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Abstract A delayed three-species ratio-dependent predator-prey food-chain model without dominating in-

stantaneous negative feedback is investigated. It is shown that the system is permanent under some appropriate

conditions, and sufficient conditions are derived for the global attractivity of the positive equilibrium of the

system.

Keywords Time delay, uniform persistence, global attractivity

2000 MR Subject Classification 34

1 Introduction

An important and ubiquitous problem in predator-prey theory and related topics in math-
ematical ecology, concerns the long term coexistence (or persistence) of species. Standard
Lotka-Volterra type models, on which a large proportion of existing predator-prey theory is
built, assume that the per capita rate of predation depends on the prey numbers only. Re-
cently, there is growing explicit biological and physiological evidence (cf. [2–4, 12]) that in
many situations, especially when predators have to search for food (and therefore have to share
or compete for food), a more suitable general predator-prey theory should be based on the
so-called “ratio-dependent” theory. This roughly states that the per capita predator growth
rate should be a function of the ratio of prey to predator abundance. That is, as the numbers of
predators change slowly (relative to prey change), there is often competition among the preda-
tors, and the per capita rate of predation depends on the numbers of both prey and predator,
most likely and simply on their ratio. These hypotheses are strongly supported by numerous
field and laboratory experiment and observations (cf. [1–3, 13]).

A generic ratio-dependent predator-prey model takes the form
{

ẋ = xf(x) − yp(x/y),
ẏ = cyq(x/y) − dy,

(1.1)

where x, y denote the prey and predator density respectively. The functions p(x) (the so-called
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predator functional response) and q(x) satisfy the standard properties such as being nonnegative
and increasing, and equal to zero at zero.

On the other hand, it is well known that time delays in ecological system can have a con-
siderable influence on the qualitative behavior of these systems. It is generally recognized that
some kinds of time delays are inevitable in population interactions and tend to be destabilizing
in the sense that longer delays may destroy the stability of positive equilibrium (see [8, 14] and
the references cited therein). The effect of time delays on the asymptotic behavior of popu-
lations has been studied by a number of authors (see for example, [5, 9, 10, 15]). It has been
found that “continuously distributed” delay models are more realistic (see [7]) and “continu-
ously distributed” delays are more accurate than instantaneous time lags (see [6]). Since the
traditional Lotka-Volterra type predator-prey model with Michaelis-Menten type functional re-
sponse received great attention among theoretical and mathematical biologists, we will focus
our attention here on the ratio-dependent type predator-prey model with Michaelis-Menten
type functional response.

In this paper we incorporate distributed time delays due to gestation and negative feed-
back into the ratio-dependent predator-prey system. For the three-species ratio-dependent
predator-prey food-chain model with Michaelis-Menten type functional response, this results in
the following delayed system



























ẋ1(t) = x1(t)
(

a1 − a11

∫ ∞

0
K1(s)x1(t − s)ds − a12x2(t)

m12x2(t) + x1(t)

)

,

ẋ2(t) = x2(t)
(

− a2 + a21

∫ ∞

0
K2(s)

x1(t − s)
m12x2(t − s) + x1(t − s)

ds − a23x3(t)
m23x3(t) + x2(t)

)

,

ẋ3(t) = x3(t)
(

− a3 + a32

∫ ∞

0
K3(s)

x2(t − s)
m23x3(t − s) + x2(t − s)

ds
)

(1.2)
with initial conditions

xi(s) = φi(s), s ∈ (−∞, 0], φi(0) > 0, i = 1, 2, 3, (1.3)

where xi(t) represents the densities of the prey, predator and the top predator population
respectively, i = 1, 2, 3. φi (i = 1, 2, 3) are continuous bounded functions; a1, a2, a3, a12, a21, a23,
a32,m12 and m23 are positive constants. Ki(t) : [0,∞) $→ [0,∞) is piecewise continuous and
normalized function such that

∫ ∞

0
Ki(s)ds = 1; σi =

∫ ∞

0
sKi(s)ds < ∞, i = 1, 2, 3. (1.4)

We adopt the following notations and concepts throughout this paper.
Let R3

+ = {x ∈ R3 : xi ≥ 0, i = 1, 2, 3}. For ecological reasons, we consider system (1.2),
only in IntR3

+.

Definition 1.1. System (1.2) is said to be uniformly persistent if there exists a compact
region D ⊂ IntR3

+ such that every solution x(t) =
(

x1(t), x2(t), x3(t)
)

of system (1.2) with
initial conditions (1.3) eventually enters and remains in the region D.

The organization of this paper is as follows. In the next section, we present permanence
result for system (1.2). Section 3 provides sufficient conditions for the positive equilibrium of
system (1.2) to be globally attractive. Finally, a suitable example is given to illustrate the
feasibility of our main results.
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2 Uniform Persistence

System (1.2) has a unique positive equilibrium if and only if the following conditions are true:

(H1) a32 > a3,

(H2) a21 −
(

a2 +
a23

a32m23
(a32 − a3)

)

> 0,

(H3) a1 −
a12

a21m12

[

a21 −
(

a2 +
a23

a32m23
(a32 − a3)

)]

> 0.

In the following, we always assume that such a positive equilibrium exists and denote it by
E∗(x∗

1, x
∗
2, x

∗
3).

The following lemmas are elementary and are concerned with the qualitative nature of
solutions of system (1.2).

Lemma 2.1. Solutions of system (1.2) corresponding to initial conditions (1.3) are defined
on [0,+∞) and remain positive for all t ≥ 0.

The proof of Lemma 2.1 is similar to that of Lemma 2.1 in [11], we therefore omit it here.

Lemma 2.2. Let x(t) =
(

x1(t), x2(t), x3(t)
)

denote any positive solution of system (1.2) with
initial conditions (1.3). Suppose that system (1.2) satisfies (H1)–(H2) and the following:

(H4)
∫ ∞

0
K2(s)e(a21−a2)sds < ∞,

(H5)
∫ ∞

0
K3(s)e(a32−a3)sds < ∞.

Then there exists a T > 0 such that

xi(t) ≤ Mi, i = 1, 2, 3, for t ≥ T, (2.1)

where

Mi > M∗
i , i = 1, 2, 3;

M∗
1 =

a1

a11

∫ ∞

0
K1(s)e−a1sds

, M∗
2 =

M1

m12a2

(

a21

∫ ∞

0
K2(s)e(a21−a2)sds − a2

)

,

M∗
3 =

M2

m23a3

(

a32

∫ ∞

0
K3(s)e(a32−a3)sds − a3

)

.

(2.2)

Proof. From the first equation of (1.2), we obtain

ẋ1(t) ≤ x1(t)
(

a1 − a11

∫ ∞

0
K1(s)x1(t − s)ds

)

. (2.3)

It follows from (2.3) that
ẋ1(t) < a1x1(t),

which implies
x1(t) ≤ x1(t − s)ea1s for t ≥ s ≥ 0. (2.4)

From (2.3) and (2.4), we have

ẋ1(t) ≤ x1(t)
(

a1 − a11

∫ t

0
K1(s)x1(t − s)ds

)

≤ x1(t)
[

a1 − a11

(

∫ t

0
K1(s)e−a1sds

)

x1(t)
]

.
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By comparison theorem, x1(t) ≤ N(t) for t > 0, where N(t) satisfies

dN(t)
dt

= N(t)
[

a1 − a11

(

∫ t

0
K1(s)e−a1sds

)

N(t)
]

, N(0) = x1(0). (2.5)

Solving (2.5), we have

1
N(t)

=
1

N(0)
e−a1t + a11

∫ t

0

∫ s

0
K1(u)e−a1uea1sduds

ea1t
.

Noting that

lim
t→∞

∫ t

0

∫ s

0
K1(u)e−a1uea1sduds

ea1t
=

∫ ∞

0
K1(s)e−a1sds

a1
,

thus, we have

lim
t→∞

1
N(t)

=
a11

∫ ∞

0
K1(s)e−a1sds

a1
.

It follows that

lim sup
t→∞

x1(t) ≤ lim sup
t→∞

N(t) =
a1

a11

∫ ∞

0
K1(s)e−a1sds

≡ M∗
1 .

Therefore, there exists a T1 > 0 and an M1 > M∗
1 such that for t ≥ T1, x1(t) ≤ M1.

In addition, from the second equation of system (1.2), we see that

ẋ2(t) ≤ (a21 − a2)x2(t),

which implies

ln
x2(t)

x2(t − s)
≤ (a21 − a2)s for t ≥ s ≥ 0.

Thus, we have

x2(t − s) ≥ x2(t)e−(a21−a2)s for t ≥ s ≥ 0. (2.6)

Noting that

lim
t→∞

∫ ∞

t−T1

K2(s)
x1(t − s)

m12x2(t − s) + x1(t − s)
ds = 0,

therefore, for any ε, 0 < ε < a2, there exists a T2 ≥ T1 such that for t ≥ T2,

−ε < a21

∫ ∞

t−T1

K2(s)
x1(t − s)

m12x2(t − s) + x1(t − s)
ds < ε. (2.7)
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By (2.6), (2.7) and the second equation of (1.2), for all t ≥ T2, we obtain

ẋ2(t) ≤x2(t)
[

− a2 + a21

∫ t−T1

0
K2(s)

x1(t − s)
m12x2(t − s) + x1(t − s)

ds

+ a21

∫ ∞

t−T1

K2(s)
x1(t − s)

m12x2(t − s) + x1(t − s)
ds

]

≤x2(t)
[

− a2 + ε + a21

∫ t−T1

0
K2(s)

M1

m12e(a2−a21)sx2(t) + M1
ds

]

≤x2(t)
[

− a2 + ε + a21

∫ ∞

0
K2(s)

M1

m12e(a2−a21)sx2(t) + M1
ds

]

=x2(t)
[

− a2 + ε + a21

∫ ∞

0
K2(s)

M1e(a21−a2)s

m12x2(t) + M1e(a21−a2)s
ds

]

≤x2(t)
[

− a2 + ε + a21

∫ ∞

0
K2(s)

M1e(a21−a2)s

m12x2(t) + M1
ds

]

≤ x2(t)
m12x2(t) + M1

[

M1

(

a21

∫ ∞

0
K2(s)e(a21−a2)sds − a2 + ε

)

− m12(a2 − ε)x2(t)
]

.

A standard comparison argument shows that

lim sup
t→+∞

x2(t) ≤
M1

m12(a2 − ε)

(

a21

∫ ∞

0
K2(s)e(a21−a2)sds − a2 + ε

)

.

Now let ε → 0. Consequently, we have

lim sup
t→+∞

x2(t) ≤
M1

m12a2

(

a21

∫ ∞

0
K2(s)e(a21−a2)sds − a2

)

≡ M∗
2 .

Therefore, there exists a T ∗
2 ≥ T2 and an M2 > M∗

2 such that if t ≥ T ∗
2 , we have x2(t) ≤ M2.

Similarly, under assumptions (H1) and (H5), we can verify that

lim sup
t→+∞

x3(t) ≤
M2

m23a3

(

a32

∫ ∞

0
K3(s)e(a32−a3)sds − a3

)

≡ M∗
3 .

Hence, there exists a T ≥ T ∗
2 such that if t ≥ T , we have x3(t) ≤ M3 for some M3 > M∗

3 . The
proof is complete.

Theorem 2.1. Suppose that system (1.2) satisfies (H4)–(H5) and the following:
(H6) a1 >

a12

m12
,

(H7) there exists an ε0 > 0 such that
∫ ∞

0
K1(s)e

−(a1− a12
m12

−a11M1−ε0)sds < ∞,

(H8) a21

∫ ∞

0
K2(s) exp

{

−
(

a2 +
a23

m23

)

s
}

ds > a2 +
a23

m23
,

(H9) a32

∫ ∞

0
K3(s) exp{−a3s}ds > a3.

Then system (1.2) is uniformly persistent.

Proof. Suppose x(t) =
(

x1(t), x2(t), x3(t)
)

is a solution of system (1.2) which satisfies (1.3).
According to the first equation of system (1.2), if (H6) holds, then

ẋ1(t) ≥x1(t)
[

a1 −
a12

m12
− a11

∫ ∞

0
K1(s)x1(t − s)ds

]

=x1(t)
[

a1 −
a12

m12
− a11

∫ t−T

0
K1(s)x1(t − s)ds − a11

∫ ∞

t−T
K1(s)x1(t − s)ds

]

.
(2.8)
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For each ε1, 0 < ε1 < ε0, we define M11 = M1 + (ε0 − ε1)/a11, then (H7) holds with (M1, ε0)
replaced by (M11, ε1) respectively. Using Lemma 2.2, there exists a T > 0 such that if t ≥ T ,
we have x1(t) < M11.

Therefore, it follows from (2.8) that for t ≥ T ,

ẋ1(t) ≥x1(t)
(

a1 −
a12

m12
− a11M11

∫ t−T

0
K1(s)ds − a11

∫ ∞

t−T
K1(s)x1(t − s)ds

)

≥x1(t)
(

a1 −
a12

m12
− a11M11

∫ ∞

0
K1(s)ds − a11

∫ ∞

t−T
K1(s)x1(t − s)ds

)

=x1(t)
(

a1 −
a12

m12
− a11M11 − a11

∫ ∞

t−T
K1(s)x1(t − s)ds

)

. (2.9)

Let
C1(t) = a1 −

a12

m12
− a11M11 − a11

∫ ∞

t−T
K1(s)x1(t − s)ds.

Then (2.9) becomes
ẋ1(t) ≥ C1(t)x1(t), (2.10)

which implies

x1(t) ≥ x1(t − s)e
∫ t

t−s
C1(u)du for t − s ≥ T, s ≥ 0. (2.11)

It follows from (2.8) and (2.11) that

ẋ1(t) ≥ x1(t)
[

a1 −
a12

m12
− a11

∫ ∞

t−T
K1(s)x1(t − s)ds

− a11x1(t)
∫ t−T

0
K1(s)e

−
∫ t

t−s
C1(u)du

ds
]

. (2.12)

Noting that

lim
t→∞

∫ ∞

t−T
K1(s)x1(t − s)ds = 0 and lim

t→∞
C1(t) = a1 −

a12

m12
− a11M11,

therefore, for any ε2, 0 < ε2 < ε1, there exists a T3 > T such that for t ≥ T3,
∫ ∞

t−T
K1(s)x1(t − s)ds < ε2, (2.13)

∣

∣

∣
C1(t) −

(

a1 −
a12

m12
− a11M11

)
∣

∣

∣
< ε2. (2.14)

It follows from (2.12)–(2.14) that

dx1(t)
dt

≥x1(t)
[

a1 −
a12

m12
− a11ε2 − a11x1(t)

∫ t−T

0
K1(s)e

−(a1−
a12
m12

−a11M11−ε2)sds
]

≥x1(t)
[

a1 −
a12

m12
− a11ε2 −

(

a11

∫ ∞

0
K1(s)e

−(a1− a12
m12

−a11M11−ε2)sds
)

x1(t)
]

,
(2.15)

which implies

lim inf
t→+∞

x1(t) ≥
a1 −

a12

m12
− a11ε2

a11

∫ ∞

0
K1(s)e

−(a1− a12
m12

−a11M11−ε2)sds
.
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Now let ε1 → ε0, ε2 → 0 and M11 → M1. Consequently, we have

lim inf
t→∞

x1(t) ≥
a1 −

a12

m12

a11

∫ ∞

0
K1(s)e

−(a1− a12
m12

−a11M1)sds
≡ m1.

Hence, there is a T ∗
1 > 0, such that for t ≥ T ∗

1 , x1(t) > m1/2.
It follows from (H7) and (H8) that there exists an A > 0 such that

a21

∫ A

0
K2(s)e

−(a2+
a23
m23

)sds > a2 +
a23

m23
, a32

∫ A

0
K3(s)e−a3sds > a3.

Therefore, from the second equation in system (1.2), we have that for t ≥ T ∗
1 + A

ẋ2(t) ≥ x2(t)
[

− a2 −
a23

m23
+ a21

∫ A

0
K1(s)

m1/2
m12x2(t − s) + m1/2

ds
]

.

From this it follows (in a similar manner to the derivation of (2.3) above) that

x2(t − s) ≤ x2(t)e
(a2+

a23
m23

)s for t ≥ s ≥ 0.

Hence, for t sufficiently large, we have

ẋ2(t) ≥x2(t)
[

− a2 −
a23

m23
+ a21

∫ A

0
K2(s)

m1/2
m12x2(t) exp{(a2 + a23

m23
)s} + m1/2

ds
]

=x2(t)
[

− a2 −
a23

m23
+ a21

∫ A

0
K2(s)

m1 exp{−(a2 + a23
m23

)s}/2
m12x2(t) + m1 exp

{

−
(

a2 + a23
m23

)

s
}

/2
ds

]

≥x2(t)
[

− a2 −
a23

m23
+ a21

∫ A

0
K2(s)

m1 exp
{

−
(

a2 + a23
m23

)

s
}

/2
m12x2(t) + m1/2

ds
]

=
x2(t)

m12x2(t) + m1/2

[1
2
m1

(

a21

∫ A

0
K2(s) exp

{

−
(

a2 +
a23

m23

)

s
}

ds − a2 −
a23

m23

)

− m12

(

a2 +
a23

m23

)

x2(t)
]

, (2.16)

which yields

lim inf
t→+∞

x2(t) ≥
m1

2m12(a2 + a23
m23

)

(

a21

∫ A

0
K2(s) exp

{

−
(

a2 +
a23

m23

)

s
}

ds − a2 −
a23

m23

)

≡ m2.

Therefore, for t sufficiently large, we have x2(t) > m2/2.
Similarly, under assumption (H9), we can derive

lim inf
t→+∞

x3(t) ≥
m2

2m23a3

(

a32

∫ A

0
K3(s)e−a3sds − a3

)

≡ m3.

Hence, for t sufficiently large, we have x3(t) > m3/2.
Now, we let

D = {(x1, x2, x3)| mi/2 ≤ xi ≤ Mi, i = 1, 2, 3}. (2.17)

Then D is a bounded compact region in R3
+ which has positive distance from coordinate planes.

From what has been discussed above, we obtain that there exists a T ∗ > 0 such that if t ≥ T ∗,
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then every positive solution of system (1.2) with initial conditions (1.3) eventually enters and
remains in the region D. The proof is complete.

3 Global Attractivity

We now provide conditions under which the positive equilibrium E∗ of system (1.2) is globally
attractive. Our strategy in the proof of the global attractivity of the positive equilibrium E∗

of (1.2) is to construct a suitable Lyapunov functional.
Let Pi(u) be defined by

Pi(u) =
u

mi,i+1 + u
, i = 1, 2.

Then system (1.2) can be rewritten as


















































ẋ1 = x1

{

− a11

∫ ∞

0
K1(s)

(

x1(t − s) − x∗
1

)

ds + a12

[x∗
2

x∗
1

P1

(x∗
1

x∗
2

)

− x2

x1
P1

(x1

x2

)]}

,

ẋ2 = x2(t)
{

a21

∫ ∞

0
K2(s)

[

P1

(x1(t − s)
x2(t − s)

)

− P1

(x∗
1

x∗
2

)]

ds

+a23

[x∗
3

x∗
2

P2

(x∗
2

x∗
3

)

− x3

x2
P2

(x2

x3

)]}

,

ẋ3 = a32x3(t)
∫ ∞

0
K3(s)

[

P2

(x2(t − s)
x3(t − s)

)

− P2

(x∗
2

x∗
3

)]

ds.

(3.1)

Define
x1 = x1, u1 =

x1

x2
, u2 =

x2

x3
, u∗

1 =
x∗

1

x∗
2

, u∗
2 =

x∗
2

x∗
3

.

Then system (3.1) becomes






































































ẋ1(t) = x1(t)
{

− a11

∫ ∞

0
K1(s)(x1(t − s) − x∗

1)ds + a12

[P1(u∗
1)

u∗
1

− P1(u1)
u1

]}

,

u̇1(t) = u1(t)
{

− a11

∫ ∞

0
K1(s)(x1(t − s) − x∗

1)ds + a12

[P1(u∗
1)

u∗
1

− P1(u1)
u1

]

−a21

∫ ∞

0
K2(s)[P1(u1(t − s)) − P1(u∗

1)]ds − a23

[P2(u∗
2)

u∗
2

− P2(u2)
u2

]}

,

u̇2(t) = u2(t)
{

a21

∫ ∞

0
K2(s)[P1(u1(t − s)) − P1(u∗

1)]ds + a23

[P2(u∗
2)

u∗
2

− P2(u2)
u2

]

−a32

∫ ∞

0
K3(s)[P2(u2(t − s)) − P2(u∗

2)]ds
}

.

(3.2)

Define v(t) =
(

v1(t), v2(t), v3(t)
)

by

v1(t) = x1(t) − x∗
1, v2(t) = u1(t) − u∗

1, v3(t) = u2(t) − u∗
2;

F1(v2) = P1(u1) − P1(u∗
1) =

m12v2

(m12 + u∗
1)(m12 + u1)

,

F2(v3) = P2(u2) − P2(u∗
2) =

m23v3

(m23 + u∗
2)(m23 + u2)

.

(3.3)

It is easy to examine that

F ′
1(v2)u1 =

m12u1

(m12 + u1)2
< 1, F ′

2(v3)u2 =
m23u2

(m23 + u2)2
< 1,

Pi(u∗
i )

u∗
i

− Pi(ui)
ui

=
1

mi,i+1
Fi(vi+1), i = 1, 2.

(3.4)
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Therefore, from (3.2) and (3.3), we finally obtain


































































v̇1 = (v1 + x∗
1)

[

− a11

∫ ∞

0
K1(s)v1(t − s)ds +

a12

m12
F1

(

v2(t)
)

]

,

v̇2 = (v2 + u∗
1)

[

− a11

∫ ∞

0
K1(s)v1(t − s)ds +

a12

m12
F1

(

v2(t)
)

− a23

m23
F2

(

v3(t)
)

− a21

∫ ∞

0
K2(s)F1

(

v2(t − s)
)

ds
]

,

v̇3 = (v3 + u∗
2)

[

a21

∫ ∞

0
K2(s)F1

(

v2(t − s)
)

ds +
a23

m23
F2

(

v3(t)
)

−a32

∫ ∞

0
K3(s)F2

(

v3(t − s)
)

ds
]

,

(3.5)

We now formulate the result on the global attractivity of the equilibrium E∗ of (1.2) as follows.

Theorem 3.1. Suppose that system (1.2) satisfies (H1)–(H3) and the following:
(H10) Ai > 0, i = 1, 2, 3,

where

A1 =a11

{

c1 −
1
2
a21σ2(1 + c2) −

1
2
a11M1σ1(c1 + c2) −

1
2
c1M1σ1

(

a11 +
a12

m12

)}

,

A2 =c2

{

a21 −
a12

m12
− 1

2
a21σ2

(

a11 + 2
a12

m12
+

a23

m23
+ 2a21

)

− 1
2
a11M1σ1

(

a11 + 2
a12

m12

)}

− 1
2m12

c1a11a12M1σ1 −
1
2
a21σ2

(

a21 +
a12

m12

)

− 1
2
a32a21σ3,

A3 =a32 −
a23

m23
− 1

2
a21σ2

(

a11 +
a12

m12
+ 2

a23

m23
+ 2a21

)

− 1
2
a32σ3

(

a21 + 2
a23

m23
+ 2a32

)

;

c1 =
a11a21m12m23

a12a23
, c2 =

a21m23

a23
.

Then the positive equilibrium E∗(x∗
1, x

∗
2, x

∗
3) of system (1.2) is globally attractive.

Proof. To prove that the global attractivity of the positive equilibrium E∗ of system (1.2) is
equivalent to that of the trivial solution of (3.5).

Let

V1(t) = c1

(

v1 − x∗
1 ln

v1 + x∗
1

x∗
1

)

+ c2

∫ u1

u∗
1

P1(v) − P1(u∗
1)

v
dv +

∫ u2

u∗
2

P2(v) − P2(u∗
2)

v
dv, (3.6)

where c1 and c2 are defined in (H10).
Calculating the derivative of V1(t) along the solution of (3.5), we have

d

dt
V1(t) =c1

v1

v1 + x∗
1

v̇1(t) + c2
F1(v2)

u1
v̇2(t) +

F2(v3)
u2

v̇3(t)

=c1v1(t)
{

− a11

∫ ∞

0
K1(s)v1(t − s)ds +

a12

m12
F1

(

v2(t)
)

}

+ c2F1

(

v2(t)
)

{

− a11

∫ ∞

0
K1(s)v1(t − s)ds +

a12

m12
F1

(

v2(t)
)

− a23

m23
F2

(

v3(t)
)

− a21

∫ ∞

0
K2(s)F1

(

v2(t − s)
)

ds
}

+ F2

(

v3(t)
)

{

a21

∫ ∞

0
K2(s)F1

(

v2(t − s)
)

ds

+
a23

m23
F2

(

v3(t)
)

− a32

∫ ∞

0
K3(s)F2

(

v3(t − s)
)

ds
}
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=c1v1(t)
{

− a11v1(t) +
a12

m12
F1

(

v2(t)
)

+ a11

∫ t

0

∫ t

t−s
K1(s)v′1(l)dlds

}

+ c2F1

(

v2(t)
)

{

− a11v1(t) +
( a12

m12
− a21

)

F1

(

v2(t)
)

− a23

m23
F2

(

v3(t)
)

+ a11

∫ t

0

∫ t

t−s
K1(s)v′1(l)dlds + a21

∫ t

0

∫ t

t−s
K2(s)F ′

1

(

v2(l)
)

v′2(l)dlds
}

+ F2

(

v3(t)
)

{

a21F1

(

v2(t)
)

− a21

∫ t

0

∫ t

t−s
K2(s)F ′

1

(

v2(l)
)

v′2(l)dlds

+
( a23

m23
− a32

)

F2

(

v3(t)
)

+ a32

∫ t

0

∫ t

t−s
K3(s)F ′

2(v3(l))v′3(l)dlds
}

+ R(t)

= − c1a11v
2
1(t) + c2

( a12

m12
− a21

)

F 2
1

(

v2(t)
)

+
( a23

m23
− a32

)

F 2
2

(

v3(t)
)

+ a11

(

c1v1(t) + c2F1(v2(t))
)

∫ t

0

∫ t

t−s
K1(s)v′1(l)dlds

+ a21

(

c2F1(v2(t)) − F2(v3(t))
)

∫ t

0

∫ t

t−s
K2(s)F ′

1

(

v2(l)
)

v′2(l)dlds

+ a32F2

(

v3(t)
)

∫ t

0

∫ t

t−s
K3(s)F ′

2

(

v3(l)
)

v′3(l)dlds + R(t), (3.7)

where

R(t) =a11

(

c1v1(t) + c2F1(v2(t))
)

∫ ∞

t
K1(s)

(

v1(t) − v1(t − s)
)

ds

+ a21

(

c2F1(v2(t)) − F2(v3(t))
)

∫ ∞

t
K2(s)

(

F1(v2(t)) − F1(v2(t − s))
)

ds

+ a32F2

(

v3(t)
)

∫ ∞

t
K3(s)

(

F2(v3(t)) − F2(v3(t − s))
)

ds.

On substituting (3.5) into (3.7), we have

d

dt
V1(t) = − c1a11v

2
1(t) + c2

( a12

m12
− a21

)

F 2
1 (v2(t)) +

( a23

m23
− a32

)

F 2
2 (v3(t))

+ a11

(

c1v1(t) + c2F1(v2(t))
)

∫ t

0

∫ t

t−s
K1(s)x1(l)

[

− a11

∫ ∞

0
K1(r)v1(l − r)dr

+
a12

m12
F1(v2(l))

]

dlds + a21

(

c2F1

(

v2(t)
)

− F2(v3(t))
)

×
∫ t

0

∫ t

t−s
K2(s)F ′

1

(

v2(l)
)

u1(l)
[

− a11

∫ ∞

0
K1(r)v1(l − r)dr

+
a12

m12
F1

(

v2(l)
)

− a23

m23
F2

(

v3(l)
)

− a21

∫ ∞

0
K2(r)F1

(

v2(l − r)
)

dr
]

dlds

+ a32F2

(

v3(t)
)

∫ t

0

∫ t

t−s
K3(s)F ′

2

(

v3(l)
)

u2(l)
[

a21

∫ ∞

0
K2(r)F1

(

v2(l − r)
)

dr

+
a23

m23
F2

(

v3(l)
)

− a32

∫ ∞

0
K3(r)F2

(

v3(l − r)
)

dr
]

dlds + R(t)

≤− c1a11v
2
1(t) + c2

( a12

m12
− a21

)

F 2
1

(

v2(t)
)

+
( a23

m23
− a32

)

F 2
2

(

v3(t)
)

+ a11

(

c1v1(t) + c2F1(v2(t))
)

∫ ∞

0

∫ t

t−s
K1(s)x1(l)

[

− a11

∫ ∞

0
K1(r)v1(l − r)dr
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+
a12

m12
F1

(

v2(l)
)

]

dlds + a21

(

c2F1(v2(t)) − F2(v3(t))
)

×
∫ ∞

0

∫ t

t−s
K2(s)F ′

1

(

v2(l)
)

u1(l)
[

− a11

∫ ∞

0
K1(r)v1(l − r)dr

+
a12

m12
F1

(

v2(l)
)

− a23

m23
F2

(

v3(l)
)

− a21

∫ ∞

0
K2(r)F1

(

v2(l − r)
)

dr
]

dlds

+ a32F2

(

v3(t)
)

∫ ∞

0

∫ t

t−s
K3(s)F ′

2

(

v3(l)
)

u2(l)
[

a21

∫ ∞

0
K2(r)F1

(

v2(l − r)
)

dr

+
a23

m23
F2

(

v3(l)
)

− a32

∫ ∞

0
K3(r)F2

(

v3(l − r)
)

dr
]

dlds + R(t). (3.8)

It follows from (2.1) and (3.4) that for t ≥ T ,

d

dt
V1(t) ≤− c1a11v

2
1(t) + c2

( a12

m12
− a21

)

F 2
1

(

v2(t)
)

+
( a23

m23
− a32

)

F 2
2 (v3(t))

+ a11

(

c1|v1(t)| + c2|F1(v2(t))|
)

∫ ∞

0

∫ t

t−s
K1(s)x1(l)

[

a11

∫ ∞

0
K1(r)|v1(l − r)|dr

+
a12

m12

∣

∣F1(v2(l))
∣

∣

]

dlds + a21

(

c2

∣

∣F1(v2(t))
∣

∣ +
∣

∣F2(v3(t))
∣

∣

)

×
∫ ∞

0

∫ t

t−s
K2(s)F ′

1

(

v2(l)
)

u1(l)
[

a11

∫ ∞

0
K1(r)|v1(l − r)|dr

+
a12

m12

∣

∣F1(v2(l))
∣

∣ +
a23

m23

∣

∣F2(v3(l))
∣

∣ + a21

∫ ∞

0
K2(r)

∣

∣F1(v2(l − r))
∣

∣dr
]

dlds

+ a32

∣

∣F2(v3(t))
∣

∣

∫ ∞

0

∫ t

t−s
K3(s)F ′

2(v3(l))u2(l)
[

a21

∫ ∞

0
K2(r)

∣

∣F1(v2(l − r))
∣

∣dr

+
a23

m23

∣

∣F2(v3(l))
∣

∣ + a32

∫ ∞

0
K3(r)

∣

∣F2(v3(l − r))
∣

∣dr
]

dlds + R(t)

≤− c1a11v
2
1(t) + c2

( a12

m12
− a21

)

F 2
1

(

v2(t)
)

+
( a23

m23
− a32

)

F 2
2

(

v3(t)
)

+ a11M1

(

c1|v1(t)| + c2

∣

∣F1(v2(t))
∣

∣

)

∫ ∞

0

∫ t

t−s
K1(s)

[

a11

∫ ∞

0
K1(r)|v1(l − r)|dr

+
a12

m12

∣

∣F1(v2(l))
∣

∣

]

dlds + a21

(

c2

∣

∣F1(v2(t))
∣

∣ +
∣

∣F2(v3(t))
∣

∣

)

×
∫ ∞

0

∫ t

t−s
K2(s)

[

a11

∫ ∞

0
K1(r)|v1(l − r)|dr +

a12

m12

∣

∣F1(v2(l))
∣

∣

+
a23

m23

∣

∣F2(v3(l))
∣

∣ + a21

∫ ∞

0
K2(r)

∣

∣F1(v2(l − r))
∣

∣dr
]

dlds

+ a32

∣

∣F2(v3(t))
∣

∣

∫ ∞

0

∫ t

t−s
K3(s)

[

a21

∫ ∞

0
K2(r)

∣

∣F1(v2(l − r))
∣

∣dr

+
a23

m23

∣

∣F2(v3(l))
∣

∣ + a32

∫ ∞

0
K3(r)

∣

∣F2(v3(l − r))
∣

∣dr
]

dlds + R(t). (3.9)

Using the inequality a2 + b2 ≥ 2ab, we derive for t ≥ T that

d

dt
V1(t) ≤− c1a11v

2
1(t) + c2

( a12

m12
− a21

)

F 2
1 (v2(t)) +

( a23

m23
− a32

)

F 2
2 (v3(t))

+
1
2
a11M1σ1

(

a11 +
a12

m12

)

(

c1v
2
1(t) + c2F

2
1 (v2(t))

)
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+
1
2
σ2a21

(

a11 +
a12

m12
+

a23

m23
+ a21

)

(

c2F
2
1 (v2(t)) + F 2

2 (v3(t))
)

+
1
2
σ3a32

(

a21 +
a23

m23
+ a32

)

F 2
2 (v3(t)) +

1
2
a11M1(c1 + c2)

×
∫ ∞

0

∫ t

t−s
K1(s)

[

a11

∫ ∞

0
K1(r)v2

1(l − r)dr +
a12

m12
F 2

1 (v2(l))
]

dlds

+
1
2
a21(1 + c2)

∫ ∞

0

∫ t

t−s
K2(s)

[

a11

∫ ∞

0
K1(r)v2

1(l − r)dr

+
a12

m12
F 2

1 (v2(l)) +
a23

m23
F 2

2 (v3(l)) + a21

∫ ∞

0
K2(r)F 2

1 (v2(l − r))dr
]

dlds

+
1
2
a32

∫ ∞

0

∫ t

t−s
K3(s)

[

a21

∫ ∞

0
K2(r)F 2

1 (v2(l − r))dr

+
a23

m23
F 2

2 (v3(l)) + a32

∫ ∞

0
K3(r)F 2

2 (v3(l − r))dr
]

dlds + R(t). (3.10)

Define

V2(t) =V1(t) +
1
2
a11M1(c1 + c2)

∫ ∞

0

∫ t

t−s

∫ t

v
K1(s)

[

a11

∫ ∞

0
K1(r)v2

1(l − r)dr

+
a12

m12
F 2

1 (v2(l))
]

dldvds +
1
2
a21(1 + c2)

×
∫ ∞

0

∫ t

t−s

∫ t

v
K2(s)

[

a11

∫ ∞

0
K1(r)v2

1(l − r)dr +
a12

m12
F 2

1 (v2(l))

+
a23

m23
F 2

2 (v3(l)) + a21

∫ ∞

0
K2(r)F 2

1 (v2(l − r))|dr
]

dldvds

+
1
2
a32

∫ ∞

0

∫ t

t−s

∫ t

v
K3(s)

[

a21

∫ ∞

0
K2(r)F 2

1 (v2(l − r))dr

+
a23

m23
F 2

2 (v3(l)) + a32

∫ ∞

0
K3(r)F 2

2 (v3(l − r))dr
]

dldvds. (3.11)

It follows from (3.10) and (3.11) that for t ≥ T ,

d

dt
V2(t) ≤− c1a11v

2
1(t) + c2

( a12

m12
− a21

)

F 2
1 (v2(t)) +

( a23

m23
− a32

)

F 2
2 (v3(t))

+
1
2
a11M1σ1

(

a11 +
a12

m12

)

(

c1v
2
1(t) + c2F

2
1 (v2(t))

)

+
1
2
σ2a21

(

a11 +
a12

m12
+

a23

m23
+ a21

)

(

c2F
2
1 (v2(t)) + F 2

2 (v3(t))
)

+
1
2
σ3a32

(

a21 +
a23

m23
+ a32

)

F 2
2 (v3(t)) +

1
2
a11M1σ1(c1 + c2)

×
[

a11

∫ ∞

0
K1(r)v2

1(t − r)dr +
a12

m12
F 2

1 (v2(t))
]

+
1
2
a21σ2(1 + c2)

[

a11

∫ ∞

0
K1(r)v2

1(t − r)dr +
a12

m12
F 2

1 (v2(t))

+
a23

m23
F 2

2 (v3(t)) + a21

∫ ∞

0
K2(r)F 2

1 (v2(t − r))dr
]

+
1
2
a32σ3

[

a21

∫ ∞

0
K2(r)F 2

1 (v2(t − r))dr +
a23

m23
F 2

2 (v3(t))
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+ a32

∫ ∞

0
K3(r)F 2

2 (v3(t − r))dr
]

+ R(t). (3.12)

We now define a Lyapunov functional V (t) as

V (t) =V2(t) +
1
2
a2
11M1σ1(c1 + c2)

∫ ∞

0

∫ t

t−r
K1(r)v2

1(l)dldr

+
1
2
a21σ2(1 + c2)

[

a11

∫ ∞

0

∫ t

t−r
K1(r)v2

1(l)dldr + a21

∫ ∞

0

∫ t

t−r
K2(r)F 2

1 (v2(l))dldr
]

+
1
2
a32σ3

[

a21

∫ ∞

0

∫ t

t−r
K2(r)F 2

1 (v2(l))dldr + a32

∫ ∞

0

∫ t

t−r
K3(r)F 2

2 (v3(l))dldr
]

.
(3.13)

Then it follows from (3.12) and (3.13) that for t ≥ T ,

d

dt
V (t) ≤− c1a11v

2
1(t) + c2

( a12

m12
− a21

)

F 2
1 (v2(t)) +

( a23

m23
− a32

)

F 2
2 (v3(t))

+
1
2
a11M1σ1

(

a11 +
a12

m12

)

(

c1v
2
1(t) + c2F

2
1 (v2(t))

)

+
1
2
σ2a21

(

a11 +
a12

m12
+

a23

m23
+ a21

)

(

c2F
2
1 (v2(t)) + F 2

2 (v3(t))
)

+
1
2
σ3a32

(

a21 +
a23

m23
+ a32

)

F 2
2 (v3(t))

+
1
2
a11M1σ1(c1 + c2)

[

a11v
2
1(t) +

a12

m12
F 2

1 (v2(t))
]

+
1
2
a21σ2(1 + c2)

[

a11v
2
1(t) +

a12

m12
F 2

1 (v2(t)) +
a23

m23
F 2

2 (v3(t)) + a21F
2
1 (v2(t))

]

+
1
2
a32σ3

[

a21F
2
1 (v2(t)) +

a23

m23
F 2

2 (v3(t)) + a32F
2
2 (v3(t))

]

+ R(t)

≤− A1v
2
1(t) − A2F

2
1 (v2(t)) − A3F

2
2 (v3(t)) + a11

(3
2
c1 +

1
2
c2

)

v2
1(t)

∫ ∞

t
K1(s)ds

+
1
2
a11(c1 + c2)

∫ ∞

t
K1(s)v2

1(t − s)ds + a11c2F
2
1 (v2(t))

∫ ∞

t
K1(s)ds

+ a21

(3
2
c2 +

1
2

)

F 2
1 (v2(t))

∫ ∞

t
K2(s)ds +

1
2
a21(1 + c2)

∫ ∞

t
K2(s)F 2

1 (v2(t − s))ds

+ a21F
2
2 (v3(t))

∫ ∞

t
K2(s)ds +

3
2
a32F

2
2 (v3(t))

∫ ∞

t
K3(s)ds

+
1
2
a32

∫ ∞

t
K3(s)F 2

2 (v3(t − s))ds

≤− A1v
2
1(t) − A2F

2
1 (v2(t)) − A3F

2
2 (v3(t)) + a11

(3
2
c1 +

1
2
c2

)

v2
1(t)

∫ ∞

t
K1(s)ds

+
1
2
a11(c1 + c2)‖ψ1‖2

∫ ∞

t
K1(s)ds + a11c2F

2
1 (v2(t))

∫ ∞

t
K1(s)ds

+ a21

(3
2
c2 +

1
2

)

F 2
1 (v2(t))

∫ ∞

t
K2(s)ds +

1
2
a21(1 + c2)F 2

1 (‖ψ2‖)
∫ ∞

t
K2(s)ds

+ a21F
2
2 (v3(t))

∫ ∞

t
K2(s)ds +

3
2
a32F

2
2 (v3(t))

∫ ∞

t
K3(s)ds

+
1
2
a32F

2
2 (‖ψ3‖)

∫ ∞

t
K3(s)ds, (3.14)
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where ψi ∈ BC(−∞, 0] is the initial data of vi(t) (i = 1, 2, 3) and Ai (i = 1, 2, 3) are defined by
(H10). Therefore, we can choose εi > 0 (i = 1, 2, 3) such that

a11ε1

(3
2
c1 +

1
2
c2

)

< A1, a11c2ε1 + a21

(3
2
c2 +

1
2

)

ε2 < A2, a21ε2 +
3
2
a32ε3 < A3.

Let T = T (ε1, ε2, ε3) > 0 be such that
∫ ∞

t
Ki(s)ds < min{ε1, ε2, ε3} for all t ≥ T, i = 1, 2, 3.

It then follows from (3.14) that for all t ≥ T ,

d

dt
V (t) ≤−

[

A1 − a11ε1

(3
2
c1 +

1
2
c2

)]

v2
1(t) −

[

A2 − a11c2ε1 − a21

(3
2
c2 +

1
2

)

ε2

]

F 2
1 (v2(t))

−
(

A3 −
3
2
a32ε3 − a21ε2

)

F 2
2 (v3(t)) +

1
2
a11(c1 + c2)‖ψ1‖2

∫ ∞

t
K1(s)ds

+
1
2
a21(1 + c2)F 2

1 (‖ψ2‖)
∫ ∞

t
K2(s)ds +

1
2
a32F

2
2 (‖ψ3‖)

∫ ∞

t
K3(s)ds. (3.15)

Integrating both sides of (3.15) from T to t ≥ T , we get

V1(t) ≤V (t) +
[

A1 − a11ε1

(3
2
c1 +

1
2
c2

)]

∫ t

T
v2
1(s)ds

+
[

A2 − a11c2ε1 − a21

(3
2
c2 +

1
2

)

ε2

]

∫ t

T
F 2

1 (v2(s))ds

+
(

A3 −
3
2
a32ε3 − a21ε2

)

∫ t

T
F 2

2 (v3(s))ds

≤V (T ) +
1
2
a11(c1 + c2)‖ψ1‖2

∫ t

T

∫ ∞

s
K1(u)duds

+
1
2
a21(1 + c2)F 2

1 (‖ψ2‖)
∫ t

T

∫ ∞

s
K2(u)duds +

1
2
a32F

2
2 (‖ψ3‖)

∫ t

T

∫ ∞

s
K3(u)duds

≤V (T ) +
1
2
a11(c1 + c2)‖ψ1‖2

∫ ∞

0
sK1(s)ds

+
1
2
a21(1 + c2)F 2

1 (‖ψ2‖)
∫ ∞

0
sK2(s)ds +

1
2
a32F

2
2 (‖ψ3‖)

∫ ∞

0
sK3(s)ds < ∞.

This implies that vi(t) (i = 1, 2, 3) are bounded, and v2
1(t), F 2

i

(

vi+1(t)
)

∈ L1[0,+∞), i = 1, 2.
It follows from the equations in system (3.5) and the boundedness of vi(t) that v̇i(t)(i = 1, 2, 3)
are also bounded. Therefore, vi(t) (i = 1, 2, 3) are uniformly continuous on [0,∞). It follows
that Fi(vi+1(t)) (i = 1, 2) are also uniformly continuous. Thus, by the Babalat’s Lemma (see
[11]), we have v1(t) → 0, Fi(vi+1(t)) → 0 as t → ∞. This leads to lim

t→∞
vi(t) = 0, i = 1, 2, 3.

Therefore, we have lim
t→∞

xi(t) = x∗
i for every solution

(

x1(t), x2(t), x3(t)
)

of system (1.2), this
completes the proof.

Remark. If Ki(s) = δ(s), the Kronecker delta function, then σi = 0 (i = 1, 2, 3), and (1.2)
reduces to an instantaneous system i.e. one without time delay. Substituting σi = 0 (i =
1, 2, 3) into (H10), Theorem 3.1 yields that E∗ is globally attractive provided that the following
assumption holds:

(H11) a21 >
a12

m12
, a32 >

a23

m23
.
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Alternatively, with σi = 0 (i = 1, 2, 3) system (3.5) becomes


























v̇1 = (v1 + x∗
1)

[

− a11v1(t) +
a12

m12
F1

(

v2(t)
)

]

,

v̇2 = (v2 + u∗
1)

[

− a11v1(t) +
( a12

m12
− a21

)

F1

(

v2(t)
)

− a23

m23
F2

(

v3(t)
)

]

,

v̇3 = (v3 + u∗
2)

[

a21F1

(

v2(t)
)

+
( a23

m23
− a32

)

F2

(

v3(t)
)

]

.

(3.16)

In this case, we may employ the Lyapunov function V1(t) defined by (3.6) directly. Indeed, it
is straight forward to show that

d

dt
V1(t) ≤ −c1a11v

2
1(t) + c2

( a12

m12
− a21

)

F 2
1

(

v2(t)
)

+
( a23

m23
− a32

)

F 2
2

(

v3(t)
)

,

which is negative definite provided (H11) holds, where c1 and c2 are defined by (H10). We
therefore have the following corollary to Theorem 3.1.

Corollary 3.1. The positive equilibrium E∗ of system (1.2) is globally attractive if the positive
equilibrium of the corresponding instantaneous system (without time delay) is globally attractive
and σi (i = 1, 2, 3) are sufficiently small to satisfy the assumption (H10).

Finally, we give a suitable example to illustrate the feasibility of the conditions of Theorem
2.1, 3.1.

Example. We consider the following system


























ẋ1 = x1(t)
(

2 − 2
∫ ∞

0
α1e

−α1sx1(t − s)ds − x2(t)
x2(t) + x1(t)

)

,

ẋ2 = x2(t)
(

− 1 + 3
∫ ∞

0
α2e

−α2s x1(t − s)
x2(t − s) + x1(t − s)

ds − x3(t)
x3(t) + x2(t)

)

,

ẋ3 = x3(t)
(

− 1 + 2
∫ ∞

0
α3e

−α3s x2(t − s)
x3(t − s) + x2(t − s)

ds
)

,

(3.17)

where αi > 0, i = 1, 2, 3. In this case, Ki(s) = αie−αis (i = 1, 2, 3) and it follows directly
that Ki(s) satisfies (1.4) and that σi = 1

αi
(i = 1, 2, 3). System (3.17) has a unique positive

equilibrium E∗(3
4 , 3

4 , 3
4

)

. We choose M1 = 1 + 4σ1, ε0 = 1. It is easy to verify that system
(3.17) satisfies all assumptions in (H1)–(H9) when α1 > 4, α2 > 4 and α3 > 1

(

i.e. σ1 <
1
4 , σ2 < 1

4 , σ3 < 1
)

. Using Theorem 2.1, we know that system (3.17) is uniformly persistent.
By Theorem 3.1, we see that the positive equilibrium E∗(3

4 , 3
4 , 3

4

)

is globally attractive provided
that 12M1σ1 + 37σ2 + 2σ3 < 4 and 33σ2 + 18σ3 < 2.
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