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Abstract

In this paper, we first investigate a stage-structured competitive model with time delays, harvesting, and nonlocal
spatial effect. By using an iterative technique recently developed by Wu and Zou (Wu J, Zou X. Travelling wave fronts
of reaction—diffusion systems with delay. J Dynam Differen Equat 2001;13:651-87), sufficient conditions are established
for the existence of travelling front solution connecting the two boundary equilibria in the case when there is no positive
equilibrium. The travelling wave front corresponds to an invasion by a stronger species which drives the weaker species
to extinction. Secondly, we consider a stage-structured competitive model with time delays and nonlocal spatial effect
when the domain is finite. We prove the global stability of each of the nonnegative equilibria and demonstrate that the
more complex model studied here admits three possible long term behaviors: coexistence, bistability and dominance as is
the case for the standard Lotka—Voltera competitive model.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

Population models with stage structure are of current research interest in mathematical biology. They can exhibit
phenomena similar to those of partial differential equations and many important physiological parameters can be incor-
porated [4]. Moreover, they are often much simpler than the corresponding models governed by partial differential
equations. There has been much work on modelling stage-structured population models (see, for example, [1-13,18—
22,24,25)). In [1], the work of Aiello and Freedman on a single species growth model with stage structure, represents
a mathematically careful and biologically meaningful approach. In [1], a model of single species population growth
incorporating stage structure as a reasonable generalization of the classical logistic model was derived and investigated.
This model assumes an average age to maturity which appears as a constant time delay reflecting a delayed birth of
immatures and a reduced survival of immatures to their maturity. The model takes the form
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1w (2) = o (2) — y (1) — 0™ up (£ — 1),
i (8) = ae U (t — 1) — Pt (1), t>1,

(1.1)

where u(¢) denotes the immature population density, u,,(¢) represents the mature population density, o > 0 represents
the birth rate, y > 0 is the immature death rate, > 0 is the mature death and overcrowding rate, t is the time to matu-
rity. The term oe™""un(f — t) represents the immatures who were born at time ¢ — 7 and survive at time ¢ (with the
immature death rate y), and therefore represents the transformation of immatures to matures.

In [6], Gourley and Kuang studied a diffusion version of the system (1.1) to allow for individuals moving around.
When motion is allowed for, the derivation of the time-delayed term has to be altered to take proper account of motion.
Let u;(¢, x) and uy(¢, x) be the densities of the immature and the mature population at time ¢ and location x. They argued
that the delayed term ae™""u,(z — 1) appearing twice in system (1.1), and representing the rate of leaving the immature
and entering the mature class, must be replaced by

—(x=)? JAdiz g7t

——€ e oy, dy, 1.2
| = (=) dy (12)
where d; > 0 is the diffusivity of the immature species. Expression (1.2) allows for the fact that an individual that enters
the mature class at location x will most likely have been born at some other point y. In (1.2), auy, (¢ — 7,y) represents the
number born at time ¢ — t and location y, e "oy (t — 7,y) represents the number born at time ¢ — 7 and location y and
is still alive at time ¢, the term

;e—u—mz/w
Vand;t
represents the number born at time ¢ — t and location y and still alive at time ¢ and now at location x. Finally, the inte-

gral (1.2) totals up the contributions from all parts of the domain. Based on the assumptions above, Gourley and
Kuang [6] discussed the following reaction—diffusion single-species population model with stage structure:

e ouy(t — 1,y)dy

Ou; %u; 1 :
i _ d Uj + ottty — i — ae—}’[/ e—(xf})2/4d,rum(t _ ‘L',y) dy,

6[ a 2 -0 V 47'Edl"[ (1 3)
du Qu o ) '
i _ g & e —CP ATy () dy — Bud

5 e e /m T um(t = 7,y)dy — fuy,

for £ >0 and x € (—o0, 00). In the case of finite domain, through the use of a sub/supersolution pair method, it is shown
n [6] that system (1.3) continue to generate simple global dynamics (the positive solution of system (1.3) uniformly con-
verges to the positive equilibrium). In the case of infinite domain, they also shown the possibility of travelling wavefront
solutions of the scalar equation for the mature population.

Motivated by the work of Gourley and Kuang [6], in the present paper we are concerned with the following reac-
tion—diffusion competitive model with stage structure, harvesting, and nonlocal spatial effect:

% -D Ouy +a e*zfm/ 1
ot e ox? ! oo VATd Ty

— il (t,x) — Eyuy (t,x) — ayuy (¢, x)ua (2, x),

e—(.vcf}’)z/“dl'[1 u; (t — T ay) dy

ov v e 1 ey Jad o
o= e e e [ e e )
—00 1t
(1.4)
Ou, o~ (—0)/4d>,

azuz 1
=D, 2 et [ t—15,y)d
ot 2o e /,oc 4nd,t, up(t = 2,7) dy

- [)’zug(t,x) — Eyuy(t,x) — aquy (2, x)ua (8, x),

v v, , 1 -
6t2 d o o + OoUy — YUy — 00€ nn / 4nd < ( )) f4d> Euz(t — ‘L'z,y) dy
V 202

for t >0, x € (—o0,00).

In system (1.4), u,(¢,x) and uy(¢,x) represent the densities of the mature populations of two species at time ¢ and
location x, respectively; v1(¢,x) and v,(¢,x) represent the densities of the immature populations of two species at time
t and location x, respectively. The parameters a;, d;, D,, E;, o;, B, 7i» 7; (i = 1,2) are positive constants, where a; and
a, are the rate of competition between the two mature competitors. It is assumed in (1.4) that the competition happens
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only between the mature individuals. E; and E, denote, respectively, the harvesting effort on the two mature
populations.

This paper is organized as follows. In the next section, we first introduce some notations and terminology, and show
the existence of a travelling wavefront solution to the two coupled equations of the mature populations (the first and the
third equations in system (1.4)) by using the technique developed by Wu and Zou [23]. In Section 3, in the case of the
domain being finite, by using the coupled lower—upper solution technique developed by Redlinger [17] we investigate
the global convergence of the positive solutions to a stage-structured reaction—diffusion competition model with delays
and nonlocal spatial effect under homogeneous Neumann boundary conditions.

2. Existence of travelling wavefronts
In this section, we discuss the existence of travelling wavefronts of the equations describing the competition between
the adult members of the two species in (1.4), i.e., we study the following subsystem:
duy uy ; /00 1
- =Di—— +ouye™" ——€
o Tl T o VAndiT,

— B (t,x) — Eyuy (¢,%) — ayu (8, x)ua (2, x),

—(x=y)*/4d\ 7y u (l _ T1,y) dy

(2.1)
6u2

—=D —azuz + e 2 /x 1 e
ot oax : 0o VArdyTs

— Bott3 (t,x) — Equn(t,x) — azta (¢, x)ua (2, x)

*(X*Y)z/“dﬂzuz([ _ Tz,y) dy

for t >0, x € (—o0,00).

System (2.1) always has a trivial equilibrium Ey(0,0). If oje™% > E|, ope™2% > E,, then system (2.1) has two semi-
trivial equilibria Ej(k;,0) and E3(0, k,), where

a]ei’rltl - E] k 1267}‘212 - E2
- ) 2 = .
B B,
If By (oie™1 ™ — Ey) > ay(ope 22 — E;) > 0, (e 22 — E) > ax(oae™"™ — Ey) > 0, then system (2.1) has a unique po-
sitive equilibrium E*(u},u}), where

g o Balone™™™ — 1) —ai(ame™® — Ey)

ky (2.2)

b BBy — ara 7
N ﬁl(aze"fﬂz - Ez) - a2(06|€7y”1 - El)
uy = .

BBy —arar

In the following, we first discuss the local stability of the nonnegative equilibria £} and E7 of system (2.1).
Lemma 2.1. If the following hold.

(Al) /))2(06167'”11 —El) > al(ocze’""zfz —Ez),
(AZ) ﬁl(dzefhrz — Ez) < (12(0(1677111 - El)

Then the nonnegative equilibrium E7(k,,0) is locally stable and E5(0,k,) is unstable.
Proof. For the nonnegative equilibrium E; (k;,0), we find, after some algebra, that the associated linearized system has
nontrivial solutions of the form (¢, c;)exp(at + ikx) if and only if the following holds:
fi(o, k%) (e — Ey) o
0 frlo, k)
where
f| (O'7 kz) =0 — O(]Cih'!]”eimleidlk%] +D1k2 + 20(1677]Il — E]7

fa(a, kz) =0 — ocze""’me“”ze"dz"zf2 +Dok* + E> + % (oqe™1™ — Ey).
1
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In what follows, by a root we mean a value &(k*) satisfying f;(6, k%) = 0. Clearly, when 7, = 0, equation f;(g, k%) = 0 has
only one real negative root —Dk* — (o, — E;). We now claim for any 1, > 0, the roots of fi(s,k?) = 0 have only neg-
ative real parts. Suppose that Res > 0. Then it follows that:

Reo = a6 1%1e R cos(7;Im o)e’dlkz” — [le2 +204e " — Ey] < —Dik* — [ore™ — E] <0,

which is a contradiction. Therefore, we have Res <0 for all t; > 0.
We now claim all the roots of f5(a, kz) = 0 have negative real parts. Suppose otherwise that Res > 0. Then it follows
that:

. _ —d k2 a .
Reo = ae 2e 2R cos(r,Ima)e ™ ™ — | Dyk* + Ey 4+ == (e — E))

B
2 — a —y
< 7D2k + e 1272 7E2 fﬁ—(ale ne *El) <0
1
since (A2) holds. This is a contradiction and hence, we have Reo <0 for all 7, > 0. Accordingly, it follows by standard
argument that Ej(ky,0) is locally stable.
In a similar way, one can verify that the nonnegative equilibrium E}(0, k») is locally unstable if (A1) holds. This
completes the proof. [

Remark. Clearly, if (Al)-(A2) hold, then the positive equilibrium E*(uj,u}) is not feasible. However, if
Br(ae™™ — Ey) > ay(ope 22 — E,), Bi(oae™? — Ey) > ay(ype ™™ — Ey), we can also discuss the local stability of
the positive equilibrium of system (2.1) using similar arguments to those described in the next section, we omit it here.

In order to investigate the existence of travelling wavefronts of system (2.1), in the following we first summarize some
basic notations and concepts.
Consider the following reaction—diffusion system with time delay:
Ou(t,x) o%u(t, x)
S = DS (), (23)
where t > 0, xe R,uc R®, D= diag(Dy, D) with D;> 0 (i = 1,2); f: C([—7,0]; R2) — R? is continuous, and u(x) is an
element in C([—1,0]; R?) — R? parameterized by x € R and is given by

u (x)(s) = u(t +s,x), s€[-1,0], t >0, xR

A travelling wave solution of (2.3) is a solution of the form u(z, x) = $(x + c1), where ¢ € CX(R, R*) and ¢ > 0is a constant
corresponding to the wave speed. On substituting u(z, x) = ¢(z) € R*, z = x + ¢t with ¢ > 0, we derive from (2.3) that

D¢"(z) — c¢'(z) + fe($.) =0, z€ER, (2.4)
where ¢.() = ¢({ + z), and the function f.: X.: = C([—ct,0]: R?) — R* is defined by

JeW) =f05), ¥ils) = dles), s €-7,0].
If, for some ¢ > 0, (2.4) has a monotone (componentwise) solution defined on R satisfying

Jim ¢(z) =u-,  lim ¢(z) = us, (25)

where u_ and u; are equilibria of (2.3). Then u(z, x) = ¢(x + ct) is called a wave front of system (2.3) with speed c¢. With-
out loss of generality, we can assume u_ = 0, u; = K, and seek for travelling wave front solution connecting these two
equilibria.

We look for wave front solutions to system (2.3) in the following profile set:

, (i) ¢ is nondecreasing in R,
[F=1¢€CRR) iy fim ¢(z) =0, lim $(z) =K
Z——00 zZ—+400
We also need the following definition of upper and lower solutions to system (2.4).

Definition 2.1. A continuous function ¢ : R — R is called an upper solution of system (2.4) if ¢ is twice differentiable
almost everywhere in R and satisfies

D' (z) = e (z) + £.($.) < 0. (2.6)

A lower solution of (2.4) is defined in a similar way by reversing the inequality in (2.6).
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We are now in a position to discuss the existence of travelling wavefronts of system (2.1) by using the upper—lower
solution method and an iteration scheme developed by Wu and Zou [23].

To seek a travelling wave front solution of system (2.1), we set u,(¢, x) = ¢1(2), ux(t,x) = ¢»(z), where z = x + ¢t and
¢ >0 is the wave speed. Then system (2.1) becomes

1 i —T OC 1 _2 r
D1¢1(Z) —C(Z)I(Z) +oye ‘/700 me v I(/)I(Z_CTI _y)dy
- ﬁl(b%(z) —E1¢1(2) — a1, (2)y(2) = 0,
(2.7)
" / —95 T OC 1 —y Ty
R B
- ﬁz(f’%(z) — Expy(2) — axpy (2)p1(2) = 0,
which will be solved subject to the following conditions:
h{n $1(z) =0, li1+n $1(2) = ki,
z C z C (2.8)

lim ¢y(z) = k2, Him ¢y(2) = 0.

z——00

The solution of (2.7) and (2.8) corresponds to the travelling wave fronts of (2.1) connecting two equilibria (0, k,) and
(k1,0). B .

Now, by making change of variables ¢, = ¢,, ¢, = k» — ¢, and dropping the tildes, (2.7) and (2.8) become,
respectively,

Dy ¢1(z) — ¢ (2) + fu (d.) = 0, 29)
Do (2) = ) (2) + fia(6h.) =0, '
and
1im (¢1(2), $1(2)) = (0,0) := 0,
, (2.10)
lim (¢4(2), $2(2)) = (k1. k2) ==K,
where
fur(¢.) = aye ™ /m L o7ty ety —y)d
(@) = o . \/W 1 1 —y)ay
- ﬁlqs%(z) —Ei1¢,(2) — arkap (2) + a1, (2) h,(2),
N (2.11)
fal) = e [ e = ) dy
+ ﬁzqﬁi(z) — (2Brks + E2) ,(2) + arkahy (2) — a2y (2) 1 (2).
Denote
Ay ()», C) = Oﬂleﬂylfledlfl;}icrl;& — (El + ajk, +cA— Dlﬂvz), (2 12)

Az()», C) = Otzeiyzrzedzfz;;i”z}" — (Ez + [lzkl +cl— Dz),z).
In the following we discuss the property of the roots of equations 4(4,¢) =0 and 4,(4,¢) =0.
Lemma 2.2. Let (A1)-(A2) hold and A((A,c) and Ay(2,c) be defined by (2.12).

(i) There exists a c*(ty,ay,%1,71, E,dy, D1,ky) > 0 such that for ¢ > ¢* the equation A(A,c)= 0 has two positive real
roots 0 < 1y < A, and
>0 for A < Ay,
A1(2,¢)¢ <0 for 1 € (41, 4), (2.13)
>0 for A > 4.
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(i1) The equation Ay(2,c)= 0 has a negative real root A3 and a positive real root 14 and
>0 for 1 < /s,
Ax(A,c)¢ <0 for 2 € (43, A4), (2.14)

>0 for A > A4.

Proof

(i) We note that if ¢ =0, then
Al(l, 0) = OC]CiVlTI Cdﬂl/—~2 - (El + alkz — Dl)uz).

By (A1) we have oye """t > E| + ak,. Hence, 4,(4,0) = 0 has no real roots. By continuity, for sufficiently small ¢ > 0,
A1(4,¢) =0 still has no real roots.We now consider the critical situation: the curves y, (1) = oqe "17e11#~en1% and
() =E, +aky,+cl— D2 touch. In this case, we are concerned with

o
o7

It follows from (2.15) that:

M(he) =0, ~—A(lc)=0. (2.15)

g(/L) = 2d1D1‘51}~3 — (D1C‘El +2d1C‘L’1)/12 + [Cz‘l,'] - 2d1‘Cl(E1 +a1k2) - 2D1])~+C‘51(E1 +a1k2) +c= 0.

Clearly, the equation g(/1) = 0 has a real negative root. Denote

o+ Ve +4D\(E| + aiky)
N 2D,

bl

20

It is easy to verify that g(4y) <0. We therefore know that g(1) =0 has two positive real roots 1] and 1] satisfying
0 < 4] < 29 < ;. We note that y,(4;) < y,(4) = 0. Hence, only 1] is a repeated root of 4,(4,c¢) = 0. On substituting
/1 into 44(4,¢) =0, one can get ¢* > 0 implicitly. Therefore, if ¢ > ¢*, then the equation 4,(4,¢) = 0 will have two real
positive roots satisfying (2.13).
(i) Denote (1) = e bt —enl (i) = )+ asky + ¢k — DyJ2. By (A2) we have h (0) = o722 < 1y (0) =
E> + ayk,. Therefore, A(4,¢) =0 admits one real negative root and one real positive root satisfying (2.14).
The proof is complete. [

Taking
01 > arky +2B,k1 + E1, 9y > arky + 2P,ky + Ey, (2.16)

we define
H'(§)(z) = fo(¢.) +0d(2), ¢ €C(RR), z€R (2.17)

where § = (01,0,). The operator H* has the following properties:

Lemma 2.3. For any ¢ € I'*, we have

(i) H'(¢)(z) = 0 for all z € R;
(i) H*(¢)(2) is nondecreasing in z € R,
(i) H*(p)(z) < H($)(z) for all z € R, provided that ¢, y € C(R; R?) is such that 0 < y(z) < p(z) < K for z € R.

Proof. Let H'(¢)(z) = (H{($)(2), H3(9)(2))-
(i) Noting that for Vz € R,

_),2/4d111¢l(z —c1y — y) dy > 0’

o 1
/—oo Vand, ©
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we derive that

Hi()(2) = fa(§.) +0101(2) = 61001(2) — B1h1(2) — E1h1(2) — arkahy (2) + a1y (2) b5 (2)

= 01 (2) — Bik19(2) — E1¢(2) — arkadpy (2) = (61 — Brki — anks

In a similar way we can obtain that H3(¢)(z) = 0.
(ii) Let z; > z,. It follows that:

H(9)(=1) ~ Hi(@)2) = fa (@) — Ja (@) + (1) — 1 (22)
=01(¢p,(z1) — P1(z2)) + oe™™

—E¢i(z) = 0.

X /Do {ée’yz/“d”‘ X [¢y(z1 —ct1 —y) — ¢y(z2 — 1 —y)}} dy

—00 \/47Td1'L'1

= Bi[di(21) — d1(22)] — (Er + arka) [y (z1) — ¢1(22)] + [y (1) a(21) — 1 (22) b1 (22)]

2 01(d1(21) = d1(22) = Bi(d1(21) + d1(22))($1(21) — D1 (22))
— (Er + a1k2) [ (21) — ¢1(22))]
= (01 = 2B ki — E1 — ark2) (1 (z21) — 1 (22)) = 0.
Similarly, we can derive H}(¢$)(z1) — H{(¢)(z2) = 0. Therefore, H*(¢)(z) is nondecreasing in z € R.

(iii) Let ¢,y € I'" be such that 0 < lﬁ(z) < ¢(z) < K for z € R. It follows that:

eV /AT o (pr(z—cti—y) =Y (z—ct _y)}}dy

Hi)E) ~ (90 =me [ { e
~ BIE) ~ W~ B (2) — 1 2) — ko 2) ~ )
(620~ 1 Wa(e) + 811 (2) — 1 2)

= —ﬁl[ﬁb%(z)
= (0 = 2Pk — E1 — arky) (¢, (2) — ¥, (2)) =

Vi (2)] = Er(i(2) — w,(z»—alkqu()—w1<z>)+61(¢1<z>—wl<z>>

In a similar way, we can derive H;(¢)(z) = H;(¥)(z) for z € R. This completes the proof. [

We note that (2.9) is equivalent to the following system:

Di¢)(z) — ¢ (z) = 01, (2) + H{($)(2) =0,
Dy (z) — e(z) — d2hy(z) + H3($)(2) = 0.

(2.18)

We now assume that an upper solution ¢ € I'* and a lower solution ¢ (which is not necessarily in I'*) of (2.18) are given

(we shall construct such a pair later in this section) so that

(B1) 0< ¢(2) < ¢p(z) <K forallz€ R;
(B2) ¢(z) # 0.
Consider the following iteration scheme:
ex!(z) = Dxll(z) — ox,(z) + H (xy-1)(z), z€R, n=12,...
with the boundary conditions

lim x,(z) =0, lim x,(z) =K,

z——00 z—+00

where xo = ¢, D= (D1, D), & = (31 02), X,(2) = (x,1(2), Xp2(2))-

Solving (2.19) and (2.20) forn=1,2,..., we get a sequence of functions {x,} -,

x0i(z) = (2)1»(2), ZER,

1 t i 00 .
(7)) = A1i(2=$) pp* Jai(2=5) p*
Xni(2) Do =77 {/ﬂm e H;(x,-1)(s)ds +/r e H;(x,-1)(s)ds|,

(2.19)

(2.20)

, given by

(2.21)
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where i=1,2; n=1,2,...; z€ R, and

Cc— c? + 451'D,' c+ v c? + 45,’D1‘
/,ili = T? )~2[ = T (222)

Using Lemma 2.3, we can establish the following result (see, [23], Lemmas 3.3-3.4 and Proposition 3.5).

Theorem 2.1. The sequence of functions {x,},-, satisfies

(@) x,€I" foralln=1,2,...;
(b) ¢(2) < x4(2) <x1(2) < P(2) for all n=1,2,... and z € R;
(c) each x,, is an upper solution of (2.19);

(d) x(2) := lim,_ox,(2) is nondecreasing and is a solution of (2.19) and (2.20).

From Theorem 2.1, we see that the existence of travelling wave fronts for system (2.1) follows from the existence of a
pair of upper and lower solutions of (2.19) (or (2.9)) satisfying (B1)—-(B2). We now construct such a pair of upper and
lower solutions for (2.18) (or (2.9)). We shall use the same upper—lower solutions as in [3]. However, here we need to
tackle in detail the nonlocal terms

R Ry ,
[ e e -y = 12),
Define

- kle;"", z < 0, - kze;'lz7 z < O,
¢1(Z)_{k1, 250, ¢2(Z)_{k2, 250,

We now claim that if A5(4;,¢) < 2(Bokas — a5 k1), (z) = (¢,(z), $,(z)) is an upper solution of (2.9).

Clearly, ¢(z) e I'".
(i) If z> 0, then ¢,(z) = ki, ¢,(z) = k,. Noting that ¢,(z) < k; for z < 0, it follows that:

Dlal,(z) - C‘?’: (2) + fa (&z) e’)g/“‘“”&l(z —ct —y)dy — ﬁlk% — E\ky — arkiky + aykiky

) °° 1
L oye N
: /—oc Vénd 1
< klale"'“” — ﬁlk% —Elkl =0.

Similarly, we have
D25 (2) = (@) + fial.) < 0.
(ii) For z <0, we have ¢,(z) = kie"?, §,(z) = k,e. On substituting into (2.9), we derive that

=" 5! 1 . 1
Dl¢l(z)fc¢,(z)+fcl(¢z)=ane”"”/_ VArdT

- Elkle;“lz — alklkze;"z + alklkzez;'lz.

eV /A1ty ¢ (z—cty —y)dy + lelﬂ,%e;“z — ckyJyehF — ﬂlk%ez;“z

We note that if z — 1, < y, then ¢, (z — ¢t — y) = kie"E= ) if z — 1, > y, then ¢, (z — ¢ty — ) = k; < kjehE—en),
It therefore follows that:

2 PO S 5 )
e /4d11]e/b](z ct1—y) dy+D|k1)fe’”'z _ Ck]/l]e/hlz _ ﬂlkfez’”‘z

D (@) = e (2) + () <nbe ™ [T e
— Eike"* — arkikoe™ + arkikoe™”
— oke T ed]t]/l%Jr/".l(zfcr]) +le1)ﬁe)~12 _ cklile;"‘z _ ﬁlkfez“‘" _ Elkle)"z . alklkze;"‘z
+ arkikye**
= kle"lz[ocle""l”ed”'*f’””‘ + D73 — ¢l — Ei — arky)] + ke (arky — Biky)
= k1" A1 (A, ¢) + kie”*(arks — Piki) = ke (arks — Biky).
By (A2) we see that a1k, < 1k;. We therefore have

D1y (2) — e (2) + fur(¢.) < 0.
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In a similar way, for ¢,(z), we derive that

o =77 i —72T2 = 1 —y 2Ty Az 1 aklZ Az
Dby (2) — ey (2) + faa(.) = a0 / 7\/me PHARR G (2 — ety — y) dy + DakaAieh? — ckyieh + prkre?
212
— (2ﬁ2k2 -+ Ez)kze)hlz + a2k2k1 e;'lz — azklkzez;'lz

2 I (z—cty—y A )’ A i
gV [Mangh(Ecny) dy + Dzkzife"z — cko 1M + ﬁzkgez"z

1
< o e*?‘zfz -
’ /m Vardrs,
— (2Byks 4 Ex)kre™ + arkoki € — ankikre®h?

= kze;"lz[062677.212edztz/l%i”z/"l + Dz/ﬁ — C/l| — 2ﬁ2k2 — E2 + (12k1] + k262;'lz(ﬂ2k2 — azkl)
= k2" (A3(21, €) — 2Boks + 2arky) + kae® (Brky — arky).

NOtil’lg that ﬂzkz — a2k1 < 0, if Az(;Ll,C) < Z(ﬁzkz — azkl), then we have
D2 (2) = ¢y(2) + fia(9.) <O.
Hence, if A5(11,¢) < 2(Paks — asky), ¢(z) = (¢,(2), ¢»(z)) is an upper solution of (2.9).

We now construct a lower solution of (2.9). Choose ¢ > 0 sufficiently small satisfying 1; < A; +e< 1. Let M > 1bea
constant to be chosen later. Define

() = { (1—Me=)eh?, z<z,

O7 22217

b1

where z; = — (1/e)lnM < 0. Clearly, ¢(z) > 0 for all z € R.
For z > zy, ¢1(z) =0, and hence

Dlé’l'(z) — CQ'I (2) + fa(¢:) e’yz/“d”l@ (z—cty—y)dy = 0.

) 1
=ae " [m \/ﬁ
For z <z,

$1(2) = [1 — Me=]e?,
¢ (2) = [l — M (4 +e)e e=]et,
9(2) = (22— M(Jy + &)’e=]e™e.
Therefore, it follows that:
Di¢(2) = e, (2) + far($:) = D[A] = M + &)°e=]e™" — e[l — M (41 + e)e]e*

e’yz/‘u‘”@(z —ct —y)dy — B[l - Me‘z]2 2z

N 1
foe [
! /—ao \/47’Cd1’f1
— (E] + alkz)[l —Me”z]e;“‘z.

We note that if z— ¢ty —z; <y, ¢i1(z—cty —y) = [l = MVl if z—cty—zy 2y, ¢pi(z—cty—y) =

0 > [1 — MetemenghG=en=y) We therefore have

Di¢(2) = e (2) + fur($:) = DilA} — M (2 +)’e%)e"" — [y — M (A1 + e)e"Je’?

N *© 1 > i A2
+ ale’rlfl / { e*} /4di7y X [1 _Mel'(Z*CTI*}')]e/»l(szflf}’) dy
J—0 v47rdm

— Bl = Me“Peh — (Ey + arko)[1 — Me“]e™

- ellZ[D]/ﬁ —chtme edimimeni E\ — arky] — Me"*e“[Dy (2 + 6) —c(4 +e)
+oge el et _ By g ko] — B [1 — Me=] e

=" (M, ¢) — Me"7e“ A, (A +&,¢) — B[] — Me*] e

= —MeMe A, (M +¢,¢) — B[l Mesz]z 2z
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Since z < z; <0 and ¢ < 1;, we have e** < e#, and
(1 = Me®) < (1+Me®)’ < (1+Me*) =(1+1) =4.
We therefore derive that
" / A +e)z A +e)z 1 4
D¢ (2) — e (2) + fu(h:) = N H{=MA\ (0 +6,¢) — 4B} = —e" A, (M + e, C){M _%}
— 41\,
By the choice of ¢ > 0, we have 4,(4; + ¢&,¢) <0. If we choose

45,

M > ,
—Al(;,hC)

then it follows that:
D¢ (z) = c¢)(2) + fu(¢:) = 0.

For ¢»(z), the proof is trivial. Therefore, for such a M > 1, ¢(z) is a lower solution of (2.9).
From what has been discussed above, we can conclude the following result.

Theorem 2.2. In addition to (A1)~(A2), assume that A»(1,¢) < 2(Brk, — axky). For every ¢ > ¢*, regardless of the value of
7,20, 150 =0, (2.1) always has a travelling wave front with speed ¢ connecting two nonnegative uniform equilibria
ET (k],()) and E;(O,kz).

3. Global convergence

In this section, based on the work of Gourley and Kuang [6], we shall extend system (1.4) to a stage structured com-
petitive model with nonlocal spatial effect in the case of the domain being finite with homogeneous Neumann boundary
conditions. Such boundary conditions model a closed environment with reflecting boundaries, i.e., individuals cannot
leave the domain. Referring to [6] we see that, for the case of a finite spatial domain 0 < x < 7, the delayed term
oe "un(t — ) in system (1.1) detailed in Section 1 cannot be replaced by expression (1.3) because the arguments that
led to that expression assumed the domain to be infinite. Thus, in [6], the second equation of (1.3) was replaced by

2 n
Ot = dm%Jr ae’”/ G(x,y, Dum(t —1,p)dy — B, t>0, 0<x<m (3.1)
ot 0x2 0 m
with boundary conditions
Ouy, Ouy, B
a(t,o) —a(l‘,ﬂ:) —O7 l‘>07 (32)
and initial conditions
um(t,x) = ¢(t,x) for (¢,x) € [—1,0] x [0,7]. (3.3)
In (3.1), the kernel G(x,y,1) is of the form
1 23 a0
fH)=—+= " 3.4
G(x,»,1) n+7r ;e COS 11X COS 11y, (3.4)
which is the solution of
oG  0G
—=di—, 0 3.5
2 e <x<m (3.5)
subject to
0G
a—:O atx=0,7 and G(x,y,0) =d(x —y). (3.6)
X

Gourley and Kuang [6] discussed the global convergence of positive solutions of problem ((3.1)—(3.3)). For convenience
of use, we restate their result here.
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Theorem 3.1. Let the initial function ¢ be Holder continuous in [ —1,0] X [0,7] and satisfy ¢ = 0 with ¢ # 0. Assume
that o, > 0 and y,t = 0. Then problem (3.1,3.2,3.3) has a unique positive solution u,,(t,x) satisfying

. -
;Ll+moo um(£,x) = Ee
uniformly for x € [0,7].

Motivated by the work of Gourley and Kuang [6], in this section, we shall study the following stage-structured com-
petition model with nonlocal spatial effect:

a 62 bid
T =D e [ G (= 50y = B (e - an (rx)us(r),
0

a 62 . T
S 1;2 +onuy —y v —oge / Gi(x,y, t)u(t — 7, y)dy,
ot Ox 0 (3.7)
@uz 6 Uy T ' 2
o Prga + e Gy (x,y, T2)ua(t — T2, ¥) dy — Bou3 (£,x) — azu (£, x)ur (2, x),

Jo
ov v, N T
= =d =+t — Pyt — ape / Ga(x, 3, 12)ua(t — 12,y)dy
ot Ox 0

for t >0, x € (0,), where 1 = max{t,, 15}, with boundary conditions

6141 auz 6171 aliz
—(t,0) = —(t,0) = —(£,0) = —(¢,0) =0
Bul i 61,{2 B 61)1 - 61.72 - '
a_x(t7n)_a_x(t7n)_ ox (I,TE) - ox (2‘77'5)—

for ¢ > 0, and the initial conditions
w(t,x) = ¢(6x), wltx) = v(tx) (1= 1,2) for (6,%) € [~7,0] x [0, . (3.9)
n (3.7), Gi(x,y,t) and G,(x,y,t) are solutions of problem (3.5) and (3.6) with d;=d, and d; = d,, respectively. The
parameters a;, d;, D;, E;, a;, f;, v, and 7; are positive constants, i = 1,2.
In order to discuss the global convergence of problem ((3.7)—(3.9)), we first consider the following subsystem of sys-
tem (3.7) for the adult members of the two species in competition:

0 0 i

L= D i e / Gix,y m)un (= 71, 3) dy = Baad (%) = v (1, X)u(£,),

o ot 0 (3.10)
Ou 0%u, B .
aTz =D, 25 + e 722 / Gy (x,y, 12)ua(t — T2, y) dy — Botid(t,x) — azty (2, x)us (2, x),

0
for >0, x € (0,7) with boundary conditions

6u1 o 6142 - 6u1 o 8142 -
a(l‘ao)_ ox (t70)_ ox (Z,TE)— ox (l,ﬂ)— ) (311)

for ¢ > 0 and the initial conditions
ul(tvx) = ¢1(t7x)> u2(tax) = ¢2(t7x)7 (312)

for (¢,x) € [—1,0]x [0,7].
System (3.10) always has a trivial uniform equilibrium £5(0,0) and two nonnegative semi-trivial uniform equilibria
E;(oqe ™ /B,,0) and E5(0, axpe 222 /f,). If the following hold:

(C1) Broe ™t > ajope 272,
(CZ) ﬁlzxze’"”m > [12(11671)'”,

then system (3.10) also admits a unique positive uniform equilibrium E*(u},u;), where

. [)’Zcxle*“}m — alazeﬂ’zfz

u =
! BBy, — ara

u* _ ﬁl a2677’272 — azalef"ﬁlrl
: BB, — arax
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We note that if (C1)—(C2) hold, then > > aa,. In this case it is easy to show that the equilibrium £7(0, 0) is unstable.
In the following, we first study the local stability of the positive equilibrium E*.
Lemma 3.1. (i) If (C1)(C2) hold, then the positive equilibrium E* of system (3.10) is locally stable.

Proof. We find, after some algebra, that the linearized equations have nontrivial solutions of the form
(c1,¢2)e cosnx (n=0,1,...) if and only if the following holds:

2 *

o,n aju

B(o) = ai( ! ) 1 12
arl, g (a,n%)

=0, (3.13)

where
2\ 71Tl p—07T] —dyn?1 2 2Bu* *
g (o,n°) =0 —oe e e + Dyn” + 2pu; + ayus,
2
g (o, nz) =0 — e 2Pe e 4 Doy + 2p,u; + aruj.

We now claim that if (C1)—(C2) hold, then the positive equilibrium E*(u},u}) is locally stable. In order to do so we
therefore need to show the roots of B(¢) = 0 must have negative real parts. Let ¢ = u + iv, where p and v are real num-
bers. Denote

—_ —_ 2 —

Ay = p— e e e cos(vty) +Din® + 2P u; + ayu;,
. oo .

By =v+ae e e M sin(vry),
—, _ 2 _

Ay = p — ope 2eT R eI cog(vry) + Dy + 2Bu5 + axu],

oty —don Ty 11T
By = v+ ope 2Re B e

sin(vty).
On substituting ¢ = u + iv into (3.13) gives

A4, — BB, = ayaruju; and A, B, + A;,B; = 0.
It therefore follows that:

(aayins)’ = (414; — BiBy)* = (414y)° + (B1By)” — 24, 4:B\B, = (4,4,)” + (B1B,)” + 2(41B,)°,
which yields

(alazu’fuz)z > (A]AQ)Z.
If ¢ > 0, then we have

A =u— ocle"“"e’d‘"z“e"”‘ cos(vty) +Din® + 2By + ajuy > —one T 4 2u) + ajus = P,
Similarly, 4, > B,uj. And hence 4,45 > aja>uju;. It follows that:

(@awjiy)’ > (4142) > (B i),

which is a contradiction. Hence, u <0, i.e., the positive equilibrium E*(uj,u5) is locally stable. This completes the
proof. O

Similarly, we can derive the following results for the local stability of the nonnegative equilibria E] and Ej,
respectively.

Lemma 3.2. The nonnegative equilibrium E7 is locally stable if

o e 1t a

et
(Dl) ——— > - — > L
e T g, e ﬁz

Lemma 3.3. The nonnegative equilibrium E is locally stable if

ope ay

e
— < =
ope 7202 ﬁz

(D2)

< & and
a

Ohe 272

In order to study the global convergence of the positive solutions to problem (3.10)—(3.12), we need the following
concept and results.
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Definition 3.1. A pair of smooth functions & = (&1, u,) and & = (i,i,) are called coupled upper—lower solutions of
(3.10)«3.12), if & = i (i=1,2) in [—7,00) x[0,7], and if for all &; < ¢; < &;, the following differential inequalities
hold:

dit oy i _ _ X

611 Dy — a 2 toe /1T1/ Gl(x val)¢ (tfrlay)dyfﬁlu%(tax)7a1u1(tvx)u2(tvx)v

aau; D2 + o€ ZTZ/ G2 x Vo T2 ¢2(t — T2, )dy - ﬁZﬁg(tvx) - a2a1(t7x)a2(tvx)7
0

on ) ) o

aitlng —|—oqe n 1/0 Gl xy7T1 (t_"'-hy)dy_ﬂlu%(tax)_alul(t7x)u2(t7x)7 (314)

ot N - N

6_t2 < Dz— + ope™ 7 G2 (6,2, 72) o (t = 72, ¥) dy — Baits (t,x) — @ity (1,x)iba (1, %),
0

aili aul aul aul .

10y = 0, 1) <0, £,0) <0, 6a) =0 (i=1,2), t>0,

0020, Bem<o, Beo<o Dm0 (=12, >

wi(t,x) < ¢;(t,x) < wi(t,x) (i=1,2), (t,x) € [-7,0] x [0, x].

With the definition of a pair of coupled upper—lower solutions, we can state the following result from Redlinger [17].

Lemma 3.4. If there exist a pair of upper—lower solutions u, 1 of system (3.10), then the problem (3.10)~(3.12) has a unique
solution (uy(t,x),ux(t, x)) satisfying i; < w; < (i=1,2) in [—1,00) X [0,7].

For given (¢, ¢,), choose positive constants Kj, K, such that

}, Ky > max{nqs2 e 2} (3.15)
Ba

where ||¢;]| = max(,,x)e[_ryo]x[ovﬂ]\q&,-(t,x)\, i=1,2. Then it is easy to see that (0,0) and (K}, K;) are a pair of coupled low-

er—upper solutions of (3.10). By Lemma (3.4), we see that problem (3.10)—(3.12) admits a unique solution (u,u,) sat-

isfying 0 < u; < K; (i =1,2). Moreover, by using the maximum principle, it is easy to show that (u,u5) is positive in

(0,00) x [0, 7] if ¢p; = 0, Pp£0,x) # 0 (i=1,2).

K, = max{

Lemma 3.5. Consider the following equation:

Qu o%u i

5= d@ +a /0 G(x,y, T)u(t — 1,¥)dy — bu(t,x) — cu*(t,x) (3.16)
for t>0, x € (0,m) with boundary conditions

0 0

a—Z(t,O) =a—:(t,n)=0, 1>0 (3.17)

and initial conditions
u(t,x) = ¢(t,x) for (t,x) € [—7,0] x [0, 7], (3.18)
where G(x, y, 1) is given by (3.4), the parameters a, b, ¢, d are positive constants, T = 0 is a constant. Let ¢ be Holder con-

tinuous in [ —1,0] X [0,n] and satisfy ¢ = 0, ¢(0,x) # 0. Assume u(t,x) is the solution of problem ((3.16)—(3.18)). We
have

(1) If a > b, then lim,_, .., (t,x) = (a — b)/c uniformly for x € [0,7].
(1) If a <b, then lim,_ ..., (t,x)=0

The proof of Lemma 3.5 is very similar to that of Theorem 3.1 developed by Gourley and Kuang [6]. We therefore
omit it here.

We are now in a position to state and prove our result on the global convergence of positive solution of problem
(3.10)—(3.12).

Theorem 3.2. Let the initial functions ¢(t,x) and ¢-(t,x) be Holder continuous in [ —1,0] X [0,n], and ¢, ¢, = 0,
¢1(0,x) # 0, $2(0,x) # 0. Let (C1)-(C2) hold. Then problem (3.10)—(3.12) has a unique positive solution (u(t, x), u5(t, x))

satisfying
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lim u(t,x) = uj, lm w(t,x) =uj
t—+00

t—+00

uniformly for x € [0,7].

Proof. Let (u,(¢,x),us(2,x)) be the positive regular solution of problem (3.10)-(3.12). Denote

U, =lim sup maxu;(¢,x), V= liminf min u (¢x),
t—+4o00 X€[0,7] t—+o00  x€[0,n]

U, =lim sup max uy(¢,x), ¥V, =Iliminf min u,(z,x).
oo Y€ t—too xel0]

In the followmg, we shall claim Uy =V, =uj, Uy =V, =uj.
Define (#{" (1, x),a" (1,x)) by

—(1) 2(1)
o o'n

or 1735 2 +oae ’lr]/ Gl(x7y7fl)ﬁ(]1)(t_T17y)dy_ﬁl(a(ll)(t>x))2> > O: X € (0,77),
0

o GRT

Fi 2750 Ox: 2 + e ,212/ GZ(xvyv‘[Z)ﬁgl)(t_T27y)dy_ﬁ2(a;l)(t»x))27 t> 07 X € (O,TE),
0

(3.19)

ol ol
gilz%:o’ t>0, x=0,m,
x x

a(t,x) =K, i (t,x) =Ky, (4,x) € [~1,0] x [0,7],

where K| and K, are defined in (3.15). Clearly, (0,0) and (aﬁ”, ﬁ(zl)) are a pair of lower—upper solutions of problem
(3.10)—(3.12). By Lemma 3.4, we derive

0 <u(t,x) <al"(6,x), 0<u(t,x) <ad(s,x).

By Lemma 3.5, it follows from (3.19) that:

e Vit
hr+n i (1, x) = oc,eﬁ (i = 1,2) uniformly for x € [0, n]. (3.20)
t—+00 i

Hence, for Ve > 0 sufficiently small, there is a 7, > 0 such that if ¢ > T,

max i (6,x) <MY +¢ (i=1,2), (3.21)

x€(0,7]

where M| = o,e™% /B, (i = 1,2).
Since this is true for any ¢ > 0 sufficiently small, we conclude that

i = lim sup max u;(,x) < we - My (i=1,2). (3.22)
=400 X€[0,m] Bi
Let g(ll>(t,x),g“>(t x) be the solution of
aw du " |
5—;:D1 67; +oye / Gl(x>yvfl)u2)(t_rl7y)dy ﬁ ( (t X)) _alul (t x)u(Z)(t7x)7 t>T11,x€(0,n),
0
oy oy i 0 W Y2 _ () 0
ﬁ:D 6_2 + e '2“/ G (x,y,12)uy " (t — 12, y)dy — By (uy ' (2,x))” — arii (t xX)u, ' (t,x), t>Ty, x€(0,7),

o _ 0wy

=——=0, t>T =0
ox ox ’ > 1y, x T

1 1
1 (0x) =50 (1.2), ) (.2) = J(tx), (1.2) € [=2,T0] x [0,7].
(3.23)
Thus, (ull)7 i) ) and (u1 ), ué )) are a pair of upper—lower solutions of problem (3.10)—(3.12). By Lemma 3.5 we have

iV (t,x) <up(t,x) <@l (n,x),  ulV(t,x) <u(t,x) <@l (1,x).
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For ¢ > 0 sufficiently small satisfying o;e”™ > a; (M2 + ¢), me 22 > a,(M|' + ¢), we consider the following auxiliary
problem:

ool ol "
=D az e / Gi(wy,m)oy (1= tp)dy =y (@ (1.2))] a0} (6 x) (M +2), 1> T, x€(0,m),
0
o RO " 1) 1) 2 (1)
6: =Dy~ 7 +O€2€ ’m/ Galx,y, 1) (1= 12,y)dy — B (@3 (1,%))* —ax (M} + &)l (£,x), t> Ty, x€(0,m),
0
!V 2wl
L = 2 :07 t>T111x:07ﬂ:7
ox ox

1 1
o (tx) =5 (t.x), @) (tx) = (tx), (6x) € [~7,Tn] x 0.1,
(3.24)
By Lemma 3.5 it follows from (3.24) that:

e T — g (M™ + ¢ e — g (M™
tll+m w(ll)(t7x) _o /;11( 1 +€)’ ,IHP wgl)(t,x) _® ;2( '+

uniformly for x € [0, x].
By comparison, for ¢ > 0 sufficiently small, there is a 77, > T}, such that if 1 > T,
et — alMlllz (1

e 22 — g M 1
min “5)(t7x)>7—8, min u, (t,x)>¥_
x€[0,7] ﬁl xe[0,7] ﬁz

Since this is true for arbitrary & > 0 sufficiently small, we can conclude that

e — g M7
Vi = liminf min u(f,x) > ———————1 .= N"1,
t—+00  xe[0,7] B )
e % — gy M™ (3.25)
V, = liminf min u,(t,x) > —————1 1= N}
t—+00  x€[0,7] By

Let (" (1,x), & (t,x)) be the solution of the following problem:

o o'u)

o P e / Gy vy r)iy” (¢ =z p)dy =By @ (62))” = i (650w (1), 1> T, x€(0,7),
0

oul?  otul? "

a—i— o 2 ——+ e ’”2/ Gy (x,y,12)u ()(t—rz,y)dy ﬁz(uz (¢, x)) —azu(l)(t x)u(z)(t,x)7 t>Ty, xe(0,m),
0

ou 0wy

= = T =
ox ox O, t>11,x 0,7[,
i (tx) =Ky, a2 (1,x)=K,, (t,x) € [—1,Tp] x [0,7].
(3.26)
We note that (u1 ), (1 ) and (u1 ) )) are a pair of lower—upper solutions of problem (3.10)—(3.12). By Lemma 3.5 it
follows that:
V(%) Sup(t,x) <@l (n,x), Wl (6,x) < wp(t,x) < @l (1, x). (3.27)

We now consider the following problem:

o ohf " )

Sl—p <l mernn [ Grwm =) dy= (o () = () VF =), 6> Tis, x€ 0.7,
(2) 2 n

avZ _ 0 )2To 2 u) (2)

T—D o 2 +oce 72 Gz(xy,‘z:z) (tfrz,y)dy ,8( ( X)) —a (N —e)vy " (t,x), t>T1a, x€(0,m),

61}52) 61);2)

W_W_Q t>Tp, x=0,7,

W (1,x) =Ky, vP(1,x) =K, (t,x) € [—1,T1a] x [0,7].
(3.28)
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By Lemma 3.5 we have

lim v(z)(t x) = me "t —a(Ny — ) lim o} )(t x) = e 22— a(VY —¢)
(oo L7 [fl P o 2 [fz

uniformly for x € [0,7]. By comparison, for ¢ > 0 sufficiently small, there is a 75, > T, such that if 1 > T,

Uy

max ”E )(t,x) < qu g,
xe[0,7] I ) (3.29)
maxug)(t x) < M+ e
x€[0,7] b,
Since this is true for arbitrary ¢ > 0 sufficiently small, we derive that
U, = limsup max u; (¢,x) < me ! = alVy =M,
oo x€[0.1] Bi (330)

. e 22 — g, NY'!
U, = limsup max u,(¢,x) < ——————L = My
i—too x€[0.7] B

Let (u\” (¢,x),ul” (t,x)) be the solution of the following problem:

d (2) 62 (2) 7
= U e / Gi (e, t)u® (1= 11,p) dy — By (w2 (1,0))* — (1,082 (1,%), 1> Ty, x€ (0,m),
JO

o Ve 2

us? 62 " @ @ @) @

_@t 2 2 +oce mz/ Ga(x,y,02)uy (= 12,y)dy — B> (; (t,x)) —auty” (t,x)uy (t,x), t> T, x€(0,7),
0

agf)_au;

=——=0, t>T =0
ox ox ) > 11, X T

1 1
g(lz)(z;x) zzul(t,x), géz)(t,x) zzuz(t7x)7 (t,x) € [=7,T2] x [0,7].
(3.31)

For ¢ > 0 sufficiently small, we consider the following auxiliary problem:

o) o g

5 D% Shmen / Gi(x.y. ) (=) dy— i (@) (02))" — @10 (L) (M5 +e), 1> Ty, x€ (0,7),
0

@ 20, n

0w, 0w @ " @

ot =42 ox 2 +ope 2 GQ(x7y7T2)CU2 (Z_T27y)dy ﬁl( (t x)) _aZ(MZ +8)w2 (t7x)7 t>T217x€(077Z)7
0

d (2) d (2)

(g; = Cg; =0, t>T5, x=0,m,

o (tx) = %ul(t,x) o (t,x) = ; 2(£:%), (%) € [=7, T x [0,7).

(3.32)
By Lemma 3.5, we have
e 1t — M" e e 2T — MY &
lim o\ (1,x) = — @My + ), lim o (t,x) == a(My' +¢)
t—+00 b i—+00 B>
uniformly for x € [0,7]. By comparison, for ¢ > 0 sufficiently small, there is a 75, > T, such that if 1> Ty,
e T — g My e 22 — ap MY
min ”(1 )(t7x) > #—s, min ug)(nx) > 0y
xe(0,7] ﬂl xe[0.7] BZ
Since this is true for arbitrary ¢ > 0 sufficiently small, it therefore follows that:
. . e — g M3?
vy = liminf min u,(¢,x) > v 0 N3,
t—+o00  xel0,n] ﬁl (3 33)
.. . o€ — @y M) . '
V, = liminf min uy(¢,x) > N M N&2.

t—+oo  xe(0,n] ﬁz
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Continuing this process, we get four sequences M, M.2, N

n>? n>?

N2 (n=1,2,...) such that for n > 2,

I u
e’ aM;

oo
0(2671"3’2 _ azle _ e
Ba "
. " (3.34)
oe 1t —aan;l -
—_— = =M,
B
azeihn — azN:Ll = M®
—_— ) = "o
B,
Clearly we have
NSV <SU M), N2V, U, < M2 (3.35)

By induction, it is easy to show that the sequences M%', M}> are monotonically decreasing, but the sequences Ni', Ni?

n?

are monotonically increasing. Therefore, we see that lim,_.M}}, lim, M2, lim,_. N3, lim,_. N} exist. We denote
them by A;, A,, By, B,, respectively.
Letting n — +oco in (3.34), we derive that

aids + p\By = ae ",

ady + BBy = e,

aiB, + p1A; = oe ",

@By + Brdy = 6727,
which yields

A, — B)) —ai(4> — By) =0,

Bi(4r — By) — ar(42 — Ba) (3.36)

dz(Al — B]) - ﬁz(Az - Bz) =0.

Noting that 8, > aa,, system (3.36) has only zero solution with respect to 4; — By, Ay — B». It therefore follows that
Ay = B, A> = B,. It is easy to obtain from (3.34) and (3.35) that Uy, =V, =4, =B =uj, Uy =V, =4, =B, = u}.
This completes the proof. [

In a similar way, one can prove the following results.

Theorem 3.3. Let the initial functions ¢(t,x) and ¢,(t,x) are Holder continuous in [ —1,0] X [0,n], and ¢, ¢, = 0,
¢1(0,x) # 0, ¢2(0,x) # 0. Let (D1) hold. Then system 3.10,3.11,3.12 has a unique positive solution (u(t,x),us(t,x))
satisfying

o e

tkg;cul(hx) = ﬁl ’ tEg”Z(tvx) =0

uniformly for x € [0,7].

Theorem 3.4. Let the initial functions ¢(t,x) and ¢,(t,x) are Hélder continuous in [ —1,0] X [0,7], and ¢y, ¢, = 0,
$1(0,x) # 0, ¢p2(0,x) # 0. Let (D2) hold. Then system 3.10,3.11,3.12 has a unique positive solution (u,(t,Xx),u(t,x))
satisfying

O(2e*‘/zfz

i () =0, lim et =5

uniformly for x € [0,7].

Finally, let (u(¢, x), v1(2, x), ux(t, x), v2(¢, x)) be the solution of problem (3.10)—(3.12). Using similar arguments to those
in [6], we can derive that

im v(t,x) = 2 (1 —e ) lim u
tHeroc Uz(tvx) - 7, (1 € )tll+mmul(t7x)

uniformly for x € [0,7].
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4. Discussion

In this paper, we have discussed stage-structured reaction—diffusion competition models with delays and spatially
nonlocal effect in the case of the domain being finite and infinite, respectively. In the latter case, we have discussed
the effect of time delays on the existence of travelling fronts of system (2.1) modelling the competition between the adult
members of two species. Our approach was to use the upper—lower solution technique and iteration method recently
developed by Wu and Zou [23]. By Theorem 2.2, we see that if (A1)—(A2) hold, travelling wave fronts exist connecting
the two boundary equilibria of system (2.1). Ecologically, if the intra-specific competition rate and the harvesting rate of
the mature individuals #; and the transformation rate of the species u, are low, and the transformation rate of the spe-
cies u; and the harvesting rate and the intra-specific competition rate of the species u, are sufficiently high to satisfy
(A1)—(A2), the weaker competitor u, will be driven to extinction by the stronger u; in a “travelling wave” of invasion.

We note that if the immatures are not moving and no harvesting effort is put on the two mature populations, then
letting d; — 0, E; =0 (i = 1,2), system (2.1) becomes

0 o

g _ D, an +oe My (f —1y,x) — [31u%(t,x) — aju (£, x)uy (8, x),

ot ox? 1)
s _ 1, T | e ot — 1a,) — %) — a6 )ut,)

o 5] U T2,% UL, X) — axug (L, X )us (1, X

for t >0, x € (—00,00). In [3], Al-Omari and Gourley discussed the existence of travelling wave fronts of system (4.1).
Sufficient conditions were derived for the existence of a travelling front connecting the boundary equilibria
(ope™7/B,,0) and (0, ape™72%/f,) under the following assumptions:

(1) azg(leﬂun > ﬁlaze—;rzfz’ 6110(2673"272 < ﬁﬂle*k"m,
(i) A(A1) < 2(ope 722 — %e—'fﬂl)’

where A = aye22e 2 — (ay0, /f,)e " — (¢/ — D,2%), and J, is the smaller positive root of the equation

ae e N9 o (cA—DyJ*) =0.
2
Therefore, Theorem 2.2 may be viewed as an extension of the work developed by Al-Omari and Gourley in [3] in the
sense that the nonlocal spatial effect induced by the movement of the mature population is considered.

The global convergence of reaction—diffusion systems with delays have been studied by many authors. However,
most of the systems previously considered are mixed quasi-monotone, and most of the discussions are in the framework
of semigroup theory of dynamical systems. Recently, there has been much work on the global stability of the positive
steady-state of reaction—diffusion population models by using the technique of coupled lower—upper solutions and
monotone iterations (see, for example, [14-16]). However, these do not take into account the nonlocal spatial effect.
In the present paper, we have been interested in the global dynamics of stage-structured competition model with delays
and nonlocal spatial effect. In the case of the domain being finite, we have shown that the global dynamics of problem
(3.10)—(3.12) can be completely determined except in the case when the two boundary equilibria are both locally stable
(f1P2 < ayas). In this case the asymptotic behavior will depend on the initial conditions. If 8, > aa,, via successive
modification of upper—lower solutions, a set of easily verifiable sufficient conditions were derived for the global attrac-
tiveness of the nonnegative uniform equilibria of problem (3.10)—(3.12). By Theorem 3.2, when both boundary equilib-
ria are locally unstable, we showed that the positive equilibrium of problem (3.10)—(3.12) is uniformly globally
attractive. Ecologically, this means that if the intra-specific competitions dominate the inter-specific competitions, then
the competitors will coexist. By Theorems 3.3 and 3.4, we see that the weaker competitor will be driven to extinction if
(D1) or (D2) holds. By Theorems 3.2, 3.3 and 3.4, we have shown the following three typical dynamical behaviors are
possible: (i) coexistence, (ii) bistability, (iii) dominance. Therefore, in this sense problem (3.10)—(3.12) has similar global
dynamics to the classical Lotka—Volterra competition model without time delays.
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