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A delayed periodic Lotka—Volterra type population model with m predators and n preys is investigated. By
using Gaines and Mawhin’s continuation theorem of coincidence degree theory and by constructing suitable
Lyapunov functionals, sufficient conditions are derived for the existence, uniqueness and global stability of
positive periodic solutions of the model. Numerical simulation is presented to illustrate the feasibility of our
main results.
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1 Introduction

The classical Lotka—Volterra type systems form a significant component of the models of multi-species pop-
ulation dynamics. There is now a considerable body of work on the study of the global asymptotic stability
of Lotka—Volterra type systems with time delays that have been developed by many authors (see, for example,
[1,6,7,10, 13, 15, 17, 18, 19, 20, 21, 23]). So far, most of the work on the global dynamics of Lotka—Volterra
type systems have been done for pure predator-prey interactions or pure competitive interactions. In view of the
fact that in real-life interactions, there may be competitions among different prey (predator) species at the same
trophic level (see, for example, [16, 22]), an alternative, and perhaps more realistic approach, is to incorporate in-
terspecific competitions among different prey species at the same trophic level consuming common resource and
to incorporate interspecific competitions among different predator species at the same trophic level consuming
common preys in an ecological system.

We note that any biological or environmental parameters are naturally subject to fluctuation in time. As
Cushing [4] pointed out that it is necessary and important to consider models with periodic ecological parameters
or perturbations which might be quite naturally exposed (for example, those due to seasonal effects of weather,
food supply, mating habits, hunting or harvesting seasons, etc.). Thus, the assumption of periodicity of the
parameters is a way of incorporating the periodicity of the environment.

Time delays of one type or another have been incorporated into biological models by many researchers, we
refer to the monographs of Gopalsamy [11] and Kuang [14] for general delayed biological systems and to Beretta
and Kuang [2, 3], Gopalsamy [8, 9], and the references cited therein for studies on delayed biological systems.
In general, delay differential equations exhibit much more complicated dynamics than ordinary differential equa-
tions since a time delay could cause a stable equilibrium to become unstable and cause the population to fluctuate.
Time delay due to gestation is a common example, because generally the consumption of prey by the predator
throughout its past history governs the present birth rate of the predator. Therefore, more realistic models of
population interactions should take into account the periodicity of the changing environment and the effects of
time delays.
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912 Xu, Chaplain, and Davidson: Periodic solutions of a population model

The main purpose of this paper is to study the combined effects of periodicity of ecological and environmental
parameters and time delays due to gestations and negative feedbacks on the dynamics of predation-competition
systems in which m different predator species at the same trophic level compete and feed on n common preys.
To do so, we study the following delayed Lotka—Volterra type system

@i(t) = 2y [m(t) — Z aix(t)zr(t — Tir) — Z bir ()i (75)] ;
k=1 =1
Yj [—63 —|—ZC]1< xp(t — o) id MJZ)] ) b
=1

k=1

y;(t)

with initial conditions

xl(g):¢l(9)’ 06[_7—70]7 ¢l(0) >Oa i = 1a2a"'7n7

yi(0) = 4;(0), Oe[-m0], ¢;(0) >0, j=1,2,...,m, (12

where x;(t) denotes the density of prey species X; at time ¢, y;(¢) denotes the density of predator species Y
at time ¢, respectively. 7 = max{7y, 05, pj, 4,k = 1,2,...,n, j,l = 1,2,...,m}; ¢; and ¢; are given
nonnegative and bounded continuous functions on [—7,0]. 7;(¢) is the intrinsic growth rate of species X;, i =
1,2,...,n; e;(t) is the death rate of species Y; when all prey species and other predator species are absent,
j = 1,2,...,m; a;(t) is the intra-specific competition rate of species X;, i = 1,2,...,n; d;;(¢) is the intra-
specific competition rate of species Y;, j = 1,2, ...,m; b;;(t) is the capturing rate of the species Y; upon species
Xi,i=1,2,...,n,5=1,2,...,m; cj;(t)/bi;(t) is the conversion rate of nutrients into the reproduction of the
species Yj,i=1,2,...,n;7 =1,2,...,m; a;(t) and ay,(t) are the rates of interspecific competition between
species X; and Xy, 1 # k, i,k =1,2,...,n; d;;(t) and d;;(¢) are the rates of interspecific competition between
species Y; and Yy, j # 1, 5,1 = 1,2,...,m. 7;; and p;; are time delays due to negative feedbacks of species X;
and Y}, respectively, o; is the constant delay due to gestation of species Y;, j = 1,2,...,m. 7 and uj; may be
the delays required for maturity of species X and Y}, ¢ # k, [ # j,i,k=1,2,....,n;5,l=1,2,...,m
In this paper, for system (1.1) we always assume that forall i,k = 1,2,...,n;5,l=1,2,...,m

HD) a;k(t), ba(t), cjr(t), d;i(t), 7:(t) and e;(t) are continuously positive periodic functions with period w.

It is well-known by the fundamental theory of functional differential equations [12] that system (1.1) has a
unique solution z(t) = (z1(t),...,xn(t),y1(t),...,ym(t)) satisfying the initial conditions (1.2). It is easy to
show that solutions of system (1.1) with initial conditions (1.2) are defined on [0, +00) and remain positive for
all ¢ > 0. In this paper, the solution of system (1.1) satisfying the initial conditions (1.2) is said to be positive.

The organization of this paper is as follows. In the next section, by using Gaines and Mawhin’s continuation
theorem of coincidence degree theory, we establish sufficient conditions for the existence of positive w-periodic
solutions of system (1.1). In Section 3, by constructing suitable Lyapunov functionals, sufficient conditions
are derived for the uniqueness and global stability of positive periodic solutions of system (1.1). Numerical
simulation is presented to illustrate the validity of our main results. In Section 4, a brief discussion is given to
conclude this work.

2 Existence of positive periodic solutions

In this section, by using Gaines and Mawhin’s continuation theorem of coincidence degree theory, we show
the existence of positive periodic solutions of system (1.1). To this end, we first introduce some concepts and
notations which will be used in this section.

Let X and Y be real Banach spaces, let L: Dom L C X — Y be a linear mapping, andlet N : X — Y be a
continuous mapping. The mapping L is called a Fredholm mapping of index zero if dim Ker L = codim Im L <
400 and Im L is closed in Y. If L is a Fredholm mapping of index zero and there exist continuous projectors
P:X — X,and @ :Y — Y suchthatIm P = Ker L, Ker @ = Im L = Im(] — @), then the restriction Lp of
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LtoDom LNKer P : (I —P)X — Im L is invertible. Denote the inverse of Lp by K p. If 2 is an open bounded
subset of X, the mapping N will be called L-compact on Q if QN () is bounded and Kp(I — Q)N : Q — X
is compact. Since Im () is isomorphic to Ker L, there exists an isomorphism J : Im ) — Ker L.

For convenience of use, we introduce the continuation theorem (see [5, p. 40]) as follows.

Lemma 2.1 . Let Q) C X be an open bounded set. Let L be a Fredholm mapping of index zero and let N be
L-compact on Q. Assume
(i) foreach A € (0,1),z € 002N Dom L, Lx # ANx;
(ii) foreachx € QN KerL, QNx # 0;
(iii) deg{JQN, QN KerL, 0} # 0.
Then Lz = N has at least one solution in @ N Dom L.

In what follows we shall use the following notations:

1 w
= — t)dt L — min f(t M — max f(t
S [ swae gt = i g, £ = s,
where f is a continuous w-periodic function.
We are now in a position to state and prove our result on the existence of positive periodic solutions of
system (1.1).

Theorem 2.2 In addition to (H1), assume further that fori = 1,2,... ,n,and j = 1,2,...,
n F m C

_ k

(H2) Ty — Z I < + Z dle ) 5

u

a
k=1,k#i kk =1

” ek n mo M n_ ML

(H3) _ik T — rlakl TECl d il Cji L >0
E : oM 0 E: Z Z ol dL Z aM J
o= 1=1,l#k ll k=11=1,l#5 kk“U i=1 i

Then system (1.1) has at least one positive w-periodic solution.

Proof. Let

ui(t) = Inzi(t), v;(t) = lny;(¢) (=1,2,...,n; j=1,2,...,m). 2.1

On substituting (2.1) into (1.1), system (1.1) becomes

dui (t) = u (t—7;
40 - St - S
k=1
dv;(t - A v (2.2)
—cjit( ) = —e;(t) + chk(t)eu’“(t_”]) _ Zdjl(t)ew(t—lm) ,
k= 1=
i=1,2,...,n, j=1,2,...,m.
Clearly, if system (2.2) has one w-periodic solution (u}(t), ..., u" (), v (t),..., v ()T, then (explui(t)],. ..,
explui(t)], exp[vi(t)],. .., exp[vy, (¢)])T is a positive w-periodic solution of system (1.1). Therefore, to com-
plete the proof, it suffices to prove that (2.2) admits at least one w-periodic solution.
Take

u(t) = (ur(t),.. (), 0(t) = (0i(t),-..,vn(®)7,
X =Y = {(u(t),v(t))T € C(R,R™™) s u(t+ w) = u(t), v(t +w) =v(t)}

and
m

||(U1(t), s ,Un(t), U1 (t UTYL || = Ztrenax |uz tgj[lg‘x] |U]( )|

www.mn-journal.com © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



914 Xu, Chaplain, and Davidson: Periodic solutions of a population model

here | - | denotes the Euclidean norm. It is easy to see that both X and Y are Banach spaces with the norm || - ||.
Let

n m

AP @) = ri(t) = D am(t)e T N by (e ®
k=1 =1

m

AP = (1) + Y B ) =3 du(t)en T,
k=1 =1

Z - 1) 2) 7n7 .] - 1) 2) 7m
Set
. du(t) dv(t)\"
L :DomILNX — X, L(u(t),v(t) = , ,
dt ’dt
where
du(t) ([ dui(t) du, )\ do(t)  [dvi(t) dom(t)\ "
dt dt 7 dt ’ dt dt 77 dt ’
DomL = {(ui(t),...,un(t),01(t),...,0;m(t)" € CLR,R™™)}
and V: X — X,
N(u, ..oyt 01, vm)T = (AP @), ., AD @), AP @), ..., AP )"
Define
- 1 w -
o o 5/0 i (t) dt o
ul Ul : ul
: 1 e :
: —/ wun (£) dt :
o e e N ot lex =Y
! ! —/ v (t) dt !
N . wJo N
L Vm | K. : L Um |
1 w
—/ i (t) dt
. O -

It is easy to show that
KerL = {z| z€ X, x=h, h€¢ R""},

ImL = {y|er, / y(t)dtzO} isclosedin Y,
0

and

dimKer L = codimImL = m+n.

Therefore, L is a Fredholm mapping of index zero. It is easy to show that P and ) are continuous projectors
such that

ImP = KerL, KerQ = ImL = Im(I—@Q).

Furthermore, the inverse K p of L p exists and has the form K p: Im L — Dom L N Ker P,

ko) = [wsras=2 [ [ uisyasan
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Then QN : X — Y and Kp(I — Q)N : X — X are given by

QNz = ( /A“ /A<1> t)dt, _/ AP (¢ %/OwAg)(t)dt>T
Kp(I—Q)Nz = /ONx(s)ds—;/o /ONx(s)dsdt— (5—5)/0wa(5)¢9

Obviously, QN and Kp(I — Q)N are continuous.
In order to apply Lemma 2.1, we need to search for an appropriate open, bounded subset €.
Corresponding to the operator equation Lz = ANz, A € (0,1), we have

dui (t) - wp (t—Tik) - e? (t)
o = Alm(t)—;aik(t)e k k Zbl ¢ ,
dv; (1) o) o 2.3)
z‘:1,2,...,n, j=1,2,...,m.

Suppose that (u(t), ..., un(t),v1(t),...,vm(t))T € X isa solution of (2.3) for a certain A € (0, 1). Integrating
(2.3) over the interval [0, w] we derive

n w m w w
Z/ aik(t)e“k<f*ﬂk>dt+2/ bu(t)e"® dt = / r)dt, i=1,2,...,n, (24
k=170 1=1"70 0
w m w n w
/ e;(t) dt+Z/ djy(t)e t=ra) gt = Z/ cin(t)es (=) dt |
0 1=170 k=170

(2.5)
g =1,2, , M.
It follows from (2.3) and (2.4) that
w w n
/ |l (t)] dt < / ri(t) + > a(t)e T +Zbl | d@t = 27w,
0 0 k=1 (2.6)
i =1,2, ,n
Since (u1(t), ..., un(t),v1(t), ..., ()T € X, there exist &, m;,v;,9; € [0,w] such that
ul(fl) = tg[léri)] ui(t)v Uz(m) = tg%g}f)] ui(t)v i = 1; 2; cee s, 1 o
vi(v;) = tg[grulj]vg(t), v;(6;) = féﬁ?ﬁ”ﬂ(ﬂ i=1,2,...,m.
It follows from (2.4) that
w w
/ aii(t)e T g < / ri(t) dt. (2.8)
0 0
Noting that
w w
/ e t=min) g = / e“Wdt, i k=1,2,...,n, (2.9)
0 0
we derive from (2.8) that
w . .
/ c®ar < T wyg) < 2t i=1,2,...,n. (2.10)
0 (0 Q5

www.mn-journal.com © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



916 Xu, Chaplain, and Davidson: Periodic solutions of a population model

It follows from (2.6) and (2.10) that

wi(t) < ui(fi)—i—/ [uj(t)]| dt < In—t 497w, i=1,2,...,n. (2.11)
0 (2773
We derive from (2.5) that
dfj/0 evi (=i gt < Zc%/o et gr i =1,2,...,m. (2.12)
k=1

Noting that

w w
/ ewit=05) q¢ — / e“i(t)dt7 1 =1,2,...,n,
0 0

w w (2.13)
/e ( ”7l)dt—/e”J(t)dt il =1,2 ,m,
0 0
it follows from (2.10) and (2.12) that
w n o= M
1)7(t) dt < ZC / euk(t) dt < i Z Tijk
= O ik = 7L L
/0 dj; k=1 0 dj; k=1 %kk
(2.14)
1 o TrChE _
Uj(')/j)gln d_LZ L ) .72152; , M
5 1 Yk
We derive from (2.3), (2.5), (2.10) and (2.13) that
w w n m
/ |’U9(t)|dt < / t)+zcjk(t)euk(t—a_f)+Zdjl(t)em(t—wl) dt
0 0 k=1 1=1
= 22/ cjn(t)e =3 gt
—, J0
B (2.15)
< 22 () gt
= M
TRCipW
SR
k=1 kk
It follows from (2.14) and (2.15) that
w 1 & TRe NG kw
w(0) < vil) + [ @l < md o> T ,
j 35 o | J dij ; ak, kZ:1 ak, (2.16)
j=1,2,...,m.
From (2.4), (2.13) and (2.14), we obtain
w m w n w
/ aii(t)eui(ti‘r“) dt > Tw— Zbi\l/[ et @) g — Z a%[/ ewk(E=Tik) 1t
0 1=1 0 k=1, ki 0
n w
> W_zz bir i / wt g - 3 o [ en® gy
I=1 k=1 k=1, k#i 0
pM M
_ TW_Z Yil Sl lz / ul(t)dt < +Z 1,l lk‘)/ uk(t)dt,
k=1 =1
k#1

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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which, together with (2.9) and (2.10), implies

n
. rw— 3 mw(elf + okl o
/ e ®qe > =i = aw,
0 M M .M /L
+ > bt /d
l; il Ui / i (217)
1 = ]‘ Y 2’ ) n?
and
rie 3 w(af + oyl /af) job
wi(n;) > In =LA —na, i =1,2,..., 0. (2.18)
aM + Z bM M jak
=1
It follows from (2.6) and (2.18) that
w
wi(t) > ui(m)—/ lui(t)|dt > Ina; —2Fw, i =1,2,...,n,
0
which, together with (2.11), leads to
max |u;(t)] < max{lnf—i + 27w, | In a;] —|—2ﬂw} =Ry, i=1,2,...,n. (219
te[0,w] Qi
We derive from (2.5) and (2.13) that
w n w m w
d%/ e’ gt > chLk/ e gt — Z d% e“l(t)dt—éjw. (2.20)
0 k=1 0 I=1, 1] 0

It follows from (2.4) and (2.9) that

w m w
alf [ e Wat > T —> bl / e gy — Z / eur® gt | 2.21)
0 0

=1 k=1, k#i

We obtain from (2.20) and (2.21) that

) / et > Z lrkw—Zb% / e Wt — Z ajy / “l(t)dt]
=1

= Ok

=1, Ik
m w
- Z d%/ Ot — 2w
=1, 1 70
n 7 L n m blé/ll ng w
_ Z ik J vl(t)dt
= 2l e
k=1 Tkk k=1 1=1 agk Jo
N GGk - “
oL t M t =
Sy /e“l()dt— 3 dﬂ/ Ot 7.0
k=11=1, Ik kk 70 1=1, I£j 0
n_ L
= Zj_l; Trw — akl/ e () gt
=1 Yk =1, I#k

n m bJM L

M L w w
_zn:_b’fjcf’“/ e War N~ N Lk J’“/ et
M M o

a
k=11=1, I#j Kk

www.mn-journal.com © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



918 Xu, Chaplain, and Davidson: Periodic solutions of a population model

which, together with (2.10) and (2.14), implies that

L n - M n m - M n M L
Zn: G [ Z Tiag | Z TLClp W M Z byl cji .
o | Tk oL ok g% | it oM €
w k=1 "k 1=1,1#k U k=11=1,1£j kE"U i=1 i
’Uﬂ(t) ) ’
e dt > ML
0 qM Ok ik
T 2
k=1 Qg
= bjw,
which yields
v;(6;) > b, j=1,2,....,m. (2.22)

It follows from (2.15) and (2.22) that

TkC

50 = u@) - [ @l > my s

1 a‘kk

which, together with (2.16), leads to

1 T T My
Ind — ik by + 2 5
{dL 2 afy H ; ab, [ (2.23)

max_|v;(t)] < max{

t€[0.w] i k=1 kk
= Qj.
We note that R; and Q; in (2.19) and (2.23) are independent of A\. Denote M = >"" | R; + E;n 1 Qj + My,
where M is taken sufficiently large such that each solution (u},...,u’, v}, ..., v%)T of the following system
of algebraic equations
Fz_zazkeuk_zgilew _07 1 = 1727 , T,
= = (2.24)
_6J+chkeUk_Zajlew =0, j=1,2, y M
k=1 =1
satisfies ||(uf, ..., u5, v}, ... v5)T || = S0 uf] + >imy [vF| < M (if there exists) and the following
n m FkEJk
max q |In —|, |In p;]| max ¢ |In — , | In¢; < M, (2.25)
o] p} o o o

where

n mo_ —
Ti— >, T <5ik +> biﬁlk/du) /Ekk
k=1 ki =1

pPi = m 3

@i + Y b /du
=1

ZZ: 2_% e Z rzaclllkl _ zn: zm: TkClk (— +§:l_)%ﬁj7> _g; (2.26)

=1 k=11=1, I#;j Trrdy i=1 ¢
¢ 14k
Jj = T = )
= br;Cik
djj —
k=1 OQkk
=1,2,...,n, 7 =1,2, ..., m.

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Here, (H2) and (H3) are used.

We now take © = {(u1(t),...,un(t),v1(t),...,vm(®))" € X : |[(u1,..., Un,v1,...,vm)7|| < M}. Thus
the condition (i) in Lemma 2.1 is satisfied. When (uy(t), ..., un(t),v1(t), ..., v (t)T € 02N Ker L = 92N
R™H™, (w1, ..y Un, 01, -+, v) 7 s a constant vector in R with Y77 ) u;| + Y77, |vj| = M. Thus, if
system (2.24) has at least one solution, then we have

- n m -
T — Z aipett — Z be?
B _ k=1 =1 i _
(5% 0
n mo_ .
) Th — Z ankeulc - Z bnlevl 0
Un k=1 =1
QN U1 - - S . 0
—€1 + ) Cipe™ — > dye”
k=1 =1
L vm 5 L 0]
n m o _
—€em + Z Cmiett — Z dmie?
L k=1 =1 J

If system (2.24) does not have a solution, we can directly derive
QN (ui, ..., up,v1,...,0m)T # (0,...,0,0,...,0)7.

This proves that condition (ii) in Lemma 2.1 is satisfied.
In order to prove that condition (iii) in Lemma 2.1 holds, we define ¢ : Dom L x [0,1] — X by

- n mo_ -
i 71 —ane't 1 = 2 @ket = 3 bue”
k=2 =1
- eu“ n—1 m o _
n nn _ Z Enkeuk _ Z bnlevl
_ n — k=1 =1
(;S(ul,...,un,vl,...,vm,u) = ZElkeuk_dllevl +un B mo_ s
k=1 —e1 — > dye”
=2
n _ .
Z Emkeuk - dmmevm _ m—1_ v
L k=1 - —€Em — Z dmle !
L =1 A

where 1 € [0, 1] is a parameter. When (uy, . .., Up, V1, . . ., U) T € OQNKer L = OQNR™™, (uy, ..., Up,v1,
..., vm)T is a constant vector in R™ " with "7 | |uy] +Z§”:1 |vj| = M. We now show that when (u1, . . ., Un,
V1, vm) T € O0NKer L, ¢(uy, ..., Un, V1, ..., Um, i) # 0. Otherwise, there is a constant vector (uy, . . . , Uy,
V1 o) T with 30 Jug| + E;’Ll |vj| = M satisfying ¢(uq, ..., Un, V1, ..., Um, p) = 0, that is,

n m
Ti— e —p Y, @pe"t —py bge" =0, i=1,2,...,n,
k=1, ki 1=1
n m
> Cpett —djet —pegg—p Yy dpe =0, j=1,2,....m.
k=1 I=T, 1]

By similar arguments as in (2.19) and (2.23) we can derive

lui| < max{ 5 |1npi|},
7|1n<j|}a

1 = TrGy
|vj] < max < |In _—ercjk
djj k1 Kk

www.mn-journal.com © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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where p; and (; are defined by (2.26). Thus, it follows from (2.25) that

Z|uz| +Z|UJ| < M,
which yields a contradiction. Using the property of topological degree and taking

J=1:ImQ — KerL, (u1,...,un,v1,...,0m)7 — (U1,. e\ Un,v1,... 0m)7,
we have

deg(JQN(ul,...,un,vl,...,vm)T, QNKerlL, (O,...,O,O,...,O)T)
= deg( Ufl;---7un7vl7"'7v7n71)5 QﬂKerL? (Oa"'70507"'50)T)
= deg(A(u1, ..., Un,V1,...,Um,0), QN KerL, (0,...,0,0,...,0)7)

n T
= deg <<F1 —a1e", ..., Ty — Qpne” Z Cipe™ —die”, ...y Cppet — Emme”’”) ,
QnNKerL, (0,...,0,0,...,0)T) .

Thus, a direct calculation shows that
deg(JQN (u1, ..., un,v1,...,v)", QNKerL, (0,...,0,0,...,0)7) = (—1)™*".

Finally, it is easy to show that the set {Kp(I — Q)Nu | u € 2} is equicontinuous and uniformly bounded.
By using the Arzela—Ascoli Theorem, we see that Kp(I — Q)N : Q — X is compact. Moreover, QN () is
bounded. Consequently, IV is L-compact.

By now we have proved that ) satisfies all the requirements in Lemma 2.1. Hence, (2.2) has at least one
w-periodic solution. Accordingly, system (1.1) has at least one positive w-periodic solution. o

3 Uniqueness and global stability

In this section, we are concerned with the uniqueness and global stability of positive periodic solutions of system
(1.1). It suffices to verify that each positive periodic solution of system (1.1) is globally asymptotically stable.
We first derive certain estimates for the upper bounds for solutions of system (1.1) with initial conditions (1.2).

Lemma 3.1 Let z(t) = (x1(t),. .., xn(t),y1(t), ..., ym(t)) denote any positive solution of system (1.1) with
initial conditions (1.2). Then there exists a T > 0 such that if t > T,

0 < zi(t) < My, 0<wy(t)<N;, i=1,2,...,n,j=1,2,...,m, 3.1)

M no M n
Moo= T M N > k=1 i Mk Mg
= e , Ny = 0 exp i My pjs ¢ s
j k=1

i=1,2,....n, j=1,2....,m.

where

(3.2)

The proof of Lemma 3.1 is similar to that of Lemma 2.1 in Wang and Ma [21], we therefore omit it here.
We are now able to state and prove our result on the uniqueness and global asymptotic stability of positive
w-periodic solutions of system (1.1).

Theorem 3.2 In addition to (H1)—-(H3), assume further that
(H4) litmiani(t)>O, i =1,2,...,n,
—00

(HS)  lminfBy(t) > 0, j = 1,2,...,m,

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 279, No. 8 (2006) 921

where

4Tk +Tki

— Zaki(t+7ki)Mk/ axk(s) ds
k=1

t+Tki

t+oj+pg;

—ZCji(t"f'O'j)Nj djj(s)ds,
j=1 t+o;
(3.3)

B;(t) = dj;(t) Z di; (t + py) Zbkj(t)
k=1

I=1, I#j

n m ttpj5
_ <ej )+ en®Mp+ Y djy (t)Nl> / dj;(s)ds
k=1 =1 t

t+pg+pn

_Zdlj(t'f'ﬂlj)Nl/ d”(s) ds

=1 t+
n t+Tii
— wa(ﬁ)Mz/ a“(s) dS
i=1 t

Then system (1.1) has a unique positive w-periodic solution (z5(t), ...,z (), y5(t), ..., y5 ()T which is glob-
ally stable.

Proof. Thanks to the conclusion of Theorem 2.2, we need only to verify the global stability of the positive
periodic solutions of (1.1). Let (a5 (¢),. .., 2% (), y5 (), ..., y5(t))T be a positive w-periodic solution of system
(1.1)—(1.2), and (21 (t), ..., 2n(t),y1(t), ..., ym(t))T denote any positive solution of system (1.1).

By Lemma 3.1 we see that there exist positive constants T" and M;, N; such thatif ¢ > T,

0 < zi(t) < M;, 0 < yi(t) < N;,
g Y= 1,2,.. 0, 5 =1,2,...,m. (34
0 < (Ei(t) < M;, 0 < yj(t) < Nj,
Let
Via(t) = |Ina;(t) — Inz}(t)]. (3.5)

Using a similar argument as in [19], we calculate the upper right derivative of V;;(¢) along solutions of system
(1.1). It follows from (1.1) and (3.5) that

DYViu(t) = (i:g zft 8) sgn(z;(t) — a7 (t)) (3.6)
= sgn(z;(t) — z; (1))
X [ - Ak (t)(xk (t - Tzk) - mk t - Tzk Z bzl (t))
k=1
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< — a”‘( ) |$1 | + Z bzl |yl (t)|

+ Y ik () [k (t = k) — 2k (t = k)| + ai(t)

t

| Gt i) du].
t—Tii

On substituting (1.1) into (3.6), it follows that

D+‘/21(t) S _au()|xz _mz |+szl |yl (t)|

+ Z aik(t) |26 (t — Tin) — xp(t — Tik)|
k=1, ki

/t_ ..{(mi(u) [ Za““ w)zk (v — Tir) Zbiz(u)yz(u)
—zj( [Zalk (@ (u — Tir) — xp(u — Tir)) +Zb” (yi(w )—yz*(u))}}du .

=1

(3.7)
+ aii(t) ]

We derive from (3.4) and (3.7) that for ¢t > T + 27,

D+‘/zl(t) S _azz( )|x1 _xq, |+szl |yl _yl*(t)|

n

+ Z air(t) |zk(t — Tik) — i (t — Tir)|

k=1, k#i

+ azz(t)/t7{|l'z(u) |: -|- Zazk Mk + szl :|
Zazk ) k(v — ) — 25 (v — Tar) |+szz ) |y (u )—yl*(u)|]}du.

=1

(3.8)

Define

~

Via(t) = Z aik(s + Tix) [Tx(s) — x5 (s)] ds

k=1, ki Yt Tik

t+7ii pt
+ / am(s>{|xi< ) +§ ;azk Mk+§ bl ] (3.9)
t S—Tii

Za““ ) ek (u — i) — a3 (u — Tik) |+Zb” ) lyi(u) —yl*(u)q }duds.

=1

+ M;
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It then follows from (3.8) and (3.9) that fort > T + 27,

DYVia(t) + Via(t) < — aii(t) Jai(t) — a7 |+Zbu ) lye(t) — i (t)]

+ Z aii(t + Tir) |zi (t) — x5 (1))

k=1, k#i

(3.10)
t+7i; n m
+ / ai(s) ds{ () — 22 ()] | ra(t) + Z ase(t) My + Z ba (t)Nl]
Zazk )2k (t — Tie) — @k (t — )| + szz )y (t) — yl*(t)q } .
=1

We now define

Vi(t) = Vir(t) + Via(t) + Vis(t), (3.11)
where
I+7ii+Tik
- M Z/ / a(s)amn(l + ) [ (1) — ()| ds . (3.12)
Tik Y I+ Tik

Then it follows from (3.10)—(3.12) that for ¢t > T + 27

DYVi(t) < — au(t) |a(t) |+szl ) yi(t) =y (8)]

n
+ Z @i (t + Tir) |2k (t) — x5 (2)]
k=1, k#i

t+Tii
+ ( —I—Zazk )M, +szl )/ ai;(s)ds|z;(t) — i (t)] (3.13)

m t+Tii
MY balt >/ aus(s) ds [y (6) — vi (1)
=1
n t+Tii+Tik
FMY aatrre) [ aa(s)dslan) — 5i(0)].
k=1 t+Tik
Next, let
Uj (t) == jl(t) + Ujg (t) + Ujg(t) 5 (314)
where

Uj(t) = [Iny;(t) —Iny; (1),

D=3 [ ettt - sifol s
t—o;

> /w.,d”“ + 1) lyi(s) = yi (s)| ds

I=1, I#£]
t+pjs pt n m

7 djj<s>{ 193) — w7 (u) [ej(w DITDITEDS dﬂw)m]
t s—Hjj = =1

+N; ank )k (u—oj) —ap(u— o)+ Nj Zdﬂ Iyz(u—ﬂjl)—yz*(u—/ijl)l}dudsa
=1

(3.15)
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u+o;j+ 1‘77

Up(t) = N, Z/t y (e + 03) () — ()| ds du

+o;

U+H71+NJJ
LN §j/ / ()1 (1 + ) () — 7 ()| ds .
i Ju

+ g1
Calculating the upper right derivative of U;(t) along solutions of system (1.1), it follows for ¢ > T' + 27 that
n
DYU;(t) < = djy () |y; (8) — g5 (D] + Y ein(t + ) (1) — 23 (2)]
k=1

+ it + ) ) — i ()]

=1, I#j

+ <ej ) + En: e ()M + i d (t)Nl> / T (5 ds s (8) = (0] (3.16)
k=1 =1 t

n tojtu;
PN ety [ (o) dslan(t) - ai o)
k=1 t+o;
m tt gt
FN S dt(t + ) / dj(s) ds [y (t) — vi' (1)
=1 g
We now define
n m
V() = D Vi) + > Us(h). .17
i=1 j=1

Then it follows from (3.13), (3.16) and (3.17) that for t > T + 27

n
DTV(t) < =Y Ai(t) |zi(t) |—ZB ) Ly () = 5 ()], (3.18)
i=1
where A;(t) and B;(t) are defined in (3.3).
By assumptions (H4) and (H5), there exist constants o;; > 0 (i = 1,2,...,n),6; > 0(j =1,2,...,m) and
T* > T + 27 such thatif t > T,
Ait) > a; >0, Bj(t)>8; >0, i=1,2,....n, j=1,2....m. (319

Integrating both sides of (3.18) on interval [T, ¢], we obtain
+Z A s) |zi(s) — (s |ds+Z/ Bj(s) lyj(s) —yi(s)lds < V(T"). (3.20)

It follows from (3.19) and (3.20) that

n t m +
v t>+§;ai/w |xi<s>—x:<s>|ds+§;ﬁj/w 93(s) — yj()lds < VT, £ > 17
1= Jj=

Therefore, V (t) is bounded on [T, o) and also

/ |zi(s) —zi(s)|ds < 00, i =1,2,...,n,

*
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and
oo
/ () — () ds < 0o, j=1,2,....m.
T*

By Lemma3.1, |z;(t)—; ()| (i = 1,2,...,n)and |y;(t)—y;(¥)] ( = 1,2,...,m) are bounded on [T, c0).

On the other hand, it is easy to see that #;(t), y;(t), #] (t) and y;(t) are bounded for ¢ > T*. Therefore,
|zi(t) — 27 (t)] (i = 1,2,...,n) and |y;(t) — y;(t)| (j = 1,2,...,m) are uniformly continuous on [T, 00). By
Barbalat’s lemma (Lemmas 1.2.2 and 1.2.3, Gopalsamy [11]), we conclude that

lim [a;(t) =27 ()] = 0, lim [y;() —y;()] = 0.

t—o0 t—

* *

This shows that the positive periodic solution (3 (t),...,z% (), y5(t),..., vy} (t))7T attracts all other positive
solutions to system (1.1). O

Finally, we give an example to illustrate our main results in Theorems 2.2 and 3.2.

Example 3.3 As an example, we consider the following system

i1(t) = x1(t) (4+sint — 4o (t — 152) — 0.1a2(t — 712) — ya(t) — y2(t)) ,

ia(t) = wa(t) (3+ cost — 0.1xy(t — T21) — 4o (t — 752) — v1(t) — v2(t)) ,

71(t) = yi(t)(—0.0140.001sint + z1(t — 01) + z2(t — 01) 321
—4yy (t— 1gz) — 0.1ya(t — pa2))

92(t) = y2(t)( —0.0154 0.001 sint + 1 (t — 02) + 22(t — 02)
0.1y (t — po1) — 4y (t = 152) ) »

where Ty2, 21,01, 02, (12 and pio are nonnegative constants.

It is easy to verify that (H1)-(H3) hold for system (3.21). By direct calculation, we obtain M; = 1.3141,
My = 1.0408, Ny = No = 0.6028, A;(t) > 1.1747, As(t) > 1.3000, B;(t) > 1.5134 and Bs(t) > 1.5132.
Thus, the coefficients of system (3.21) satisfy (H4) and (HS). By Theorem 3.2, system (3.21) admits a unique
positive 27-periodic solution. Taking 719 = 791 = 01 = 02 = 12 = 21 = 1, numerical integration of system
(3.21) can now be carried out using standard algorithms in MATLAB. As shown in Fig. 1, numerical simulation
also confirms our observation above.

4 Discussion

In this paper, we have discussed the combined effects of periodicity of ecological and environmental parameters
and time delays due to gestations and negative feedbacks on the dynamics of a Lotka—Volterra type predation-
competition model. By using Gaines and Mawhin’s continuation theorem of coincidence degree theory and by
constructing suitable Lyapunov functionals, we have established sufficient conditions for the existence, unique-
ness and global stability of positive periodic solutions of system (1.1) in which n different prey species at the
same trophic level compete common resource and m different predator species at the same trophic level compete
and feed on n common preys. By Theorem 3.2, we see that system (1.1) with initial conditions (1.2) will have a
unique positive periodic solution if the coefficients of (1.1) satisfy (H1)-(HS). We note that under the assump-
tions of Theorem 2.2, time delays due to gestations and negative feedbacks have no influence on the existence
of positive periodic solutions of system (1.1). By Theorem 3.2, we know that small delays are negligible for
the uniqueness and global stability of positive periodic solutions of system (1.1) provided that the intra-specific
competitions dominate other interspecific interaction effects with or without time delays.
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Fig.1 The positive periodic solution found by numerical integration of system (3.21) with 712 = 721 = 01 =
02 = pi2 = pi21 = 1, and (¢1(0), ¢2(8),91(0), ¥2(0)) = (0.5,0.5,0.5,0.5)

Acknowledgements The authors would like to thank the referees for their careful reading of the original manuscript and
many valuable comments and suggestions that improved the presentation of this work.

The first named author was supported by the National Natural Science Foundation of China, Grant No. 10471066.

References

[1] H. Bereketoglu and I. Gyori, Global asymptotic stability in a nonautonomous Lotka—Volterra type systems with infinite
delay, J. Math. Anal. Appl. 210, 279-291 (1997).

[2] E. Beretta and Y. Kuang, Convergence results in a well-known delayed predator-prey system, J. Math. Anal. Appl. 204,
840-853 (1996).

[3] E. Beretta and Y. Kuang, Global analysis in some delayed ratio-dependent predator-prey systems, Nonlinear Anal. 32,
381-408 (1998).

[4] J. M. Cushing, Periodic time-dependent predator-prey system, SIAM J. Appl. Math. 32, 82-95 (1977).

[5] R. E. Gaines and J. L. Mawhin, Coincidence Degree and Nonlinear Differential Equations (Springer-Verlag, Berlin,
1977).

[6] T.C. Gard and T. G. Hallam, Persistence in food webs — I, Lotka—Volterra food chains, Bull. Math. Biol. 41, 877-891
(1979).

[7] K. Gopalsamy, Exchange of equilibria in two Lotka—Volterra competition models, J. Aust. Math. Soc. Ser. B 24, 160—
170 (1982).

[8] K. Gopalsamy, Harmless delay in model systems, Bull. Math. Biol. 45, 295-309 (1983).
[9] K. Gopalsamy, Delayed responses and stability in two-species systems, J. Aust. Math. Soc. Ser. B 25, 473-500 (1984).

[10] K. Gopalsamy, Global asymptotic stability in a periodic Lotka—Volterra system, J. Aust. Math. Soc. Ser. B 27, 66-72
(1985).

[11] K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population Dynamics (Kluwer Academic,
Dordrecht/Norwell, MA, 1992).

(© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com



Math. Nachr. 279, No. 8 (2006) 927

[12]
(13]
[14]
(15]
[16]
(17]
(18]
(19]
[20]
(21]

(22]
(23]

J. Hale, Theory of Functional Differential Equations (Springer-Verlag, Heidelberg, 1977).

X. Z. He, Stability and delays in a predator-prey system, J. Math. Anal. Appl. 198, 355-370 (1996).

Y. Kuang, Delay Differential Equations with Applications in Population Dynamics (Academic Press, New York, 1993).
Y. Kuang, Global stability in delayed nonautonomous Lotka—Volterra type systems without saturated equilibria, Differ-
ential Integral Equations 9, 557-567 (1996).

Y. Kuang, W. F. Fagan, and Irakliloladze, Biodiversity, habitat area, resource growth rate and interference competition,
Bull. Math. Biol. 65, 497-518 (2003).

Y. Kuang and H. L. Smith, Global stability for infinite delay Lotka—Volterra type systems, J. Differential Equations 103,
221-246 (1993).

J. W.-H. So, A note of the global stability and bifurcation phenomenon of a Lotka—Volterra food chain, J. Theoret. Biol.
80, 185-187 (1979).

Z. Teng and Y. Yu, Some new results of nonautonomous Lotka—Volterra Competitive systems with delays, J. Math. Anal.
Appl. 241, 254-275 (2000).

W. Wang, L. Chen, and Z. Lu, Global stability of a competition model with periodic coefficients and time delays, Canad.
Appl. Math. Quart. 3, 365-378 (1995).

W. Wang and Z. Ma, Harmless delays for uniform persistence, J. Math. Anal. Appl. 158, 256-268 (1991).

P. Yang and R. Xu, Global attractivity of the periodic Lotka—Volterra system, J. Math. Anal. Appl. 233, 221-232 (1999).
X. Zhao, The qualitative analysis of n-species Lotka—Volterra periodic competition systems, Math. Comput. Modelling
15, 3-8 (1991).

www.mn-journal.com © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



