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Abstract

A three-species Lotka—Volterra type food chain model with stage structure and time delays is investigated.
It is assumed in the model that the individuals in each species may belong to one of two classes: the
immatures and the matures, the age to maturity is presented by a time delay, and that the immature predators
(immature top predators) do not have the ability to feed on prey (predator). By using some comparison
arguments, we first discuss the permanence of the model. By means of an iterative technique, a set of easily
verifiable sufficient conditions are established for the global attractivity of the nonnegative equilibria of the
model.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

An important and ubiquitous problem in predator—prey theory and related topics in mathemat-
ical ecology, concerns the long term coexistence of species. Lotka—Volterra type predator—prey
systems are very important in the models of multi-species populations interactions and have been
studied by many authors (see, for example, [5-8]). It is assumed in the classical predator—prey
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model that each individual predator admits the same ability to attack prey and each individual
prey admits the same risk to be attacked by predator. This assumption seems not to be realistic for
many animals. In the natural world, there are many species whose individuals have a life history
that takes them through two stages, immature and mature, where immature predators are raised
by their parents, and the rate they attacking at prey and the reproductive rate can be ignored;
on the other hand, it may be reasonable for a number of animals to assume that immature prey
population concealed in the mountain cave and are raised by their parents; the rate of mature
predators attacking at immature prey can be ignored.

Stage-structured models have received great attention in recent years. The pioneering work
of Aiello and Freedman [1] on a single species growth model with stage structure represents a
mathematically more careful and biologically meaningful formulation approach. In [1], a model
of single species population growth incorporating stage structure as a reasonable generalization
of the classical logistic model was formulated and discussed. This model assumes an average
age to maturity which appears as a constant time delay reflecting a delayed birth of immatures
and a reduced survival of immatures to their maturity. Recently, many authors studied different
kinds of stage-structured models and some significant work was carried out (see, for example,
[2-4.9-16]).

Motivated by the recent work of Aiello and Freedman [1], in the present paper we are con-
cerned with the effect of stage structure for each species on three species Lotka—Volterra type
food chain model. To do so, we study the following delayed differential system:

X1(1) = a1e "M xy (f — 71) — anxi(t) — anxi (H)xa(t),

Vi) =o1x1(t) = yiyi(t) —one” "xi (t — 1),

B(t) = aze 22 (t — T)x2(t — T2) — rax2(t) — axx3 (1) — a2 (t)x3(1),

() = caox1 ()x2(t) — yay2(t) — aze™ 22x1 (t — ) x2(t — 12),

$3(1) = 36 B Bxp(r — 13)x3(f — 13) — r3x3(1) — az3x3 (1),

¥3(t) = azx2()x3(t) — y3y3(1) —aze” BB xp(t — 13)x3(1 — 13), (1.1)

where x(¢) and y; () denote the densities of the mature and immature prey population at time ¢,
respectively; x2(¢) and y,(¢) represent the densities of the mature and immature predator pop-
ulation at time ¢, respectively; x3(¢) and y3(¢) denote the densities of the mature and immature
top predator population at time ¢, respectively. a1, ai2, a2, a3, ass, ra, r3, a1, 02, &3, V1, Y2,
¥3, T1, T2 and 13 are positive constants. The model is derived under the following assumptions:

(A1) The prey population: the birth rate of the population is proportional to the existing mature
population with a proportionality constant oy > 0; the death rate of the immature popu-
lation is proportional to the existing immature population with a proportionality constant
y1 > 0; ap1 is the death and intra-specific competition rate of the mature population. The
term oje V1" x (¢ — 1) represents the immature prey individuals who were born at time
t — 11 and survive at time ¢, and therefore represents the transformation of immature prey
population to mature prey population.

(A2) The predator population: apy is the capturing rate of the mature predator, az/ajs is the
conversion rate of nutrients into the reproduction of the mature predator, r, and ay; are the
death rate and the intra-specific competition rate of the mature predators, respectively; the
death rate of the immature population is proportional to the existing immature population
with a proportionality constant y» > 0. The term ape™"2%2x (¢t — 12)x2(t — T2) represents
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the number of immature predators that were born at time ¢ — 7o which still survive at time
t and are transferred from the immature stage to the mature stage at time ¢. It is assumed
in (1.1) that immature individual predators do not feed on prey and do not have the ability
to reproduce.

The top predator population: ay3 is the capturing rate of the mature top predator, 3 /az3 is
the conversion rate of nutrients into the reproduction of the mature top predator, r3 and a33
are the death rate and the intra-specific competition rate of the mature top predators, the
death rate of the immature population is proportional to the existing immature population
with a proportionality constant y3 > 0. The term a3e 3% x (¢ — t3)x3(¢ — t3) denotes the
number of immature top predators that were born at time t — 3 which still survive at time
t and are transferred from the immature stage to the mature stage at time 7. In (1.1) we also
assume that the immature top predator do not feed on predator and do not have the ability
to reproduce.

The initial conditions for system (1.1) take the form

X (0) = ¢i (0), Yi(0) = vi(0),
¢ (0) >0, ¥ (0)>0, i=1,2,3, (1.2)

where (¢1(0), ¥1(0), ¢2(0), ¥2(0), $3(0), ¥3(0)) € C([—7,0], Rio), the Banach space of con-

tinuous functions mapping the interval [—7,0] into R

6
+0°

where T = max{t|, 1, 73}, Rio =

{(x1, x2, x3, x4, x5,%x6) | x; 20,i =1,2,...,6}.
For continuity of the initial conditions, we further require

0
y1(0)=/a1¢1(s)ey”ds,
4
0
$2(0) = / a1 (5)a ()€ dis,

-0
0

Y3(0)=/053452(S)¢3(S)e’”3sds. (1.3)

—-13

The paper is organized as follows. In the next section, we will discuss the positivity of solutions
and the permanence of system (1.1). In Section 3, a set of easily verifiable sufficient conditions
are derived for the global attractivity of the nonnegative equilibria of system (1.1) by using an
iterative technique. A brief discussion is given in Section 4 to conclude this work.

2. Permanence

In this section, we are concerned with the permanence of system (1.1) with initial conditions
(1.2) and (1.3).

Definition. System (1.1) is said to be permanent if there exists a compact region D C Int Ri
such that every solution (x(¢), y1(f), x2(t), ¥2(¢), x3(¢), y3(¢)) of (1.1) with initial conditions
(1.2) and (1.3) eventually enters and remains in the region D.
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In the following we first show the positivity of solutions to system (1.1) with initial conditions
(1.2) and (1.3).

Lemma 2.1. Solutions of system (1.1) with initial conditions (1.2) and (1.3) are positive for all
t>0.

Proof. Let (x1(¢), y1(¢), x2(t), y2(t), x3(¢), y3(¢)) be a solution of system (1.1) with initial con-
ditions (1.2) and (1.3). Let us first consider y3(¢) for ¢ € [0, t*], where t* = min{zy, 71, 12}.
Noting that ¢»(0) > 0, ¢3(0) > 0 for 6 € [—1, 0], we obtain from the fifth equation of system
(1.1) that

$3(1) = a3e BB (t — 13) 3 (1 — 13) — r3x3(1) — azzx3 () = —r3x3(t) — azzxi(t).

By comparison, it follows that for ¢ € [0, T*],

0
x3(1) > rsx3(0) - 0.
az3x3(0)(e"3! —1) +r3

We derive from the third equation of system (1.1) that for 7 € [0, T*],

X2(1) = 02e 2Ry (1 — ) ot — T2) — r2x2 (1) — a3 (1) — azsx2(1)x3(1)
> x2(t) (—r2 — anxa (1) — asx3 (1))

since ¢1(0) = 0, ¢2(0) > 0, 0 € [—71,0]. A standard comparison argument shows that for
t €0, t*],

x2(0) exp[— [y (r2 + a23x3(s)) ds]
1+ aznx:(0) [y expl— [y (r2 + az3x3(u)) dulds

x2(t) 2
Similarly, it follows from the first equation of system (1.1) that for ¢ € [0, T*],

X1(0) = a1e MNPy (t — 11) — anxi(t) — annx) (0)x2(1)
> x1 ()] —anxi (1) — ainxa(1)]
since ¢1(0) >0, 6 € [—1,0]. By comparison, we derive that for € [0, T*],
x1(0) exp[—aiz [y x2(s)ds]
1+ anx1(0) fy expl—ai f§ x2(u) dulds

In a similar way, we treat the intervals [t*,27*],..., [nt*, (n + 1)7*],n € N. Thus, x; (#) > 0
forallt >0,i=1,2,3.
It follows from (1.1) and (1.3) that

x1(t) 2

t

yi(t) = / are 1y (s) ds,

1—11
t

Y2 (t) = f aze 2079 x 1 ()x2(s) ds,

t—1
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t

y3(t) = / aze ) x5 (s)x3(s) ds. 2.1)
1—13

Therefore, the positivity of y;(¢) (i =1, 2, 3) follows. This completes the proof. O
In order to discuss the permanence of system (1.1), we need the following result from [13].

Lemma 2.2. Consider the following equation:
() =ax(t — 1) — bx(t) — cx’(1),
where a, b, ¢ and T are positive constants, x(t) > 0 for t € [—t,0]. We have

(i) ifa > b, then lim;_, ;5o x(t) = (@ — b)/c;
(ii) ifa < b, then lim;_, 4, x(t) =0.

Theorem 2.1. System (1.1) with initial conditions (1.2) and (1.3) is permanent provided that

(H1) A; >0,i=1,2, where

Ay =ananasz; —anaxpaze " —aszapare " >0,
—VITI—NT2— V3T —WY3T —T
Ag = (a1ap3e ™ TRV — pyagazeT B — raarian — raapage” ™)

<l apase 2% 61230!36’_’/3’3)
X J—

aipan?z az2das3

(22)

-nn —1373
B apase araze
— r3ajpane” 272 < + )

appazz azzass
Proof. Suppose (x1(¢), y1(t), x2(2), y2(t), x3(¢), y3(¢)) is a positive solution of system (1.1) with
initial conditions (1.2) and (1.3). It follows from the first equation of system (1.1) that
X1(0) are M (r — 1) — anxi ().
Consider the following auxiliary equation:
() =are " u(t —11) — ayu’(t).
By Lemma 2.2, we derive that
. aje N
lim wu(t) = —.
t——+00 al
By comparison, it follows that
aq e_yl 71
limsup x(¢) <
t—+00 arl

Therefore, for ¢ > 0 sufficiently small, there is a 771 > O such that if r > 771,

—Yita
a < =M. 2.23)

aill

We derive from the third equation of system (1.1) for ¢ > 711 + t that

K1) ane PR Mixa(t — 1) — raxa(t) — anx3 ().
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A comparison argument shows that

_ —v1T
e }/2f2(0lleT —|—8) -1

limsup x,(f) <
t——+00 an)

Since ¢ > 0 is arbitrary and sufficiently small, we can conclude that

Qe TN gy

limsupxz(¢) <
=00 aiiax

Therefore, for ¢ > 0 sufficiently small there exists 772 > 711 + t such that if 7 > T,

ajare VTR _ gy
x(t) < +&:=M,. 24)
ajjaxn

Similarly, we derive from the fifth equation of system (1.1) and (2.4) that

: aze B (aope™ MU —rayy) —r3ajjan
limsupx3(?) < .

t— 400 appalaass
Hence, for ¢ > 0 sufficiently small there is Ty3 > T2 + 7 such that if r > T3,

aze V3B (ajope TR —pay) — r3ajaxn

x3(t) < + & := M;s. 2.5)
ai1azas;z
Set T} = T3 + 1. It follows from (2.1), (2.3)-(2.5) that for t > Ty,

M

y() < el (I—e ) =Ny,
MM

(1) < M(l _ e*nfz) =Ny,
V2
MyM

ya() < B2 (1 — 1) = N 2.6)
V3

Again, we derive from the first equation of system (1.1) and (2.4) that for t > T7,
B0 2 are MM x (1 = T1) — anxi (1) — annMaxi (0). 2.7

By comparison, it follows from (2.4) and (2.7) that

T2
ajape raig )
+ &

By 4 12
a1e 012( aiian

liminfx(z) >
t——+o0 an

Since ¢ > 0 is arbitrary and sufficiently small, we conclude that

e VITIT7272 —raay
arjaxn

aje T —qap,

liminfx;(¢) >
t— 400 ar
Therefore, for ¢ > 0 sufficiently small there is 7> > T} such that if r > 7>,
a167V1 T alz()[]l)[ze_ylatl _HVZTZ —nday
x1(t) > 1172 —&:1=mj. (2.8)
ai

It follows from the third equation of system (1.1), (2.5) and (2.8) that for r > T, + 7,

X2(1) = 02e 2 2myxa(t — 12) — raxa(t) — axnx3 (1) — apMaxa(t). (2.9)
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By comparison, we obtain from (2.5), (2.8) and (2.9) that

1 Qre VT _ gy, U02e TR —ryay,
mi N7 ! 12 aija
liminfx,(t) > —{aze —&c)—r
t—+00 an ari
. (0536_]’”3 (o1 pe™ T2 — pyayy) — r3ariaxn n 8) }
— a3 .
ap1a2as3

Since ¢ > 0 is arbitrary small, we can conclude that

(alaze—ﬂfl‘ym _r )(1 _ apme 72 a23w387"3’3) r3ax
aiy 2 aran aa3;3 as

liminfx,(¢) >
t——+00 ann
Hence, for ¢ > 0 sufficiently small there is a 75 > T> + t such that if r > T3,

a1a287V1 1= _ rz)(l _ 611201267}/272 _ a23a36*3/31'3) r3an3

x(t) > - az; 22 205 Bo—ei=my. (2.10)
Similarly, we derive from the fifth equation of system (1.1) that
A

liminfx3(t) > ,
I—+00 ajlazpas;z
where Aj is defined in (2.2). Therefore, for ¢ > 0 sufficiently small there exists a 74 > T3 + t
such that if t > Ty,
A
x3(t) > —————— — e :=ma3. (2.11)
aplazzasz
We note that if (H1) holds and ¢ > 0 is chosen sufficiently small, m; > 0.
It follows from (2.1), (2.8), (2.10) and (2.11) that there is T > T4 + 7 such thatif t > T,

a1mi

@)= 2 (1 ey s,

ya(t) > M(l — e—}’zfz) >0,

y3(t) > %(1 _ e—)/3f3) =~ 0.
V3

This completes the proof. O
3. Global attractivity of nonnegative equilibria

In this section, we discuss the global attractivity of the nonnegative equilibria of system (1.1)
by using an iterative technique developed by some authors (see, for example, [3,13,14,16]).

It is easy to show that system (1.1) has at least two nonnegative equilibria: E(0, 0,0, 0,
0,0), Ej(aje 1 /all,ozlze_yl (1 —eMMy/(a11y1),0,0,0,0). By analyzing the correspond-
ing characteristic equations, we know that Ey is always unstable; if ajape™ 1177222 > pray, E|
is locally unstable, if ajape 171722 < praqy, Eq is locally stable. If ajape™ 11177272 > phayy,
system (1.1) has another nonnegative equilibrium E» (x?, y?, xg , y(z), 0, 0), where

o anaie V' 4+ rain 0 e MU gy
X = Xy =

T anan +apaenn’ ajaxn + apae 72w

0 0,0
o1Xq (1 _ e—)/]r])’ yg _ 02X 1 Xy
Vi V2

0= (1—e7), (3.1)
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Furthermore, system (1.1) admits a unique positive equilibrium E*(x{, ¥}, x3, y5, x5, y3) if the
following holds:

(H2) Az >0, where

A; ox’¥
* l . * 1 VT
xi=— ((=1,2,3), =——(1—e 1),
P= o ai=— )
arxFxXx azxixt
5= zyi—z (1-em), y§=—3y§—3 (1—-em), (3:2)
in which

" — r3apan + apajeze” BB 4 rarnazs,

171 =272

Ay =apazone””
Ay =azpaiaze”” —r2a11a33 +r3aiazs,

—VIT1I— V2 T2—Y3T —Y3T X%
Az = ajopaze” MITRRTIE — pajase” B —r3arazn — ranee 2,

A =ayjanazs +anapaze” 8 +apazage” 2. (3.3)
We first give a result on the global attractivity of the positive equilibrium E* of system (1.1).

Theorem 3.1. Let (H2) hold. Then the positive equilibrium E*(x{, y{, x5, y5,x5,y3) of sys-
tem (1.1) is globally attractive provided that

(H3) aiiaxnass > ajapaze™ % +azzapnae 272,

Proof. Let (x1(r), y1(¢), x2(¢), y2(¢), x3(t), y3(¢)) be a positive solution to system (1.1) with
initial conditions (1.2) and (1.3).
Denote

U; =limsupx;(¢), V;=Iliminfx;(t) (=1,2,3).
t—>+00 I—>+00

We now claim that U; = V; =x7 (i =1,2,3).
It follows from the first equation of system (1.1) that

() <oeMx(t— 1) — allxlz(l)-
By comparison, we derive that
Up=limsupx;(t) < —— := Nf‘.
t—+00 ai

Hence, for ¢ > 0 sufficiently small there is 771 > O such thatif r > 711, x1(¢) < Nf” +e.
We derive from the third equation of system (1.1) that for r > 77y + 7,

X2(t) <one P2(N{ + e)xa(t — 1) — raxa(t) — anx3 ().

A standard comparison argument shows that

i e P2(N ) —ry
U, =limsupxy(t) < 1 .
t—+00 an
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Since this is true for arbitrary ¢ > 0 sufficiently small, we conclude that Uy < N fz , Where
are 22NT — 1)
an '

Hence, for ¢ > 0 sufficiently small, there is 7> > T11 + 7 such thatif t > T51, x2(t) < N fz + €.
We derive from the fifth equation of system (1.1) that for t > 75| + 7,

X2
Ni==

$3(1) < aze B (N2 + ) x3(t — 13) — r3x3(1) — azx3 (1)
By comparison, it follows that

aze 3B(N2 +¢) —r3

Us =limsupx3(t) <
t—+00 ass

Since this is true for arbitrary ¢ > 0 sufficiently small, we conclude that U3 < N f3 , Where
aze BN —r3

ass

X3
N =

Therefore, for ¢ > O sufficiently small, there is 731 > T>1 + t such that if r > T31, x3(¢) <
NP +e.
Again, we derive from the first equation of system (1.1) that for r > T3,

%1() = a1e M (t — 11) — anxi (1) — apxi () (N} +¢).
Thus, if for # > 731 we denote by v(¢) the solution of

V() =are Mt — 1) —apv’(t) — alzv(t)(Nf2 + 8)
with suitable initial condition, then x(¢) > v(¢) and hence

aje T — alz(Nfz +¢)

ail

Vi =liminfx,(¢) > lim v(t) =
t—+00 t— 400
Since ¢ > 0 is arbitrary, we have

U _ g, N*2
aje aln
Vi > L= M.
airn

Therefore, for any ¢ > O sufficiently small, there exists T2 > T3; + t such thatif r > T2, x1(t) >
M —¢.

1

It follows from the third equation of system (1.1) that for r > T1» + 7,

Xo(t) = are 2R (MY! — €)xo(t — 1) — r2x2(t) — anx3 () — a3 (N + €)x2(0).
By comparison, we obtain that
ape 2™ (Mfl —&)—712—an (Nf3 +eé)

a?

Vo =liminfx, () >
t——+00
Since this is true for arbitrary ¢ > O sufficiently small, we have
ape 1202 Mfl —ry)— 6123Nf3

o = Micz.
an)

X2

Hence for ¢ > 0 sufficiently small, there is T2 > T12 + T such thatif ¢ > Tp, x2(t) 2> M; e.
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Similarly, it follows from the fifth equation of system (1.1) that for t > T, + 7,
£3() > a3e B (M — &) — r3x3(t) — azx3(0),
which yields
aze BEM? —r3

ass

V3 = liminfx3(t) > =M.
t—+400

X3

99

Thus, for £ > 0 sufficiently small, there is T3 > T2 + T such thatif # > T3z, x3(t) > M;” —&.

We derive from the first equation of system (1.1) that for r > T3;,
X1(0) <oe xy(t — 71) — anxi (1) — an(My? — &)x (1).

A standard comparison argument shows that

. aje T —ap(M? —¢)
Ui =limsupx(t) < .
t—+00 ar

Since ¢ > 0 is arbitrary and sufficiently small, we derive

NT _ g M2
oje an
Uy < L =N
ary

Hence, for ¢ > 0 sufficiently small, there is 773 > T3 + t such that if ¢ > T3, x1(#) < N;' + e.

It follows from the third equation of system (1.1) that for r > Ty3 + 7,
B (t) Sare 2N +e)xa(t — 1) — raxa(t) — anx3 (1) — a3 (M} — &) xa(1).
By comparison, we derive that

e (N +e)—ra— (M} —¢
U, =limsupxy(t) < 2 ( 2 ) 2= ( 1 ).
t—+00 a2

Since ¢ > 0 is arbitrary and sufficiently small, we derive that

RNty — M?
(05X 4 r
Up < 2 L= N2
ann

Therefore, for ¢ > 0 sufficiently small, there is 753 > T13 + t such that if t > Th3, x2(¢)
Ny* +e.
Similarly, we derive from the fifth equation of system (1.1) that for t > 753 + 7,
£3(1) < aze B (NJ? +e)x3(t — 13) — r3x3(t) — azx3 (1).

By comparison, it follows that

i a3e BB(NY: +¢6) —r3
Us =limsupx3(t) < 2 .
t—>+00 ass

Since ¢ > 0 is arbitrary and sufficiently small, we get

—y3m N2
a3e r3
U3 ———2——==N,".
asz
Continuing this process, we obtain six sequences M;"', N;', M;?, N;2, M;> , N;* (n=1,2,..
such that forn > 2,

<

Y
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aje NN —apM?

N =
" ar ’
— X1 X3
o %2e NNt —ry — axnM,”
N,? = ,
ax
— X2
N 93¢ BBNG? —13
n - 9
ass
_ X2
e e T —ap Ny
" ar ’
_ X1 X3
i 22¢ "RMy' —ry —anNy
n - ’
an
_ X2
YTl BBMy* —r13
= .

ass
Clearly, we have

MY <V, <U <NY, i=1,23.
It follows from (3.4) that for n > 2,

N2, = Az(ariaxnaszz — ajjasaze” B —azzajpone™27)
(ar1a22a33)?
n (an1anaze” " + azzapase” 22)? N
(a11a22a33)? "

where A3z is defined in (3.3).
We therefore rewrite (3.6) into

2 - —1122
_ (an1anaz)? — (an1axneze” BB + azzapone 22)? |

(3.4)

(3.5)

(3.6)

(3.7)

x3
N = (a11axa33)? 3
(a11a2303¢ " + azgzapare 2?)?
(a11axaz3)? "
Noting that N,f3 > x; and ajjaxpaszz > ajjazasze B 4+ aszajpare 22 we derive from (3.7)
that
NS, — NP = (a11a22a33)* — (anagaze™ " + a336112062€_’/m)2x;
(a11a22a33)?
{ (an1axaze™"3 + azzapnone 2%2)? B I}ng,
(ar1a22a33)? "
o (a11a2a33)% — (a1ax303e 3% + a33a12a28—V212)2X*
A (a11axaz3)? 3
n { (anaxaze™"3 + azzapane 272)? _ l}x*
(ar1axnaz3)? 3

Therefore, the sequence N;* is monotonically decreasing. Accordingly, lim,,_, 1o N;> exists.

Taking n — +o00, it follows from (3.7) that

lim N =xi.
n—-400 n 3

(3.8)
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We further derive from (3.4) and (3.8) that

lim N2 =x3, lim MM =x}, lim M2 = x3,
n——+00 n——+00o n—+00

lim M3 =xi lim N =x¥. 39
n—>+oo M 3 n—+oo " 1 ( )

It follows from (3.5), (3.8) and (3.9) that
U1:V1:xik, U2:V2:x;, U3:V3:x;‘. (3.10)
As a consequence, we obtain that
tligrnoox,' H=x" (=12,3).
Using L’Hospital’s rule, it follows from (2.1) that
. Y vF (—
t—lg-noo yilt)y=y: (=1,2,3).

This completes the proof. O
Next, we discuss the global stability of the nonnegative equilibria E; of system (1.1).

Theorem 3.2. If ajape V1117272 < prayy, the nonnegative equilibrium E| of system (1.1) is
globally asymptotically stable.

Proof. Noting that the nonnegative equilibrium E| is locally stable if ajape ™17 77272 < rpayy,
it suffices to show that E is globally attractive.
Let ¢ > 0 be sufficiently small satisfying

_ ale_yl‘[l _
e P2 ——— 4+ ¢ ) -1 <0, aze PBeg —r3 <. (3.11)
aiy

We derive from the first equation of system (1.1) that
X1(1) <oe ™M Txy (1 — 1) —anxi(),
by comparison which yields

-yt
limsupax; (1) < 24— (3.12)
t—+00 ar
Therefore, for ¢ > 0 sufficiently small satisfying (3.11) there is 77 > O such that if 1 > T,
x1(t) <are "% /ay +e.
It follows from the third equation of system (1.1) that for t > T1 + 7,

aje N1

(@) < aze"’m<
arg

+ 8>x2(t — 1)) — raxa(t) — apx3(1).

Consider the following auxiliary equation:

—Yit
(1) = ape 2™ (u + e)u(t — 1) — ru(t) — anu (). (3.13)
ari

By Lemma 2.2, we derive from (3.11) that

lim u(z) =0.
t—+0o0
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By comparison, it follows that

i 20 =0,

Hence, for ¢ > 0 sufficiently small satisfying (3.11), there exists 7> > T + 7 such thatif t > T,
0<x(t) <e.
It follows from the fifth equation of system (1.1) that for ¢t > 7> + 7,

X3(0) Saze P Pexs(t — 13) — rax3(t) — azx3 (o),
which, together with (3.11), yields
t_l)igrnoox3 (t) =0.
We derive from the first equation of system (1.1) that for t > T3,
X1(0) = a1e My (1 — 1)) — anx}(6) — anex; (b).
By comparison, it follows that

Vit
.. ale aneée
llmmfx1 (l) 2 _—.
t——+0o0 aly

Since this is true for arbitrary ¢ > 0 sufficiently small, we can conclude that

Nt
.. are
liminfx;(t) > ———,
t——+00 ail

which, together with (3.12), leads to

—Vn
. ae
lim x;(t) = ———.
t——+00 al

Using L’Hospital’s rule, we obtain from (2.1) that

a%e_ylfl e
li H=—"— (1—enn li H= 1l ) =0.
im i (0) o (1—emm), im v = lim y3(0)

The proof is complete. O
Finally, we show the global attractivity of the nonnegative equilibrium E; of system (1.1).

Theorem 3.3. The nonnegative equilibrium Ez(x(l), y?, xg , yg ,0,0) is globally attractive pro-
vided that

(H4) 0 < aze™ B (aja2e "7 —ay1rp) < ajants,
(HS5) ajaxy > appaze™1272,

Proof. Let (x1(¢), y1(¢), x2(), y2(t), x3(¢), y3(¢)) be a solution of system (1.1) with initial con-
ditions (1.2) and (1.3).
Let ¢ > 0 be sufficiently small satisfying

- ajone” T2 — gy
aze y3f3<

+g) —r3 <0. (3.14)
appazz
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We derive from the fifth equation of system (1.1) and (2.4) that there is 77 > O such that if
t>T,

e TR gy

x3(1) <oaze” 3B ( + S)X3(l‘ —13) — r3x3(1) — azx3(t).

apraz2

Consider the following auxiliary equation:

Qe VTN gy

aiiax
By Lemma 2.2, it follows from (3.14) and (3.15) that

i(t) = aze V3 < + 8>u(t —13) —ru(t) —anu’(@t).  (3.15)

i 1) =0,
By comparison, we derive
Jim 50 =0

Therefore, for ¢ > 0 sufficiently small there is 7> > T} such thatif r > 75,0 < x3(¢) < e.
It therefore follows from the first and the third equation of system (1.1) that for t > 75,

X1(1) = a1e M x (1 — 71) — anxi(t) — anxi (O)xa(t),

£2(1) = e P (t — )2 (t — T2) — (12 + aae)x2(t) — anx; (1), (3.16)
and

£1(1) = e x (t — 1) — anxi () — anxi (O)xa (1),

B2(1) S a2 P (t — T)xo(t — T2) — raxa(t) — anx; (1), (3.17)
We consider the following auxiliary system:

(1) = a1 M (6 = 1) — anud (1) — anu (Duz (o),

(1) = are ?2u (t — v)ur(t — 1) —rus(t) — azzu%(t). (3.18)
It is easy to see that if ajape™ 17177272 > g7, system (3.18) has a unique positive equilibrium
ET(M?, ug), where

o axnoie "' +rapp arone NN —pqy

uy

0_
Uy =

" anaxn +apaze e’ arjan +apope 22

If (HS) holds, using an iterative technique similar to that in the proof of Theorem 3.1, we can
derive that

Iim uq(¢ =u0, lim us(r) = ul.
t—>—+00 1() 1 t——+00 2() 2

By comparison, it follows from (3.16) that

anseé

liminfx; (£) > x0 + ,
t—+00 7l airax + appope 22
.. az3é
liminfx;(¢) > xg — .
1—+00 ayax +apaze”2n2

Since this true for arbitrary ¢ > 0 sufficiently small, we can conclude that
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liminfxy (£) > x¥, liminfox)(£) > x). (3.19)
t—+00 t—>+00

Similarly, by comparison we derive from (3.17) that

limsupx;(r) < x?, limsupxy (1) < xg,
—>—+00 t—>—+00

which, together with (3.19), yields

lim x;(¢ =x0, lim x> () = x9.
t—+o00 l() 1 t—+o00 2() 2

Using L’Hospital’s rule, we can easily show from (2.1) that

limsupyi (1) =y},  limsup y2(t) = y3, lim y3(1) =0.
t——400 t—400 t——400

This completes the proof. O
4. Discussion

In this paper, motivated by the work of Aiello and Freedman [1], we incorporated stage
structures into a three-species Lotka—Volterra type simple food chain model. By using some com-
parison arguments we first established sufficient conditions for the permanence of system (1.1).
By using an iterative technique, we discussed the global attractivity of the feasible equilibria of
system (1.1). By Theorem 3.1, we see that if the intra-specific competition rates dominate the
capturing rates of the mature predator and the mature top predator and the transformation rates
of the immature predator and the immature top predator, the positive equilibrium of system (1.1)
is globally attractive. By Theorem 3.2, we see that if the transformation rate of immature prey
population to mature prey population and the transformation rate of the immature predator pop-
ulation to mature predator population are low, and the death rate of the mature predator and the
intra-specific competition rate of the mature prey are high, the prey population will be persis-
tent, but the predator and the top predator populations will go to extinction. By Theorem 3.3
we see that if the death rate of the mature top predator is high enough satisfying (H4)—(HS), the
top predator population will go to extinction, but the prey and the predator populations will be
permanent.
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