeez(ek1z

þ a1e$c1s1

Z 1

$1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4pd1s1

p e$y2=4d1s1 ) ½1$Meeðz$cs1$yÞ(ek1ðz$cs1$yÞ
% &

dy

$ b1½1$Meez(2e2k1z $ ðE1 þ a1k2Þ½1$Meez(ek1z

¼ ek1z½D1k
2
1 $ ck1 þ a1e$c1s1 ed1s1k

2
1$cs1k1 $ E1 $ a1k2( $Mek1zeez½D1ðk1 þ eÞ2 $ cðk1 þ eÞ

þ a1e$c1s1 ed1s1ðk1þeÞ2$cs1ðk1þeÞ $ E1 $ a1k2( $ b1½1$Meez(2e2k1z

¼ ek1zD1ðk1; cÞ $Mek1zeezD1ðk1 þ e; cÞ $ b1½1$Meez(2e2k1z

¼ $Mek1zeezD1ðk1 þ e; cÞ $ b1½1$Meez(2e2k1z.
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Since z < z1 < 0 and e < k1, we have ek1z < eez, and

ð1$MeezÞ2 6 ð1þMeezÞ2 6 ð1þMeez1Þ2 ¼ ð1þ 1Þ2 ¼ 4.

We therefore derive that

D1/
00
1
ðzÞ $ c/0

1
ðzÞ þ fc1ð/zÞ P eðk1þeÞzf$MD1ðk1 þ e; cÞ $ 4b1g ¼ $eðk1þeÞzD1ðk1 þ e; cÞ M $ 4b1

$D1ðk1; cÞ

% &
.

By the choice of e > 0, we have D1(k1 + e,c) < 0. If we choose

M >
4b1

$D1ðk1; cÞ
;

then it follows that:

D1/
00
1
ðzÞ $ c/0

1
ðzÞ þ fc1ð/zÞ P 0.

For /2(z), the proof is trivial. Therefore, for such a M > 1, /(z) is a lower solution of (2.9).
From what has been discussed above, we can conclude the following result.

Theorem 2.2. In addition to (A1)–(A2), assume that D2(k1, c) 6 2(b2k2 $ a2k1). For every c > c*, regardless of the value of
s1 P 0, s2 P 0, (2.1) always has a travelling wave front with speed c connecting two nonnegative uniform equilibria
E&
1ðk1; 0Þ and E&

2ð0; k2Þ.

3. Global convergence

In this section, based on the work of Gourley and Kuang [6], we shall extend system (1.4) to a stage structured com-
petitive model with nonlocal spatial effect in the case of the domain being finite with homogeneous Neumann boundary
conditions. Such boundary conditions model a closed environment with reflecting boundaries, i.e., individuals cannot
leave the domain. Referring to [6] we see that, for the case of a finite spatial domain 0 6 x 6 p, the delayed term
ae$csum(t $ s) in system (1.1) detailed in Section 1 cannot be replaced by expression (1.3) because the arguments that
led to that expression assumed the domain to be infinite. Thus, in [6], the second equation of (1.3) was replaced by

oum
ot

¼ dm
o2um
ox2

þ ae$cs
Z p

0

Gðx; y; sÞumðt $ s; yÞdy $ bu2m; t > 0; 0 < x < p ð3:1Þ

with boundary conditions

oum
ox

ðt; 0Þ ¼ oum
ox

ðt; pÞ ¼ 0; t > 0; ð3:2Þ

and initial conditions

umðt; xÞ ¼ /ðt; xÞ for ðt; xÞ 2 ½$s; 0( ) ½0; p(. ð3:3Þ

In (3.1), the kernel G(x,y, t) is of the form

Gðx; y; tÞ ¼ 1

p
þ 2

p

X1

n¼1

e$din2 t cos nx cos ny; ð3:4Þ

which is the solution of

oG
ot

¼ di
o2G
ox2

; 0 < x < p ð3:5Þ

subject to

oG
ox

¼ 0 at x ¼ 0; p and Gðx; y; 0Þ ¼ dðx$ yÞ. ð3:6Þ

Gourley and Kuang [6] discussed the global convergence of positive solutions of problem ((3.1)–(3.3)). For convenience
of use, we restate their result here.
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Theorem 3.1. Let the initial function / be Hölder continuous in [$s, 0] · [0,p] and satisfy / P 0 with / 5 0. Assume
that a,b > 0 and c,s P 0. Then problem (3.1,3.2,3.3) has a unique positive solution um(t,x) satisfying

lim
t!þ1

umðt; xÞ ¼
a
b
e$cs

uniformly for x 2 [0,p].

Motivated by the work of Gourley and Kuang [6], in this section, we shall study the following stage-structured com-
petition model with nonlocal spatial effect:

ou1
ot

¼ D1
o2u1
ox2

þ a1e$c1s1

Z p

0

G1ðx; y; s1Þu1ðt $ s1; yÞdy $ b1u
2
1ðt; xÞ $ a1u1ðt; xÞu2ðt; xÞ;

ov1
ot

¼ d1
o2v1
ox2

þ a1u1 $ c1v1 $ a1e$c1s1

Z p

0

G1ðx; y; s1Þu1ðt $ s1; yÞdy;

ou2
ot

¼ D2
o2u2
ox2

þ a2e$c2s2

Z p

0

G2ðx; y; s2Þu2ðt $ s2; yÞdy $ b2u
2
2ðt; xÞ $ a2u1ðt; xÞu2ðt; xÞ;

ov2
ot

¼ d2
o2v2
ox2

þ a2u2 $ c2v2 $ a2e$c2s2

Z p

0

G2ðx; y; s2Þu2ðt $ s2; yÞdy

ð3:7Þ

for t > 0, x 2 (0,p), where s = max{s1,s2}, with boundary conditions

ou1
ox

ðt; 0Þ ¼ ou2
ox

ðt; 0Þ ¼ ov1
ox

ðt; 0Þ ¼ ov2
ox

ðt; 0Þ ¼ 0;

ou1
ox

ðt; pÞ ¼ ou2
ox

ðt; pÞ ¼ ov1
ox

ðt; pÞ ¼ ov2
ox

ðt; pÞ ¼ 0
ð3:8Þ

for t > 0, and the initial conditions

uiðt; xÞ ¼ /iðt; xÞ; viðt; xÞ ¼ wiðt; xÞ ði ¼ 1; 2Þ for ðt; xÞ 2 ½$s; 0( ) ½0; p(. ð3:9Þ

In (3.7), G1(x,y, t) and G2(x,y, t) are solutions of problem (3.5) and (3.6) with di = d1 and di = d2, respectively. The
parameters ai, di, Di, Ei, ai, bi, ci, and si are positive constants, i = 1,2.

In order to discuss the global convergence of problem ((3.7)–(3.9)), we first consider the following subsystem of sys-
tem (3.7) for the adult members of the two species in competition:

ou1
ot

¼ D1
o2u1
ox2

þ a1e$c1s1

Z p

0

G1ðx; y; s1Þu1ðt $ s1; yÞdy $ b1u
2
1ðt; xÞ $ a1u1ðt; xÞu2ðt; xÞ;

ou2
ot

¼ D2
o2u2
ox2

þ a2e$c2s2

Z p

0

G2ðx; y; s2Þu2ðt $ s2; yÞdy $ b2u
2
2ðt; xÞ $ a2u1ðt; xÞu2ðt; xÞ;

ð3:10Þ

for t > 0, x 2 (0,p) with boundary conditions

ou1
ox

ðt; 0Þ ¼ ou2
ox

ðt; 0Þ ¼ ou1
ox

ðt; pÞ ¼ ou2
ox

ðt; pÞ ¼ 0; ð3:11Þ

for t > 0 and the initial conditions

u1ðt; xÞ ¼ /1ðt; xÞ; u2ðt; xÞ ¼ /2ðt; xÞ; ð3:12Þ

for (t,x) 2 [$s, 0] · [0,p].
System (3.10) always has a trivial uniform equilibrium E&

0ð0; 0Þ and two nonnegative semi-trivial uniform equilibria
E&
1ða1e$c1s1=b1; 0Þ and E&

2ð0; a2e$c2s2=b2Þ. If the following hold:

(C1) b2a1e
$c1s1 > a1a2e$c2s2 ,

(C2) b1a2e
$c2s2 > a2a1e$c1s1 ,

then system (3.10) also admits a unique positive uniform equilibrium E&ðu&1; u&2Þ, where

u&1 ¼
b2a1e

$c1s1 $ a1a2e$c2s2

b1b2 $ a1a2
;

u&2 ¼
b1a2e

$c2s2 $ a2a1e$c1s1

b1b2 $ a1a2
.
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We note that if (C1)–(C2) hold, then b1b2 > a1a2. In this case it is easy to show that the equilibrium E&
0ð0; 0Þ is unstable.

In the following, we first study the local stability of the positive equilibrium E*.

Lemma 3.1. (i) If (C1)–(C2) hold, then the positive equilibrium E* of system (3.10) is locally stable.

Proof. We find, after some algebra, that the linearized equations have nontrivial solutions of the form
ðc1; c2Þert cos nx ðn ¼ 0; 1; . . .Þ if and only if the following holds:

BðrÞ :¼
g1ðr; n2Þ a1u&1
a2u&2 g2ðr; n2Þ

""""

"""" ¼ 0; ð3:13Þ

where

g1ðr; n2Þ ¼ r$ a1e$c1s1 e$rs1 e$d1n2s1 þ D1n2 þ 2bu&1 þ a1u&2;

g2ðr; n2Þ ¼ r$ a2e$c2s2 e$rs2 e$d2n2s2 þ D2n2 þ 2b2u
&
2 þ a2u&1.

We now claim that if (C1)–(C2) hold, then the positive equilibrium E&ðu&1; u&2Þ is locally stable. In order to do so we
therefore need to show the roots of B(r) = 0 must have negative real parts. Let r = l + im, where l and m are real num-
bers. Denote

A1 ¼ l$ a1e$c1s1 e$d1n2s1 e$ls1 cosðms1Þ þ D1n2 þ 2b1u
&
1 þ a1u&2;

B1 ¼ mþ a1e$c1s1 e$d1n2s1 e$ls1 sinðms1Þ;

A2 ¼ l$ a2e$c2s2 e$d2n2s2 e$ls2 cosðms2Þ þ D2n2 þ 2b2u
&
2 þ a2u&1;

B2 ¼ mþ a2e$c2s2 e$d2n2s2 e$ls2 sinðms2Þ.

On substituting r = l + im into (3.13) gives

A1A2 $ B1B2 ¼ a1a2u&1u
&
2 and A1B2 þ A2B1 ¼ 0.

It therefore follows that:

ða1a2u&1u
&
2Þ

2 ¼ ðA1A2 $ B1B2Þ2 ¼ ðA1A2Þ2 þ ðB1B2Þ2 $ 2A1A2B1B2 ¼ ðA1A2Þ2 þ ðB1B2Þ2 þ 2ðA1B2Þ2;

which yields

ða1a2u&1u
&
2Þ

2 P ðA1A2Þ2.

If l P 0, then we have

A1 ¼ l$ a1e$c1s1 e$d1n2s1 e$ls1 cosðms1Þ þ D1n2 þ 2b1u
&
1 þ a1u&2 > $a1e$c1s1 þ 2b1u

&
1 þ a1u&2 ¼ b1u

&
1.

Similarly, A2 > b2u&2. And hence A1A2 > a1a2u&1u
&
2. It follows that:

ða1a2u&1u
&
2Þ

2 P ðA1A2Þ2 > ðb1b2u
&
1u

&
2Þ

2;

which is a contradiction. Hence, l < 0, i.e., the positive equilibrium E&ðu&1; u&2Þ is locally stable. This completes the
proof. h

Similarly, we can derive the following results for the local stability of the nonnegative equilibria E&
1 and E&

2,
respectively.

Lemma 3.2. The nonnegative equilibrium E&
1 is locally stable if

(D1)
a1e$c1s1

a2e$c2s2
>

b1

a2
and

a1e$c1s1

a2e$c2s2
>

a1
b2

.

Lemma 3.3. The nonnegative equilibrium E&
2 is locally stable if

(D2)
a1e$c1s1

a2e$c2s2
<

b1

a2
and

a1e$c1s1

a2e$c2s2
<

a1
b2

.

In order to study the global convergence of the positive solutions to problem (3.10)–(3.12), we need the following
concept and results.
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Definition 3.1. A pair of smooth functions ~u ¼ ð~u1; ~u2Þ and û ¼ ðû1; û2Þ are called coupled upper–lower solutions of
(3.10)–(3.12), if ~ui P ûi ði ¼ 1; 2Þ in [$s,1) · [0,p], and if for all ûi 6 /i 6 ~ui, the following differential inequalities
hold:

o~u1
ot

P D1
o2~u1
ox2

þ a1e$c1s1

Z p

0

G1ðx; y; s1Þ/1ðt $ s1; yÞdy $ b1~u
2
1ðt; xÞ $ a1~u1ðt; xÞû2ðt; xÞ;

o~u2
ot

P D2
o2~u2
ox2

þ a2e$c2s2

Z p

0

G2ðx; y; s2Þ/2ðt $ s2; yÞdy $ b2~u
2
2ðt; xÞ $ a2û1ðt; xÞ~u2ðt; xÞ;

oû1
ot

6 D1
o2û1
ox2

þ a1e$c1s1

Z p

0

G1ðx; y; s1Þ/1ðt $ s1; yÞdy $ b1û
2
1ðt; xÞ $ a1û1ðt; xÞ~u2ðt; xÞ;

oû2
ot

6 D2
o2û2
ox2

þ a2e$c2s2

Z p

0

G2ðx; y; s2Þ/2ðt $ s2; yÞdy $ b2û
2
2ðt; xÞ $ a2~u1ðt; xÞû2ðt; xÞ;

oûi
ox

ðt; 0Þ P 0;
oûi
ox

ðt; pÞ 6 0;
o~ui
ox

ðt; 0Þ 6 0;
o~ui
ox

ðt; pÞ P 0 ði ¼ 1; 2Þ; t > 0;

ûiðt; xÞ 6 /iðt; xÞ 6 ~uiðt; xÞ ði ¼ 1; 2Þ; ðt; xÞ 2 ½$s; 0( ) ½0; p(.

ð3:14Þ

With the definition of a pair of coupled upper–lower solutions, we can state the following result from Redlinger [17].

Lemma 3.4. If there exist a pair of upper–lower solutions û, ~u of system (3.10), then the problem (3.10)–(3.12) has a unique
solution (u1(t,x), u2(t,x)) satisfying ûi 6 ui 6 ~ui ði ¼ 1; 2Þ in [$s,1) · [0,p].

For given (/1,/2), choose positive constants K1, K2 such that

K1 P max k/1k;
a1e$c1s1

b1

% &
; K2 P max k/2k;

a2e$c2s2

b2

% &
; ð3:15Þ

where k/ik = max(t,x)2[$s,0]·[0,p]j/i(t,x)j, i = 1,2. Then it is easy to see that (0,0) and (K1,K2) are a pair of coupled low-
er–upper solutions of (3.10). By Lemma (3.4), we see that problem (3.10)–(3.12) admits a unique solution (u1,u2) sat-
isfying 0 6 ui 6 Ki (i = 1,2). Moreover, by using the maximum principle, it is easy to show that (u1,u2) is positive in
(0,1) · [0,p] if /i P 0, /i(0,x)5 0 (i = 1,2).

Lemma 3.5. Consider the following equation:

ou
ot

¼ d
o2u
ox2

þ a
Z p

0

Gðx; y; sÞuðt $ s; yÞdy $ buðt; xÞ $ cu2ðt; xÞ ð3:16Þ

for t > 0, x 2 (0,p) with boundary conditions

ou
ox

ðt; 0Þ ¼ ou
ox

ðt; pÞ ¼ 0; t > 0 ð3:17Þ

and initial conditions

uðt; xÞ ¼ /ðt; xÞ for ðt; xÞ 2 ½$s; 0( ) ½0; p(; ð3:18Þ

where G(x,y, t) is given by (3.4), the parameters a, b, c, d are positive constants, s P 0 is a constant. Let / be Hölder con-
tinuous in [$s, 0] · [0,p] and satisfy / P 0, /(0,x)5 0. Assume u(t,x) is the solution of problem ((3.16)–(3.18)). We
have

(i) If a > b, then limt!+1u(t,x) = (a $ b)/c uniformly for x 2 [0,p].
(ii) If a < b, then limt!+1u(t,x) = 0.

The proof of Lemma 3.5 is very similar to that of Theorem 3.1 developed by Gourley and Kuang [6]. We therefore
omit it here.

We are now in a position to state and prove our result on the global convergence of positive solution of problem
(3.10)–(3.12).

Theorem 3.2. Let the initial functions /1(t,x) and /2(t,x) be Hölder continuous in [$s, 0] · [0,p], and /1, /2 P 0,
/1(0,x)5 0, /2(0,x)5 0. Let (C1)–(C2) hold. Then problem (3.10)–(3.12) has a unique positive solution (u1(t,x),u2(t,x))
satisfying
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lim
t!þ1

u1ðt; xÞ ¼ u&1; lim
t!þ1

u2ðt; xÞ ¼ u&2

uniformly for x 2 [0,p].

Proof. Let (u1(t,x),u2(t,x)) be the positive regular solution of problem (3.10)–(3.12). Denote

U 1 ¼ lim sup
t!þ1

max
x2½0;p(

u1ðt; xÞ; V 1 ¼ lim inf
t!þ1

min
x2½0;p(

u1ðt; xÞ;

U 2 ¼ lim sup
t!þ1

max
x2½0;p(

u2ðt; xÞ; V 2 ¼ lim inf
t!þ1

min
x2½0;p(

u2ðt; xÞ.

In the following, we shall claim U 1 ¼ V 1 ¼ u&1, U 2 ¼ V 2 ¼ u&2.
Define ð!uð1Þ1 ðt; xÞ; !uð1Þ2 ðt; xÞÞ by

o!uð1Þ1

ot
¼ D1

o2!uð1Þ1

ox2
þ a1e$c1s1

Z p

0

G1ðx; y; s1Þ!uð1Þ1 ðt $ s1; yÞdy $ b1ð!u
ð1Þ
1 ðt; xÞÞ2; t > 0; x 2 ð0; pÞ;

o!uð1Þ2

ot
¼ D2

o2!uð1Þ2

ox2
þ a2e$c2s2

Z p

0

G2ðx; y; s2Þ!uð1Þ2 ðt $ s2; yÞdy $ b2ð!u
ð1Þ
2 ðt; xÞÞ2; t > 0; x 2 ð0; pÞ;

o!uð1Þ1

ox
¼ o!uð1Þ2

ox
¼ 0; t > 0; x ¼ 0; p;

!uð1Þ1 ðt; xÞ ¼ K1; !uð1Þ2 ðt; xÞ ¼ K2; ðt; xÞ 2 ½$s; 0( ) ½0; p(;

ð3:19Þ

where K1 and K2 are defined in (3.15). Clearly, (0,0) and ð!uð1Þ1 ; !uð1Þ2 Þ are a pair of lower–upper solutions of problem
(3.10)–(3.12). By Lemma 3.4, we derive

0 < u1ðt; xÞ 6 !uð1Þ1 ðt; xÞ; 0 < u2ðt; xÞ 6 !uð1Þ2 ðt; xÞ.

By Lemma 3.5, it follows from (3.19) that:

lim
t!þ1

!uð1Þi ðt; xÞ ¼ aie$cisi

bi
ði ¼ 1; 2Þ uniformly for x 2 ½0; p(. ð3:20Þ

Hence, for "e > 0 sufficiently small, there is a T11 > 0 such that if t > T11,

max
x2½0;p(

!uð1Þi ðt; xÞ < Mui
1 þ e ði ¼ 1; 2Þ; ð3:21Þ

where Mui
1 ¼ aie$cisi=bi ði ¼ 1; 2Þ.

Since this is true for any e > 0 sufficiently small, we conclude that

U i ¼ lim sup
t!þ1

max
x2½0;p(

uiðt; xÞ 6
aie$cisi

bi
:¼ Mui

1 ði ¼ 1; 2Þ. ð3:22Þ

Let uð1Þ1 ðt; xÞ; uð1Þ2 ðt; xÞ be the solution of

ouð1Þ1

ot
¼D1

o2uð1Þ1

ox2
þa1e$c1s1

Z p

0

G1ðx;y;s1Þuð1Þ1 ðt$ s1;yÞdy$b1ðu
ð1Þ
1 ðt;xÞÞ2$a1u

ð1Þ
1 ðt;xÞ!uð1Þ2 ðt;xÞ; t> T 11; x2 ð0;pÞ;

ouð1Þ2

ot
¼D2

o2uð1Þ2

ox2
þa2e$c2s2

Z p

0

G2ðx;y;s2Þuð1Þ2 ðt$ s2;yÞdy$b2ðu
ð1Þ
2 ðt;xÞÞ2$a2!u

ð1Þ
1 ðt;xÞuð1Þ2 ðt;xÞ; t> T 11; x2 ð0;pÞ;

ouð1Þ1

ox
¼ ouð1Þ2

ox
¼ 0; t> T 11; x¼ 0;p;

uð1Þ1 ðt;xÞ¼ 1

2
u1ðt;xÞ; uð1Þ2 ðt;xÞ¼ 1

2
u2ðt;xÞ; ðt;xÞ 2 ½$s;T 11() ½0;p(.

ð3:23Þ

Thus, ð!uð1Þ1 ; !uð1Þ2 Þ and ðuð1Þ1 ; uð1Þ2 Þ are a pair of upper–lower solutions of problem (3.10)–(3.12). By Lemma 3.5 we have

uð1Þ1 ðt; xÞ 6 u1ðt; xÞ 6 !uð1Þ1 ðt; xÞ; uð1Þ1 ðt; xÞ 6 u1ðt; xÞ 6 !uð1Þ1 ðt; xÞ.
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For e > 0 sufficiently small satisfying a1ec1s1 > a1ðMu2
1 þ eÞ, a2e$c2s2 > a2ðMu1

1 þ eÞ, we consider the following auxiliary
problem:

oxð1Þ
1

ot
¼D1

o2xð1Þ
1

ox2
þa1e$c1s1

Z p

0

G1ðx;y;s1Þxð1Þ
1 ðt$ s1;yÞdy$b1ðx

ð1Þ
1 ðt;xÞÞ2$a1x

ð1Þ
1 ðt;xÞðMu2

1 þ eÞ; t> T 11; x2 ð0;pÞ;

oxð1Þ
2

ot
¼D2

o2xð1Þ
2

ox2
þa2e$c2s2

Z p

0

G2ðx;y;s2Þxð1Þ
2 ðt$ s2;yÞdy$b2ðx

ð1Þ
2 ðt;xÞÞ2$a2ðMu1

1 þ eÞxð1Þ
2 ðt;xÞ; t> T 11; x2 ð0;pÞ;

oxð1Þ
1

ox
¼ oxð1Þ

2

ox
¼ 0; t> T 11; x¼ 0;p;

xð1Þ
1 ðt;xÞ¼ 1

2
u1ðt;xÞ; xð1Þ

2 ðt;xÞ¼ 1

2
u2ðt;xÞ; ðt;xÞ 2 ½$s;T 11() ½0;p(.

ð3:24Þ

By Lemma 3.5 it follows from (3.24) that:

lim
t!þ1

xð1Þ
1 ðt; xÞ ¼ a1e$c1s1 $ a1ðMu2

1 þ eÞ
b1

; lim
t!þ1

xð1Þ
2 ðt; xÞ ¼ a2e$c2s2 $ a2ðMu1

1 þ eÞ
b2

uniformly for x 2 [0,p].
By comparison, for e > 0 sufficiently small, there is a T12 P T11 such that if t > T12,

min
x2½0;p(

uð1Þ1 ðt; xÞ > a1e$c1s1 $ a1M
u2
1

b1

$ e; min
x2½0;p(

uð1Þ2 ðt; xÞ > a2e$c2s2 $ a2M
u1
1

b2

$ e.

Since this is true for arbitrary e > 0 sufficiently small, we can conclude that

V 1 ¼ lim inf
t!þ1

min
x2½0;p(

u1ðt; xÞ P
a1e$c1s1 $ a1M

u2
1

b1

:¼ Nu1
1 ;

V 2 ¼ lim inf
t!þ1

min
x2½0;p(

u2ðt; xÞ P
a2e$c2s2 $ a2M

u1
1

b2

:¼ Nu2
1 .

ð3:25Þ

Let ð!uð2Þ1 ðt; xÞ, !uð2Þ2 ðt; xÞÞ be the solution of the following problem:

o!uð2Þ1

ot
¼D1

o2!uð2Þ1

ox2
þa1e$c1s1

Z p

0

G1ðx;y;s1Þ!uð2Þ1 ðt$ s1;yÞdy$b1ð!u
ð2Þ
1 ðt;xÞÞ2$a1!u

ð2Þ
1 ðt;xÞuð1Þ2 ðt;xÞ; t> T 12; x2 ð0;pÞ;

o!uð2Þ2

ot
¼D2

o2!uð2Þ2

ox2
þa2e$c2s2

Z p

0

G2ðx;y;s2Þ!uð2Þ2 ðt$ s2;yÞdy$b2ð!u
ð2Þ
2 ðt;xÞÞ2$a2u

ð1Þ
1 ðt;xÞ!uð2Þ2 ðt;xÞ; t> T 12; x2 ð0;pÞ;

o!uð2Þ1

ox
¼ o!uð2Þ2

ox
¼ 0; t> T 12; x¼ 0;p;

!uð2Þ1 ðt;xÞ¼K1; !uð2Þ2 ðt;xÞ¼K2; ðt;xÞ 2 ½$s;T 12() ½0;p(.
ð3:26Þ

We note that ðuð1Þ1 ; uð1Þ2 Þ and ð!uð2Þ1 ; !uð2Þ2 Þ are a pair of lower–upper solutions of problem (3.10)–(3.12). By Lemma 3.5 it
follows that:

uð1Þ1 ðt; xÞ 6 u1ðt; xÞ 6 !uð2Þ1 ðt; xÞ; uð1Þ2 ðt; xÞ 6 u2ðt; xÞ 6 !uð2Þ2 ðt; xÞ. ð3:27Þ

We now consider the following problem:

ovð2Þ1

ot
¼D1

o2vð2Þ1

ox2
þa1e$c1s1

Z p

0

G1ðx;y;s1Þvð2Þ1 ðt$ s1;yÞdy$b1ðv
ð2Þ
1 ðt;xÞÞ2$a1v

ð2Þ
1 ðt;xÞðNu2

1 $ eÞ; t> T 12; x2 ð0;pÞ;

ovð2Þ2

ot
¼D2

o2vð2Þ2

ox2
þa2e$c2s2

Z p

0

G2ðx;y;s2Þvð2Þ2 ðt$ s2;yÞdy$b2ðv
ð2Þ
2 ðt;xÞÞ2$a2ðNu1

1 $ eÞvð2Þ2 ðt;xÞ; t> T 12; x2 ð0;pÞ;

ovð2Þ1

ox
¼ ovð2Þ2

ox
¼ 0; t> T 12; x¼ 0;p;

vð2Þ1 ðt;xÞ¼K1; vð2Þ2 ðt;xÞ¼K2; ðt;xÞ 2 ½$s;T 12() ½0;p(.
ð3:28Þ
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By Lemma 3.5 we have

lim
t!þ1

vð2Þ1 ðt; xÞ ¼ a1e$c1s1 $ a1ðNu2
1 $ eÞ

b1

; lim
t!þ1

vð2Þ2 ðt; xÞ ¼ a2e$c2s2 $ a2ðNu1
1 $ eÞ

b2

uniformly for x 2 [0,p]. By comparison, for e > 0 sufficiently small, there is a T21 > T12 such that if t > T21,

max
x2½0;p(

!uð2Þ1 ðt; xÞ 6 a1e$c1s1 $ a1N
u2
1

b1

þ e;

max
x2½0;p(

!uð2Þ2 ðt; xÞ 6 a2e$c2s2 $ a2N
u1
1

b2

þ e.
ð3:29Þ

Since this is true for arbitrary e > 0 sufficiently small, we derive that

U 1 ¼ lim sup
t!þ1

max
x2½0;p(

u1ðt; xÞ 6
a1e$c1s1 $ a1N

u2
1

b1

:¼ Mu1
2 ;

U 2 ¼ lim sup
t!þ1

max
x2½0;p(

u2ðt; xÞ 6
a2e$c2s2 $ a2N

u1
1

b2

:¼ Mu2
2 .

ð3:30Þ

Let ðuð2Þ1 ðt; xÞ; uð2Þ2 ðt; xÞÞ be the solution of the following problem:

ouð2Þ1

ot
¼D1

o2uð2Þ1

ox2
þa1e$c1s1

Z p

0

G1ðx;y;s1Þuð2Þ1 ðt$ s1;yÞdy$b1ðu
ð2Þ
1 ðt;xÞÞ2$a1u

ð2Þ
1 ðt;xÞ!uð2Þ2 ðt;xÞ; t> T 21; x2 ð0;pÞ;

ouð2Þ2

ot
¼D2

o2uð2Þ2

ox2
þa2e$c2s2

Z p

0

G2ðx;y;s2Þuð2Þ2 ðt$ s2;yÞdy$b2ðu
ð2Þ
2 ðt;xÞÞ2$a2!u

ð2Þ
1 ðt;xÞuð2Þ2 ðt;xÞ; t> T 21; x2 ð0;pÞ;

ouð2Þ1

ox
¼ ouð2Þ2

ox
¼ 0; t> T 21; x¼ 0;p;

uð2Þ1 ðt;xÞ¼ 1

2
u1ðt;xÞ; uð2Þ2 ðt;xÞ¼ 1

2
u2ðt;xÞ; ðt;xÞ 2 ½$s;T 21() ½0;p(.

ð3:31Þ

For e > 0 sufficiently small, we consider the following auxiliary problem:

oxð2Þ
1

ot
¼D1

o2xð2Þ
1

ox2
þa1e$c1s1

Z p

0

G1ðx;y;s1Þxð2Þ
1 ðt$ s1;yÞdy$b1ðx

ð2Þ
1 ðt;xÞÞ2$a1x

ð2Þ
1 ðt;xÞðMu2

2 þ eÞ; t> T 21; x2 ð0;pÞ;

oxð2Þ
2

ot
¼D2

o2xð2Þ
2

ox2
þa2e$c2s2

Z p

0

G2ðx;y;s2Þxð2Þ
2 ðt$ s2;yÞdy$b2ðx

ð2Þ
2 ðt;xÞÞ2$a2ðMu1

2 þ eÞxð2Þ
2 ðt;xÞ; t> T 21; x2 ð0;pÞ;

oxð2Þ
1

ox
¼ oxð2Þ

2

ox
¼ 0; t> T 21; x¼ 0;p;

xð2Þ
1 ðt;xÞ¼ 1

2
u1ðt;xÞ; xð2Þ

2 ðt;xÞ¼ 1

2
u2ðt;xÞ; ðt;xÞ 2 ½$s;T 21() ½0;p(.

ð3:32Þ

By Lemma 3.5, we have

lim
t!þ1

xð2Þ
1 ðt; xÞ ¼ a1e$c1s1 $ a1ðMu2

2 þ eÞ
b1

; lim
t!þ1

xð2Þ
2 ðt; xÞ ¼ a2e$c2s2 $ a2ðMu1

2 þ eÞ
b2

uniformly for x 2 [0,p]. By comparison, for e > 0 sufficiently small, there is a T22 > T21 such that if t > T22

min
x2½0;p(

uð2Þ1 ðt; xÞ P a1e$c1s1 $ a1M
u2
2

b1

$ e; min
x2½0;p(

uð2Þ2 ðt; xÞ P a2e$c2s2 $ a2M
u1
2

b2

$ e.

Since this is true for arbitrary e > 0 sufficiently small, it therefore follows that:

V 1 ¼ lim inf
t!þ1

min
x2½0;p(

u1ðt; xÞ P
a1e$c1s1 $ a1M

u2
2

b1

:¼ Nu1
2 ;

V 2 ¼ lim inf
t!þ1

min
x2½0;p(

u2ðt; xÞ P
a2e$c2s2 $ a2M

u1
2

b2

:¼ Nu2
2 .

ð3:33Þ
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Continuing this process, we get four sequences Mu1
n , M

u2
n , N

u1
n , N

u2
n (n = 1,2, . . .) such that for n P 2,

a1e$c1s1 $ a1Mu2
n

b1

¼ Nu1
n ;

a2e$c2s2 $ a2Mu1
n

b2

¼ Nu2
n ;

a1e$c1s1 $ a1N
u2
n$1

b1

¼ Mu1
n ;

a2e$c2s2 $ a2N
u1
n$1

b2

¼ Mu2
n .

ð3:34Þ

Clearly we have

Nu1
n 6 V 1 6 U 1 6 Mu1

n ; Nu2
n 6 V 2 6 U 2 6 Mu2

n . ð3:35Þ

By induction, it is easy to show that the sequences Mu1
n , M

u2
n are monotonically decreasing, but the sequences Nu1

n , N
u2
n

are monotonically increasing. Therefore, we see that limn!1Mu1
n , limn!1Mu2

n , limn!1Nu1
n , limn!1Nu2

n exist. We denote
them by A1, A2, B1, B2, respectively.

Letting n! +1 in (3.34), we derive that

a1A2 þ b1B1 ¼ a1e$c1s1 ;

a2A1 þ b2B2 ¼ a2e$c2s2 ;

a1B2 þ b1A1 ¼ a1e$c1s1 ;

a2B1 þ b2A2 ¼ a2e$c2s2 ;

8
>>>>><

>>>>>:

which yields

b1ðA1 $ B1Þ $ a1ðA2 $ B2Þ ¼ 0;

a2ðA1 $ B1Þ $ b2ðA2 $ B2Þ ¼ 0.
ð3:36Þ

Noting that b1b2 > a1a2, system (3.36) has only zero solution with respect to A1 $ B1, A2 $ B2. It therefore follows that
A1 = B1, A2 = B2. It is easy to obtain from (3.34) and (3.35) that U 1 ¼ V 1 ¼ A1 ¼ B1 ¼ u&1; U 2 ¼ V 2 ¼ A2 ¼ B2 ¼ u&2.
This completes the proof. h

In a similar way, one can prove the following results.

Theorem 3.3. Let the initial functions /1(t,x) and /2(t,x) are Hölder continuous in [$s, 0] · [0,p], and /1,/2 P 0,
/1(0,x)5 0, /2(0,x)5 0. Let (D1) hold. Then system 3.10,3.11,3.12 has a unique positive solution (u1(t,x),u2(t,x))
satisfying

lim
t!þ1

u1ðt; xÞ ¼
a1e$c1s1

b1

; lim
t!þ1

u2ðt; xÞ ¼ 0

uniformly for x 2 [0,p].

Theorem 3.4. Let the initial functions /1(t,x) and /2(t,x) are Hölder continuous in [$s, 0] · [0,p], and /1,/2 P 0,
/1(0,x)5 0, /2(0,x)5 0. Let (D2) hold. Then system 3.10,3.11,3.12 has a unique positive solution (u1(t,x), u2(t,x))
satisfying

lim
t!þ1

u1ðt; xÞ ¼ 0; lim
t!þ1

u2ðt; xÞ ¼
a2e$c2s2

b2

uniformly for x 2 [0,p].

Finally, let (u1(t,x),v1(t,x),u2(t,x),v2(t,x)) be the solution of problem (3.10)–(3.12). Using similar arguments to those
in [6], we can derive that

lim
t!þ1

viðt; xÞ ¼
ai
ci
ð1$ e$cisiÞ lim

t!þ1
uiðt; xÞ

uniformly for x 2 [0,p].
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4. Discussion

In this paper, we have discussed stage-structured reaction–diffusion competition models with delays and spatially
nonlocal effect in the case of the domain being finite and infinite, respectively. In the latter case, we have discussed
the effect of time delays on the existence of travelling fronts of system (2.1) modelling the competition between the adult
members of two species. Our approach was to use the upper–lower solution technique and iteration method recently
developed by Wu and Zou [23]. By Theorem 2.2, we see that if (A1)–(A2) hold, travelling wave fronts exist connecting
the two boundary equilibria of system (2.1). Ecologically, if the intra-specific competition rate and the harvesting rate of
the mature individuals u1 and the transformation rate of the species u2 are low, and the transformation rate of the spe-
cies u1 and the harvesting rate and the intra-specific competition rate of the species u2 are sufficiently high to satisfy
(A1)–(A2), the weaker competitor u2 will be driven to extinction by the stronger u1 in a ‘‘travelling wave’’ of invasion.

We note that if the immatures are not moving and no harvesting effort is put on the two mature populations, then
letting di ! 0, Ei = 0 (i = 1,2), system (2.1) becomes

ou1
ot

¼ D1
o2u1
ox2

þ a1e$c1s1u1ðt $ s1; xÞ $ b1u
2
1ðt; xÞ $ a1u1ðt; xÞu2ðt; xÞ;

ou2
ot

¼ D2
o2u2
ox2

þ a2e$c2s2u2ðt $ s2; xÞ $ b2u
2
2ðt; xÞ $ a2u1ðt; xÞu2ðt; xÞ

ð4:1Þ

for t > 0, x 2 ($1,1). In [3], Al-Omari and Gourley discussed the existence of travelling wave fronts of system (4.1).
Sufficient conditions were derived for the existence of a travelling front connecting the boundary equilibria
ða1e$c1s1=b1; 0Þ and ð0; a2e$c2s2=b2Þ under the following assumptions:

(i) a2a1e$c1s1 > b1a2e
$c2s2 , a1a2e$c2s2 < b1a1e

$c1s1 ,
(ii) Dðk1Þ 6 2ða2e$c2s2 $ a2a1

b1
e$c1s1Þ,

where D ¼ a2e$c2s2 e$kcs2 $ ða2a1=b1Þe$c1s1 $ ðck$ D2k
2Þ, and k1 is the smaller positive root of the equation

a1e$c1s1 e$kcs1 $ a1a2
b2

e$c2s2 $ ðck$ D1k
2Þ ¼ 0.

Therefore, Theorem 2.2 may be viewed as an extension of the work developed by Al-Omari and Gourley in [3] in the
sense that the nonlocal spatial effect induced by the movement of the mature population is considered.

The global convergence of reaction–diffusion systems with delays have been studied by many authors. However,
most of the systems previously considered are mixed quasi-monotone, and most of the discussions are in the framework
of semigroup theory of dynamical systems. Recently, there has been much work on the global stability of the positive
steady-state of reaction–diffusion population models by using the technique of coupled lower–upper solutions and
monotone iterations (see, for example, [14–16]). However, these do not take into account the nonlocal spatial effect.
In the present paper, we have been interested in the global dynamics of stage-structured competition model with delays
and nonlocal spatial effect. In the case of the domain being finite, we have shown that the global dynamics of problem
(3.10)–(3.12) can be completely determined except in the case when the two boundary equilibria are both locally stable
(b1b2 < a1a2). In this case the asymptotic behavior will depend on the initial conditions. If b1b2 > a1a2, via successive
modification of upper–lower solutions, a set of easily verifiable sufficient conditions were derived for the global attrac-
tiveness of the nonnegative uniform equilibria of problem (3.10)–(3.12). By Theorem 3.2, when both boundary equilib-
ria are locally unstable, we showed that the positive equilibrium of problem (3.10)–(3.12) is uniformly globally
attractive. Ecologically, this means that if the intra-specific competitions dominate the inter-specific competitions, then
the competitors will coexist. By Theorems 3.3 and 3.4, we see that the weaker competitor will be driven to extinction if
(D1) or (D2) holds. By Theorems 3.2, 3.3 and 3.4, we have shown the following three typical dynamical behaviors are
possible: (i) coexistence, (ii) bistability, (iii) dominance. Therefore, in this sense problem (3.10)–(3.12) has similar global
dynamics to the classical Lotka–Volterra competition model without time delays.

References

[1] Aiello WG, Freedman HI. A time delay model of single-species growth with stage structure. Math Biosci 1990;101:139–53.
[2] Aiello WG, Freedman HI, Wu J. Analysis of a model representing stage-structured population growth with state-dependent time

delay. SIAM J Appl Math 1992;52:855–69.

R. Xu et al. / Chaos, Solitons and Fractals 30 (2006) 974–992 991



[3] Al-Omari JFM, Gourley SA. Stability and travelling fronts in Lotka–Volterra competition models with stage structure. SIAM
Appl Math 2003;63:2063–86.

[4] Bence JR, Nisbet RM. Space-limited recruitment in open system: the importance of time delays. Ecology 1989;70:1434–41.
[5] Freedman HI, Wu J. Persistence and global asymptotic stability of single species dispersal models with stage structure. Quart Appl

Math 1991;49:351–71.
[6] Gourley SA, Kuang Y. Wavefronts and global stability in a time delayed population model with stage structure. Proc Roy Soc

Lond A 2003;459:1563–79.
[7] Gourley SA, Kuang Y. A stage structured predator–prey model and its dependence on maturation delay and death rate. J Math

Biol 2004;49:188–200.
[8] Kuang Y, So JWH. Analysis of a delayed two-stage population with space-limited recruitment. SIAM J Appl Math

1995;55:1675–95.
[9] Liu S, Chen L, Luo G, Jiang Y. Asymptotic behaviors of competitive Lotka–Volterra system with stage structure. J Math Anal

Appl 2002;271:124–38.
[10] Liu S, Chen L, Luo G. Extinction and permanence in competitive stage structured system with time delays. Nonlinear Anal TMA

2002;51:1347–61.
[11] Liu S, Chen L, Liu Z. Extinction and permanence in nonautonomous competitive system with stage structure. J Math Anal Appl

2002;274:667–84.
[12] Liu S, Chen L, Agarwal R. Recent progress on stage-structured population dynamics. Math Comput Model 2002;36:1319–60.
[13] Magnusson KG. Destabilizing effect of cannibalism on a structured predator–prey system. Math Biosci 1999;155:61–75.
[14] Pao CV. Convergence of solutions of reaction–diffusion systems with time delays. Nonlinear Anal TMA 2002;48:349–62.
[15] Pao CV. Global asymptotic stability of Lotka–Volterra 3-species reaction–diffusion systems with time delays. J Math Anal Appl

2003;281:186–204.
[16] Pao CV. Global asymptotic stability of Lotka–Volterra competition systems with diffusion and time delays. Nonlinear Anal RWA

2004;5:91–104.
[17] Redlinger R. Existence theorem for semilinear parabolic systems with functionals. Nonlinear Anal 1984;8:667–82.
[18] Song X, Cai L, Neumann Avidan U. Ratio-dependent predator–prey system with stage structure for prey. Discrete Contin Dyn

Syst Ser B 2004;4:747–58.
[19] Song X, Chen L. Optimal harvesting and stability for a two-species competitive system with stage structure. Math Biosci

2001;170:173–86.
[20] Song X, Chen L. Modelling and analysis of a single species system with stage structure and harvesting. Math Comput Model

2002;36:67–82.
[21] Wang W, Chen L. A predator–prey system with stage structure for predator. Comput Math Appl 1997;33:83–91.
[22] Wang W, Mulone G, Salemi F, Salone V. Permanence and stability of a stage-structured predator–prey model. J Math Anal Appl

2001;262:499–528.
[23] Wu J, Zou X. Travelling wave fronts of reaction–diffusion systems with delay. J Dyn Differen Equat 2001;13:651–87.
[24] Xu R, Chaplain MAJ, Davidson FA. Global stability of a Lotka–Volterra type predator–prey model with stage structure and time

delay. Appl Math Comput 2004;159:863–80.
[25] Zhang X, Chen L, Neumann Avidan U. The stage-structured predator–prey model and optimal harvesting policy. Math Biosci

2000;168:201–10.

992 R. Xu et al. / Chaos, Solitons and Fractals 30 (2006) 974–992


	Travelling wave and convergence in stage-structured  reaction - diffusion competitive models with nonlocal delays
	Introduction
	Existence of travelling wavefronts
	Global convergence
	Discussion
	References


