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1 Introduction

An important and ubiquitous problem in predator-prey theory and related topics in math-
ematical ecology, concerns the long term coexistence (or persistence) of species. Standard
Lotka-Volterra type models, on which a large proportion of existing predator-prey theory is
built, assume that the per capita rate of predation depends on the prey numbers only. Re-
cently, there is growing explicit biological and physiological evidence (cf. [2-4,12]) that in
many situations, especially when predators have to search for food (and therefore have to share
or compete for food), a more suitable general predator-prey theory should be based on the
so-called “ratio-dependent” theory. This roughly states that the per capita predator growth
rate should be a function of the ratio of prey to predator abundance. That is, as the numbers of
predators change slowly (relative to prey change), there is often competition among the preda-
tors, and the per capita rate of predation depends on the numbers of both prey and predator,
most likely and simply on their ratio. These hypotheses are strongly supported by numerous
field and laboratory experiment and observations (cf. [1-3, 13]).
A generic ratio-dependent predator-prey model takes the form

{ & =axf(x) —yp(z/y),

y = cyq(z/y) — dy, (1)

where x,y denote the prey and predator density respectively. The functions p(z) (the so-called
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predator functional response) and g(z) satisfy the standard properties such as being nonnegative
and increasing, and equal to zero at zero.

On the other hand, it is well known that time delays in ecological system can have a con-
siderable influence on the qualitative behavior of these systems. It is generally recognized that
some kinds of time delays are inevitable in population interactions and tend to be destabilizing
in the sense that longer delays may destroy the stability of positive equilibrium (see [8,14] and
the references cited therein). The effect of time delays on the asymptotic behavior of popu-
lations has been studied by a number of authors (see for example, [5,9,10,15]). It has been
found that “continuously distributed” delay models are more realistic (see [7]) and “continu-
ously distributed” delays are more accurate than instantaneous time lags (see [6]). Since the
traditional Lotka-Volterra type predator-prey model with Michaelis-Menten type functional re-
sponse received great attention among theoretical and mathematical biologists, we will focus
our attention here on the ratio-dependent type predator-prey model with Michaelis-Menten
type functional response.

In this paper we incorporate distributed time delays due to gestation and negative feed-
back into the ratio-dependent predator-prey system. For the three-species ratio-dependent
predator-prey food-chain model with Michaelis-Menten type functional response, this results in
the following delayed system

. a1222(1)
1) = 1) on —on [ (ot = i () + ) .
. x1(t— s 42373
xQ(t) :xQ(t)(_a2 +CL21/ K2 mlgxg(t*S)‘i’xl(t*S)ds_ mggl’g(t) +£C2(t)>7
a3(t) = ws3(t) ( 03 a2 /0 Ka(s) mM23T3 (txz(z)jrs; (t—s) ds)
(1.2)
with initial conditions
x;(8) = ¢i(s), s € (—00,0], @:(0) > 0, 1=1,2,3, (1.3)

where x;(t) represents the densities of the prey, predator and the top predator population
respectively, i = 1,2,3. ¢; (i = 1,2, 3) are continuous bounded functions; ay, as, as, a1z, a1, ass,
asa,m12 and mag are positive constants. K;(t) : [0,00) — [0,00) is piecewise continuous and
normalized function such that

/ K;(s)ds =1; o; = / sK;(s)ds < oo, i=1,2,3. (1.4)
0 0

We adopt the following notations and concepts throughout this paper.
Let R? = {z € R® : x; > 0,i = 1,2,3}. For ecological reasons, we consider system (1.2),
only in IntRi.

Definition 1.1. System (1.2) is said to be uniformly persistent if there exists a compact
region D C IntR% such that every solution x(t) = (x1(t),z2(t),z3(t)) of system (1.2) with
initial conditions (1.3) eventually enters and remains in the region D.

The organization of this paper is as follows. In the next section, we present permanence
result for system (1.2). Section 3 provides sufficient conditions for the positive equilibrium of
system (1.2) to be globally attractive. Finally, a suitable example is given to illustrate the
feasibility of our main results.
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2 Uniform Persistence

System (1.2) has a unique positive equilibrium if and only if the following conditions are true:

(Hl) ass > as,

(H2) ag] — (CLQ +
a12

(ase — ag)) > 0,

327123
(a32 — ag))} > 0.

a1 — (az +

(H3) a; —

az1mMmi2 32123

In the following, we always assume that such a positive equilibrium exists and denote it by
B (a}, a3, 23).

The following lemmas are elementary and are concerned with the qualitative nature of
solutions of system (1.2).

Lemma 2.1. Solutions of system (1.2) corresponding to initial conditions (1.3) are defined
on [0,4+00) and remain positive for all t > 0.
The proof of Lemma 2.1 is similar to that of Lemma 2.1 in [11], we therefore omit it here.

Lemma 2.2. Let z(t) = (z1(t), 22(t), 23(t)) denote any positive solution of system (1.2) with
initial conditions (1.3). Suppose that system (1.2) satisfies (H1)-(H2) and the following:

(H4) / K (s)el®21792)3 s < oo,
(H5) / Ks(s)el®2793)5 s < oo,
Then there exists a T > 0 such that
z;(t) < M;, 1=1,2,3, for t > T, (2.1)

where

M; > M, i:123'

M oo
My = M3 = . a21/ K2(3)€(a217a2)sd8—02>,
an/ Kl alsds mi2a2 0 (2.2)
M3 = asz/ Ks(s)els2~ m)sds—a:a)
ma3as

Proof.  From the first equation of (1.2), we obtain

i1(t) < o (1) (a1 — any /O K () (- s)ds)). (2.3)
It follows from (2.3) that
$1(t) < (lel(t),

which implies
x1(t) < zq1(t — 8)e™? for t>s>0. (2.4)

From (2.3) and (2.4), we have

Z1(t) < x1(t) (a1 —a /Ot Ki(s)xi(t — s)ds) <z (t) [a1 — an(/ot Kl(S)e_alsds>x1(t)]
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By comparison theorem, z1(t) < N(t) for ¢ > 0, where N(t) satisfies

AN (t)

=N [al - au(/ot Kl(s)e"“sds)N(t)}, N(0) = 2, (0). (2.5)

Solving (2.5), we have

t s
/ / Ky (u)e” " "e"*duds
0 Jo )

1 .
N@t) ~ N(0)© au eart
Noting that
t s [}
/ / Ki(u)e” " e duds / Ki(s)e™"%ds
lim Z0_Jo _Jo
t—o00 ealt a1 ’
thus, we have
1 ail / Ki(s)e™"%ds
li = 0 .
tlglo N(t) al
It follows that
limsup z(t) < limsup N(t) = 5 a = M.
t—oo t—oo ary / Kl(s)e—alsds
0

Therefore, there exists a Ty > 0 and an M; > M7 such that for ¢ > Ty, x1(¢) < M.
In addition, from the second equation of system (1.2), we see that

To(t) < (ag1 — ag)wa(t),

which implies

t
IH%S(am—ag)s for t>s>0.

Thus, we have

To(t — 8) > wo(t)e™ (42179205 for > 5> 0. (2.6)
Noting that

o0 t o
lim K (s) z1(t —9) ds = 0,
t—oo Ji 1y mi2xa(t — s) + x1(t — )

therefore, for any €,0 < € < ag, there exists a Ty > T7 such that for ¢t > Ts,

e x1(t —s)
—<a Ks(s
21 t—Ty 2( )m12$2(t — 8) + l’l(t — S)

ds < e. (2.7)
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By (2.6), (2.7) and the second equation of (1.2), for all ¢ > T5, we obtain

alt) <oa() —az /t_ﬁms) s
2 =42 2 21 0 2 M12X2 (t — S) + 21 (t - S)
oo
x1(t — s)
+a Ks(s 3}
o t—T, 2 )m12fv2(t*5) +a1(t — )
_ t=T M
1
SJD(t) i —ag + €+ az /(; KQ(S) m12e(a2—a21)s]}2(t) + M, d8:|
<oa®)] —agtetan [ Kals) - as|
=Pt T 2 0 218 mige(@2=020)8 35 (t) + My ’
) 0o Mle(am*aQ)S
=x5(t)| — K d }
xo(t) | az + €+ a /0 2(s) Mo (t) + Mela21—az)s o
) 0o Mle(a21—112)3
<zy(t)| — Ka(8) ———s7—=rd }
<o )_ as +6+a21/0 2(3)m12x2(t) VA

IQ(t) > (a21—a2)s _ _ _
_—m12$2(t> L [Ml (a21/0 Ks(s)e ds —ag + 6) mia(as s)xg(t)].

A standard comparison argument shows that

M oo
lim sup z2(t) < - (a21 / Kg(s)e(a21_a2)sds — a9 + 6).
t—-+o0 miz(az —€) 0

Now let € — 0. Consequently, we have

M oo
limsup x2(t) < ! (azl/ Kz(s)e(am*az)sds — Clg) = M.
0

t——+o00 mi2a2

Therefore, there exists a T3 > Ty and an My > M3 such that if ¢ > T, we have z5(t) < Ma.
Similarly, under assumptions (H1) and (H5), we can verify that

M o0
lim sup 3(t) < 2 ((lgg/ K3 (s)elas27)sqs — ag) = M;.
t—+o00 mo3as 0
Hence, there exists a T' > Ty such that if ¢t > T, we have x3(t) < M3 for some M3 > Mj. The
proof is complete.
Theorem 2.1. Suppose that system (1.2) satisfies (H4)—(H5) and the following:
(H6) ay > —,
mi2

oo a
(H7) there exists an 9 > 0 such that / K1(s)ef(arﬁf‘li*EO)sds < 00,
0

(H8) ax / K2(5)6Xp{ - (az + E)S}ds > ag + ﬁ,
Ooo ma3 mas
(H9) 032/ Ks(s) exp{—ags}ds > as.
0
Then system (1.2) is uniformly persistent.

Proof. Suppose z(t) = (z1(t), z2(t), x3(t)) is a solution of system (1.2) which satisfies (1.3).
According to the first equation of system (1.2), if (H6) holds, then

oo

1 (1) > (t) [a1 - %22 —an [ Kl s)ds}
t—T [e%s)
=1 al—g—au 1\8)x1(t — §)as — aq 1\8)x1(U — s)as|.
oo~ 22— [ K@= ds—an [ K- s)as) o
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For each 1,0 < &1 < &g, we define M1y, = M; + (g0 — €1)/a11, then (HT) holds with (M, e0)
replaced by (M1, e1) respectively. Using Lemma 2.2, there exists a T > 0 such that if ¢t > T,
we have .Z‘l(t) < Mhy;.

Therefore, it follows from (2.8) that for ¢ > T,

. a
X1 (t) le(t) (0,1 — ﬁ — a11M11/ K1 dS — a11/ K1 .231 t— s)ds)

a
ZZL’l(t) (CLl — i — CL11M11 / Kl(s)ds — all / Kl(S)l'l(t — S)dS)
mi2 0 t—T

a oo
:$1(t) (a1 - ﬁ - a11M11 —all Kl(s)ajl(t — s)ds) (29)
mi2 t—T

Let

a o0
Ci(t) = a1 — 2 4 My —an Ky(s)z1(t — s)ds.
miz2 t—T

Then (2.9) becomes

i1 (t) > Cr (D) (t), (2.10)

which implies
f:_s Ci(u)du

x1(t) > x1(t — s)e for t—s>T, s>0. (2.11)
It follows from (2.8) and (2.11) that
a12 o
z1(t) > x1(t) [al - = —an Ki(s)x1(t — s)ds
mi2 t—T
t—T t
—anzi(t) Ki(s)e o gy, (2.12)
0
Noting that
lim Kl(s)l’l(t — S)dS =0 and lim Cl( ) = a1 — ai — a11M11,
t—o0 =T t—o0 mi2

therefore, for any €5, 0 < g9 < €1, there exists a T3 > T such that for t > Tj,
o0
/ K1(s)z1(t — s)ds < eq, (2.13)
t—T
‘Ol(t) - <a1 . a11M11>‘ < e (2.14)
mi2

It follows from (2.12)—(2.14) that

dx(t t=T o a1g .
7(f) >z (t) [a1 — 2 e —a11x1(t) Ky (s)e (@ et mes) ds]
dt mio
>z1(t) [al 22 e - 6111/ Ky (s (a5 —an M= E2)Sd$> (t):|7
1z (2.15)
which implies
ai2
ay — —— —a1é2

lim inf x4 (¢

t——+oo _ _ %12 Mqq— ’
all/ Kl (1 a11Mii Ez)SdS
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Now let €1 — €g,e2 — 0 and M7; — M;. Consequently, we have

a12

a; — ——

m12

hm 1nf xq(t

a11/ Ki(s 7( “o

=mj.

—a11Mi1)s 5 ds

Hence, there is a T} > 0, such that for ¢ > T}, x1(¢) > mq /2.

It follows from (H7) and (H8

agl/ KQ a2+m2d) ds > as + m—
23

) that there exists an A > 0 such that

T35ds > ag.

A
(132/ Kg(s)e
0

Therefore, from the second equation in system (1.2), we have that for t > T} + A

A
. a
Jﬁg(t) ng(t)[—a2—£+a21/ Kl(S)
ma3 0
From this it follows (in a similar manner to the derivation of (2.

wa(t — 5) < wy(t)e 2t

Hence, for ¢ sufficiently large, we have

A
a
iig(t) ng(t){—@—ﬁ—!—agl/ KQ(S
™mos 0

ags 4
:$2(t)|:—a2——+a21/ KQ(S
m

>x2(t)[—a2 - m— +a21/ K (s

m1/2
mlzxg(t — 8) + m1/2

ds} .

3) above) that

s for t>s>0.

m1/2

)muxg( t) exp{(az + 222)s} +m1/2d }

ma3

my exp{—(az + 22>)s}/2

ma23

miaxa(t) +myexp { — (az + “23) }/2 S]

mlexp{ (ag—i—ﬁ;’s }/2 }
m12ZC2( )+m1/2

xa(t) / ( a3 ass3
= a Ks(s)ex — a+—) }dsfa f—)
miaxa(t) + m1/2 2 2( p 27 mag ®7 maos
— Mi2 (0,2 + %>$2(t)}, (216)
mas3
which yields

.. mi a23 a23
it a0z - ([ Hao)exp | — (a4 7 Yoo~ ) =,
tlinﬁglo xo(t) > 9z (as + 22 21/ 2(s) exp as + - seds — as e ma

m23

Therefore, for t sufficiently large, we have xa(t) > mso/2.
Similarly, under assumption (H9), we can derive

liminf z3(t) >
tlg—i}go 33'3( ) — 2meo3as

(agg /OA Ks(s)e

~39ds — a3> = ms.

Hence, for ¢ sufficiently large, we have x3(t) > mg3/2.

Now, we let

D = {(l‘l,IQ,I:;)‘ m7/2 S xX; S Mi7 Z: 1,2,3}

Then D is a bounded compact region in Ri

(2.17)

which has positive distance from coordinate planes.

From what has been discussed above, we obtain that there exists a T* > 0 such that if ¢ > T,
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then every positive solution of system (1.2) with initial conditions (1.3) eventually enters and
remains in the region D. The proof is complete.

3 Global Attractivity

We now provide conditions under which the positive equilibrium E* of system (1.2) is globally
attractive. Our strategy in the proof of the global attractivity of the positive equilibrium E*
of (1.2) is to construct a suitable Lyapunov functional.
Let P;(u) be defined by
u

Pi(u) = ———, i=1,2.
M i+1 + U

Then system (1.2) can be rewritten as

i = xl{ —an / Kl(s)(xl(t —5) — :vf)ds + aqo [x—iPl (I%) - @Pl (ﬂ)] }7
0 Ty Ty X1 X2
. > z1(t — 5) 31
s [0 (=) - 1 () »
+am| 2P (32) = 2132
Ty T3 To I3
o0
. za(t — s) 5
b= ) [ Rt [P (200) - ()
Define . .
_ _ _ L2 «__ %1 x _ X2
Tl = T1, Uy = —, U2 = —, Uy = —> Ug = —-
Z9 T3 Ty T3

Then system (3.1) becomes

i (t) = xl(t){ —ay /OOO Ki(s)(x1(t — s) — x})ds + a1 [Plig’{) B Pll(gl)} }
i (t) = ul(t){ —an /OOO Ky (s)(x1(t — s) — x3)ds + arz [Pl(?I) 3 Plt(:o]
—as; /000 Ky(s)[Pr(ui(t —s)) — Py(u})]ds — as3 [Pii;:;) _ Piil@)} }, (3.2)
o > . Py(u3) — Pa(uz)
a(t) = u2(t){a21/0 Ka(s) [Pi(un (t = 8) = Py (u})}ds + azs | R |
—a?,g/o K3(8)[Po(us(t — 5)) — P2(u;)}ds}.
Define v(t) = (v1(t), v2(t), vs(t)) by
vi(t) =z1(t) — 27,  ve(t) = w(t) ;LUTvv v3(t) = ua(t) — u;
Fl (,UQ) - Pl (ul) - Pl (UT) - (m12 + u*)(m12 + ’U,1>, (3-3)
Fy(v3) = Pa(u2) — Pa(u3) = s
277 (mas + uj)(mas + ug)”
It is easy to examine that
/ _ Ml o)y — 23tz
Fl(vo)uy = (r + )2 <1, Fy(v3)uz (mas + 1u2)? <1,

Pi(ui) _ Pi(ui)

1
= Fi(vig1), 1=1,2.

U; My 41

*
3

Uu-
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Therefore, from (3.2) and (3.3), we finally obtain

o= (o1 +af) | an /Ooo K1 (8)or(t — 8)ds + %Fl (v2(1))]

o2 = (vz +uf) | - an /Ooo K (8)or(t — 8)ds + %Fl (va(t))

_%FQ (’Ug(t)) — az1 /OO Kg(S)Fl ('Ug(t - S))d81|, (35)
ma3 0

b = (vs + u3) [M 0°° Ks(s)F) (va(t — 5))ds + %FQ (vs(2))

—aso /00 K3(s)Fa(vs(t — s))ds],
0

We now formulate the result on the global attractivity of the equilibrium E* of (1.2) as follows.

Theorem 3.1. Suppose that system (1.2) satisfies (H1)-(H3) and the following:
(H10) A; >0, i=1,2,3,

where
1 1 1 ai12
Ay :6111{61 — —ag102(1+ c2) — zan1 Mioi(c1 + c2) — zc1Myo (an + —> }7
2 2 2 mig
a2 1 a2 a3 1 a2
Ay :CQ{am — —— — -a2102 (Cln +2—— 4+ — 4+ 2a91 | — zan Mo (a1 +2——
mig 2 miz  Ma3 2 mi2
1 1 a2 1
- crariaeMioy — zas102( a1 + —— ) — zas2a2103,
2my2 2 mis 2
asz 1 a2 ao3 1 as3
As =azp — —= — zag102( @11 + —— +2—— + 2a21 ) — zas03(ax +2—— + 2a32 |;
maos 2 mio mo3 2 ma3
11a211M12M23 21123
¢ =—————= = Cg = —=2,
a12023 as3

Then the positive equilibrium E*(x], x5, %) of system (1.2) is globally attractive.
Proof.  To prove that the global attractivity of the positive equilibrium E* of system (1.2) is

equivalent to that of the trivial solution of (3.5).

Let
* ulP _P * u2P _P *
0= (o) 4y [ PR [ RO

*
1 1 2

where ¢ and ¢y are defined in (H10).
Calculating the derivative of V4 (t) along the solution of (3.5), we have

U1 . F1(712).
t t
U1 +x?v1()+62 Uy 0a(t) + Us

:clvl(t){ — a1 /0°° Ki(s)vi(t —s)ds + %Fl (vz(t))}
+ CQFl (’Ug(t)){ —all /Oo Kl(s)vl(t — s)ds + aiFl (’Ug(t)) — &FQ (U3(t))
0 mi2 ma3

000 Ko (s)Fy (va(t — S))ds} + B (vg(t)){a21 /Ooo Ko(s)Fy (va(t — 5))ds

+ %;FQ (v3(t)) — ase /0OO Ks(s)Fa(vs(t — S))ds}

d
% V1 (t) =C1

— Q21
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t

:clvl(t){ —anoi(t) + %Fl (v2()) + any /O t Kl(s)v’l(l)dlds}

ek (02(15)){ —ann(t) + (1%22 - a21)F1 (va(t)) — %;FQ (vs(t))

t—s

t

Y an /O K1 (s)0)(1)dlds + as /O Ka(s)F) (’Ug(l))vé(l)dlds}

t—s t—s

+ F5 (Ug(t)) {a21F1 (Uz(t)) — a921 / K2(5)F1/ (vg(l))vé(l)dlds

0 Jt—s

+ (E — G,32)F2(’U3( )) T as /Ot

ma3

K(s) Fy(oa(1))vy (1)lds | + R(t)

t—s

= — clallv%(t) +co (%122 — a21>F12 ('Ug(t)) + (TC:LL; - a32)F2 (’Ug(t))

+a11(clv1(t)—|—62F1(v2(t)))/0 . Ky (s)vi(l)dlds

t

+ ao1 (02F1 (’Ug(t)) — FQ(U3(t))) A . KQ(S)F{ (’UQ(Z))’U/Q(Z)dldS
+ (132F2 (Ug(t)) /Ot K3(S)F2/ (U3(l))vé(l)dld8 + R(t),

t—s

where

R(t) =ay1 (crv1(t) + coFy (va(t / Ki(s)(v1(t) —vi(t — s))ds
+ ag; (62F1 (v2(t)) — Fa(vs(t / Ks(s F1 (va(t FI(UQ(t—S)))dS

+ aga By (vst / K5(3) (Fa(v3(t)) — Fa(us(t — )))ds.

On substituting (3.5) into (3.7), we have
d G23

G0 =—amd )+ e (1 —an ) () + (2~ an ) F (05(1))

+ a1 (c1v1(t) + caFi (v2(t))) /0

+ %;Fl(WQ(l))] dids + a (c2Fy (va2(t)) — Fa(vs(1)))

t

t—s

></0 A SK2(S)F{(U2(1))u1(Z)[—all /OooKl(r)vl(l—r)dr

+ 22 F (v9(1) — 22 Fy (vs(1)) — am / h Ko(r)Fy (va (1 — r))dr] dids
mi2 ma3 0

t

Ks3(s)Fj(v3(1))uz (1) [am /OO Ko (r)Fy (va(1 — 7)) dr

t—s 0

+ (L32F2 (’Ud(t)) /0
+ aﬁFg (vs(1)) — asz /00 K3(r)Fa(vs(l — r))dr} dlds + R(t)
ma3 0

< — ClanU%(t) + 02(%122 - agl)Ff(Ug( )) + (mi;; — agz)F2 (Ug(t))

+a11(clv1()+02F1 va(t / / Ki(s)xz1(l —a11/ Ki(r)vi(l —r)d

Ki(s)z1(l) [ —an /0 Kyi(r)vr (I —r)dr
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o (v2(0)) | dds + azn (c2 Fi (v2(1)) = Pa(vs(1)))
y /O [ Ko (a1 [~an /0 Ky (P)or (I — r)dr
+ ﬂFl (v2(1)) — %FQ (vs(1)) — a21/ Ko(r)Fy (va (1 — r))dr] dlds
mi2 ma3 0
+ azo Fo (’Ug(t)) /0 /t,S K3(S)F2/ (U3(l))U2(l) |:Cl21 /0 KQ(T’)Fl (1}2([ — T))d’l“
—+ %FQ (’Ug(l)) — a32/ Kg(?")FQ (”Ug(l — r))dr] dlds + R(t) (38)
ma3 0
It follows from (2.1) and (3.4) that for ¢t > T,
%Vl( ) — clauvf(t) + CQ(% — agl)Ff (’Uz(t)) + (mi; — (132)F2 (’Ug(t))
+anfaln®l+alfit) [ [ mEaon [0
+ %’Fl(vg(l))”dlds —+ a9y (CQ|F1('U2(t))| + |F2(’U3(t))|)
X AOO t K (s)Fy (v2(1))ui (1) l a11 /00 Ky (r)|vo (I —r)|dr

+£’Fl ’()2 {—‘f— ‘FQ 1)3 ‘—l—agl/ KQ ‘Fl UQZ—T' ’d?”:|dld$
mi2
—|—a32|F2(v3(t))|/ / Kg S F2(U3(l))UQ a21/ KQ 7’ |F1 1}2 l—’/’ |dT
0 t—s 0
+ %‘FZ(QB(Z))‘ + agg/ Kg(T)‘FQ(Ug(l — T))|d7":| dldS + R(t)
23 0
S — clallvf(t) + 62(%122 — agl)Fl (Ug(t)) —+ (% — a32>F2 (Ug(t))
+ a1 My (61‘1}1 | +CQ|F1 Ug / Kl a11/ Kl |’U1 l— r |d’l“
t—s
1z |F1 0P ))”dlds+a21(62|F1 va ()| + |F2(vs(t))])
[o%¢) t 0
></ Ksy(s [au/ Ky(r)|oi(l = r)|dr + aﬁ‘Fl(vg(l))‘
0 Ji-s 0 mi2
+ %|FQ(US(Z))| + CL21/ Kg(r)|F1(Ug(l — r))|d7“] dlds
23 0
o] t o]
+a32|F2(v3(t))|/ KS(S)[am/ K (r) | Fy(va(1 = 7)) |dr
0 t—s 0
+ 22 Fy(ua ()] + oo / K1) | Fa(vs(l — 7)) dr] dids + R(). (3.9)

Using the inequality a® 4+ b? > 2ab, we derive for ¢ > T that
d

Vi) < —eranvd (1) + ea(752 — ) FE(ua0) + (2 — ase) F(us(0)

+ §a11M101 (a11 + #122) (crvi (1) + c2FF (v2(1)))
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1 a
+ 502(121 (1111 + bl + = + a21) (02F12(v2(t)) + F22(U3(t)))
mi2 ma3

1 a 1
+ S03a32 (1121 + 24 032)F22(”03(t)) + —an1Mi(e1 +¢2)
2 mos 2

x/ooo /t K (s)ann /mKl(T)v%(l—r)dr—l—gFf(Ug(l))}dldS

1
+ 20,21 1+Cg / / KQ an/ Kl Ul Z—T)d

+ aﬁFl (va(1)) + —Fg(vg(l)) + (121/ Ko(r)FE(va(l — r))dr} dlds
mi2 ma3 0

+ %agg/o - Kg(s) |:a21 /O KQ(T)F]_Q('UQ(Z — ’I“))d?"

+ aﬁFg(vg(l ) + ase /00 K3(r)F3(vs(l — r))dr} dlds + R(t). (3.10)
ma3 0

Define

Va(t) :m(t)+%auM1(c1+cQ)/ooo /_ Ku(s) [au/ooo Ko (r)o2 (1 — r)dr
1

+ 21:1 (v (1 ))]dldvds + san(l+c2)

x / / U K2<s> / K)ol = r)dr + 22 B (0 (1)

+ £F2 (vs(1)) + a1 / Ky (r)FE(va(l — r))|dr} dldvds

+ a32/ / K3 1121/ KQ Fl 'Ug(l*?”))d
t—s Jo

+ %Fé (v3(1)) + asz /0 K3(r)F3(vs(l — T))dr} dldvds. (3.11)

It follows from (3.10) and (3.11) that for ¢ > T,

SVa(0) £ = c1annob0) + ea (22— aa)) FE(0a(0) + (22 — asa) R ua(t)

1 a
+ §a11M101 (au + %) (c1vi(t) + 2 FT (va(1)))

1 a a
+ 502a21 (au + 22 a21) (02F12(02(t)) + Fg(”:’»@)))
mi2 ma3

1 1
+ 203032 <a21 + m— + a32>F2 (v3(t)) + 5011M101(61 +c2)

X {an/ Ky (r)v? t—r)dr+m—12F12(02(t))]

1 a
—+ 5@210’2(14’02) (111/ Kl(r)vf(t—r)err —12 F12(1)2(t))
0 mi2

422 B (0) +an [ Kalr)F(unlt — )]
n %aggag [a21 /O h Ko (r)F2(vg(t — 1)) dr + %Fg(vg(t»
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oo
+ as / K3 (r)F2(vs(t — r))dr] + R(®). (3.12)
0

We now define a Lyapunov functional V (t) as
1 o t
V(t) =Va(t) + QCL?1M101(C1 + 02)/ / Ky (r)vi(l)dldr
0 t—r

+%a2102(1+02)[a11 /O h /ttrKl(r)vf(l)dldr+a21 /O h /ttrKg(r)Ff(vg(l))dldr}

+%a3203 a2 /0 h /H Ko (r) F2(vs (1) )dldr + as /0 - /tTKg(r)Fg(vg(Z))dmr}@13)

Then it follows from (3.12) and (3.13) that for ¢ > T,

GV <= amnd©) + e M2 0 ) Fr(oa(0) + (22— a32) FE(0s(t)

dt mia mas3
1 a
+ iallMlo'l (an + —2 ) (Clvf(t) + C2F12(U2(t)))
mi2

1 a a
+ 50'2&21 (011 + 2 + -2 + a21) (C2F12(U2(t)) + F22(U3(t)))
mi2 ma3

1 a
+ - 03a32 (az1 + 24 a32)F22(U3(t))
2 ™mos

1 a
+ 5@11M10’1(01 + 62) {auv%(t) + lFf(Ug(t))}
mi2

1 a a
+ 502105(1+ ) [a110}(8) + = F (v (1)) + —on FF (v5(1)) + a1 FL(va (1))
mi2 mos

+ 50a0a an FE(0a(8) + T2 F(wa(t)) + annF (0a(8)| + R()

ma

S — Al’l)%(t) - A2F12('U2(t)) - A3F22(’l)3(t)) “+ a1 (gcl + 202)1)%(15) /too Kl(s)ds

1 oo o0
+ 5(111((:1 + ¢2) / K1 (s)v2(t — 8)ds + a11coF 2 (v2(t)) / Ki(s)ds
¢ t

+a21(§cz n %)Ff(vg(t))/too Ka(s)ds + %agl(lJch)/too Ko (s)F2 (0t — 5))ds

+ 021F22(U3(t)) /too KQ(S)dS + gangQZ(’Ug(t)) /too K3(S)d$
+ %agg /too K3(s)F3(vs(t — s))ds

< — Avi(t) = AoFT (va(1)) — A3 F3 (vs(t)) + an (501 i1

5 202)7}%(1&) /too Ky(s)ds

1 oo oo
+ §a11(01 + 02)||1/)1||2/ Ki(s)ds + auchf(vg(t)) / Ki(s)ds
t t

+an (oot 3)FR0a(0) [ Kalo)ds + qan(i+ c)FE(lal) [ Ka(s)ds

+ a21F22(U3(t)) /too KQ(S)ds + gangg(’Ug(t)) /too K3(8)d5
1

T3

ax F2([s]) / " Ka(s)ds, (3.14)
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where ; € BC(—00,0] is the initial data of v;(¢) (¢ = 1,2,3) and A; (i = 1,2, 3) are defined by
(H10). Therefore, we can choose g; > 0 (i = 1,2,3) such that

3 1 3 1 3
a11€1 (501 + 502) < Al, a11C2€1 + a21 (502 + 5)82 < AQ, a21€2 + 5&3283 < As.

oo

Let T = T'(e1,€2,€3) > 0 be such that / K;(s)ds < min{ey,eq9,e3} forall t > T, i =1,2,3.
t
It then follows from (3.14) that for all t > T,

jtV( t) < [Al —aie1 (gcl + %CQ)]U%(IS) — [Ag — a11C2E] — A21 (202 + %)52} FZ(va(t))

3 1 e
— (A3 - 50,3263 — a21€2)F22(1}3(t)) + 5@11(01 + CQ)H’(/J1||2/ Kl(S)dS
t

+gan( e FE(al) [ Ka()ds+ ganFRlal) [ Ka(ds (319)

Integrating both sides of (3.15) from T to t > T, we get

Vi(t) <V(t) + [Al —anel <;Cl + %CQ):| /Tt v?(s)ds

3 1 ¢
+ {Az — a11C2€1 — Q21 (502 + §>€2} /T F12(U2(5))d3

3 t
+ (A3 — §a3253 - 02152) / F22(U3(5))d5

T

t o)
VD) + ganer+ el [ [ K )duds

1 1
—|—§a21(1+02)F12(||¢2H// Ko(u)duds + SasaF3 IIng// Ky (u)duds

V(D) + anler+ el [ sKi(s)ds
0

[ee)

1 o 1
+gan(+ ) FE(al) [ sKa(s)ds + GanFE(Ival) | sKa(s)as < oo

This implies that v;(t) (i = 1,2,3) are bounded, and vi(t), F? (vi41(t)) € L]0, +00), i =1,2.
It follows from the equations in system (3.5) and the boundedness of v;(t) that ©;(¢)(i = 1,2, 3)
are also bounded. Therefore, v;(t) (i = 1,2,3) are uniformly continuous on [0, c0). It follows
that F;(vi41(t)) (¢ = 1,2) are also uniformly continuous. Thus, by the Babalat’s Lemma (see
[11]), we have v1(t) — 0, F;(v;41(t)) — 0 as ¢ — oco. This leads to tlirgcvi(t) =0,i=1,2,3.

Therefore, we have tlim z;(t) = a} for every solution (x1(t),z2(t),z3(t)) of system (1.2), this
completes the proof.

Remark. If K;(s) = 6(s), the Kronecker delta function, then o; =0 (i = 1,2,3), and (1.2)
reduces to an instantaneous system i.e. one without time delay. Substituting o; = 0 (i =
1,2,3) into (H10), Theorem 3.1 yields that E* is globally attractive provided that the following
assumption holds:

a3

a
(Hll) a1 > £7 agg > ——
mi2 m23
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Alternatively, with o; = 0 (¢ = 1,2, 3) system (3.5) becomes

o = (v + @) [ —anoi(t) + %Fl (vQ(t))},

by = (v + )| — anoa(r) + (%122 — an ) i (va(t)) - %Fz (va())] (3.16)
U3 = (v3 + u3) [CL21F1 (v2(t)) + (% — a32>F2 (’Ug(t)):|.

In this case, we may employ the Lyapunov function Vi (t) defined by (3.6) directly. Indeed, it
is straight forward to show that

iVl(t) S —Clau?}%(t) + 02(% - agl)FIQ(Ug(t)) + (% - a32)F22 (’Ug(t)),

dt 12 ma23
which is negative definite provided (H11) holds, where ¢; and ¢y are defined by (H10). We
therefore have the following corollary to Theorem 3.1.

Corollary 3.1.  The positive equilibrium E* of system (1.2) is globally attractive if the positive
equilibrium of the corresponding instantaneous system (without time delay) is globally attractive
and o; (i =1,2,3) are sufficiently small to satisfy the assumption (H10).

Finally, we give a suitable example to illustrate the feasibility of the conditions of Theorem
2.1, 3.1.

Example. @ We consider the following system

S = —ags L1 (t - S) B x3(t)
Gy = xg(t)< 1+ 3/000 Qe S)(;xl)(t % mQ(t)), (3.17)
ig:xg(t)(ilJrQ/o ageiaSSm(t—S)+x2(t—8)d8)’

where a; > 0, i = 1,2,3. In this case, K;(s) = aze”** (i = 1,2,3) and it follows directly
that K;(s) satisfies (1.4) and that o; = ai (i = 1,2,3). System (3.17) has a unique positive
equilibrium E*(%, %, %) We choose M7 = 1+ 401, €9 = 1. It is easy to verify that system
(3.17) satisfies all assumptions in (H1)-(H9) when a; > 4, az > 4 and a3 > 1 (ie. o1 <
%, o2 < %, o3 < 1). Using Theorem 2.1, we know that system (3.17) is uniformly persistent.
By Theorem 3.1, we see that the positive equilibrium E* (2, 3, 2) is globally attractive provided

that 12My01 + 3709 + 203 < 4 and 3305 + 1803 < 2.

Acknowledgment. The authors would like to thank the referees for their careful reading of
the original manuscript and their many valuable comments and suggestions on this work.

References

(1] Arditi, R., Ginzburg, L.R. Coupling in predator-prey dynamics: ratio-dependence. J. Theoretical Biology,
139: 311-326 (1989)

[2] Arditi, R., Ginzburg, L.R., Akcakaya, H.R. Variation in Plankton densities among lakes: a case for ratio-
dependent models. The American Naturalist, 138: 1287-1296 (1991)

[3] Arditi, R., Perrin, N., Saiah, H. Functional response and heterogeneities: an experiment test with clado-
cerans. OIKOS, 60: 69-75 (1991)

[4] Arditi, R., Saiah, H. Empirical evidence of the role of heterogeneity in ratio-dependent consumption.
Ecology, 73: 1544-1551 (1992)

[5] Beretta, E., Kuang, Y. Global analysis in some delayed ratio-dependent predator-prey systems. Nonlinear
Analysis, T.M.A., 32: 381-408 (1998)



332 R. Xu, L.S. Chen, M.A.J. Chaplain

[6] Caperon, J. Time lag in population growth response of isochrysis galbana to a variable nitrate environment.
Ecology, 50: 188-192 (1969)
[7] Caswell, H.A. A simulation study of a time lag population model. J. Theoret. Biol., 34: 419-439 (1972)
[8] Cushing, J.M. Integro-differential equations and delay models in population dynamics. In: “Lecture notes
in biomathematics”, Vol.20, Springer-Verlag, Berlin, Heidelberg, New York, 1977
[9] Freedman, H.I., Rao, V.S.H. The tradeoff between mutual interference and time lag in predator-prey
models. Bull. Math. Biol., 45: 991-1004 (1983)
[10] Freedman, H.I., So, J., Waltman, P. Coexistence in a model of competition in the chemostat incorporating
discrete time delays. SIAM J. Appl. Math., 49: 859-870 (1989)
[11] Gopalsamy, K. Stability and oscillations in delay differential equations of population dynamics. Kluwer
Academic, Dordrecht/Norwell, MA., 1992
Gutierrez, A.P. The physiological basis of ratio-dependent predator-prey theory: a methbolic pool model
of Nicholson’s blowflies as an example. Ecology, 73: 1552-1563 (1992)
Hanski, I. The functional response of predator: worries about scale. TREE, 6: 141-142 (1991)
Kuang, Y. Delay differential equations with applications in population dynamics. Academic Press, New
York, 1993
[15] Wang, W., Ma, Z. Harmless delays for uniform persistence. J. Math. Anal. Appl., 158: 256-268 (1991)

(12

(13
[14



