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Richardson

“The extension to three variables is,
however, perfectly obvious. One has
to let the third variable be represented
by the number of pages of a book of
tracing paper.”

The approximate arithmetical solution by finite differ-
ences of physical problems involving differential equa-
tions with applications to the stress in a masonry dam,
Phil. Trans. Roy. Soc. London, A210, 307—-357, 1910.

“The object of this paper is to de- “Having solved an equation ... it re-

velop methods whereby the differen-
tial equations of physics may be ap-
plied more freely than hitherto in the
approximate form of difference equa-
tions to problems concerning irregular
bodies.”

“Both for engineering and for many
of the less exact sciences, such as
biology,there is a demand for rapid
methods. .."”

mains to enquire how much in error
the integral might be. A rule of ap-
parent universal application is to take
smaller co-ordinate differences and re-
peat the integration; and, if neces-
sary, extrapolate in the manner ex-
plained below” (Richardson Extrapo-
lation, 1927)*.

*The deferred approach to the limit, Phil. Trans. Roy.
Soc. London, Ser. A, vol. 226,229—-361, 1927
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Richardson - The Heat Equation

“The method of this example is so

Notation simple that it can hardly be novel.”
u a imated by 3t
o pproximate Y by -
= 7:{(10) — (10)}
2 2 . 2 2
% + g—yg approximated by 22—2 + gQ_Z

=V u
= % [(10) 4 (01) + (10) 4 (01) — 4(00)]
By the time of CFL (1928), the notation had

Richardson’s computation for the heat equa-

changed to ) 1 1 ) )
5 1 tion on —5 < z < 5 carried on for 20 time
u
— = —|u U= steps:
.U‘am 2[ z + ac]
2
& U = Ugg + Uyy
h = 1/10, At = 0.001
At
1 _ ;-1
Ut = Upt 4205 (Ungy — 200 + U )
3 4
Richardson and Laplace’s equation
_ 4 > _ msech(2m—1)% _ _
&ZU —0, in (=1,1) x (=1,1) u=7 Z( 1)m——,_— 2 cos(2m—1)x cosh(2m—1)y.

m=1

with U = 0 on two opposite edges & U =1

on the other two edges. " , , .
Adding up the series at these six

points took 3 hours.”
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“So far I have paid piece rates for
the operation 32 4+ 32 of about {g
pence per coordinate point, n being
the number of digits. The chief trou-
ble to the computers has been the
intermixture of plus and minus signs.
As to the rate of working, one of
the quickest boys averaged 2000 op-
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“The solution of these six simultaneous equa- erations 02 + 02 per week, for three
tions was accomplished in an hour..." digits., those done wrong being dis-

4 -1 0 0 0 O a 2 "

-1 4 -1 -1 0 O b 1 counted.

0 -2 4 0 -1 0 c| | 1

0 -1 0 4 -1 0 d| = | 1

0 0 -1 -2 4 -1 e 0

0O 0 0 0 -1 4]|f 3/2
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Richardson’s Iterative Method

Richardson’s Dam Problem

For the discrete Laplacian, this would be

untl = yn _ o, U

n =0,1,... and the sequence {ax,} are often il
chosen cyclically (See also Varga). Richard- ul
son was aware of the fact that the {a,} should SR/ WA
be chosen so that the “iteration polynomial” 8
should be small on the spectrum of the iter- T
ation matrix. 6

“...can be done by clerks who need
not understand algebra or calculus.
Small and infrequent mistakes, or tak-
ing only a small number of digits, do
not prevent one arriving at a fairly
correct result. Nevertheless, it has
been found best to have everything ’*2x =0
worked in duplicate.”

T T S A S S S S 20 RO N S|
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Contours of the stress function x which
satisfies

Richardson & Weather

“During the battle of Champagne in
April 1917 the working copy was sent
to the rear, where it became lost,
to be rediscovered some months later
under a heap of coal"*

1152253354455556657758

“...the preference for momentum-per
ol unit volume rather than that of veloc-
- AN ] ity...” (Finite Volume Scheme)

Y. ..it would be necessary that the

| 4 number of meridians be divisible by

I /«sa//" ] 2 many times over. For instance, in-

. ] stead of 120 meridians 3° apart, it

“““““““““ would be better to have 27 = 128

meridians. . . unfortunately this was not
thought of until. .."”

“The multiplications were made with

a 20 inch slide rule”
*Weather Prediction by Numerical Process, 1922,
Cambridge University Press.



“If the time step were 3 hours, then
32 individuals could just compute two
points so as to keep pace with the
weather. . . if the coordinate chequer
were 200km square in plan. . .so that
64,000 computers would be needed
to race the weather for the whole globe.
That is a staggering figure. ...the
organisation indicated is a central fore-
cast factory...”

“Perhaps some day in the dim fu-
ture it will be possible to advance the
computations faster than the weather
advances. . . But that is a dream.”
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CFL: The Wave Equation

82u___82u
ot2  9z2
approximated by u; = ugzz With time steps

At and space steps Ax.

Result If Az < At and one lets At — 0,
then the solution of the difference equation
cannot converge to the solution of the dif-
ferential equation.

Method of Proof depends on the now familiar
ideas of domain of dependence and quadratic

forms (Lo, theory).

Generalisation to two space dimensions: 2u,; =
uzz + uyy and characteristic cones.
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Courant, Friedrichs & Lewy

Uber die partiellen Differenzengleichungen der math-
ematischen Physik, Math. Ann., 100,32—,1928*

Main Results: Laplace’s Equation

Domain G is simply connected with bound-
ary composed of finite humber of arcs with
continuous tangents. Grid G; square of side
h. As h — 0, u,(z,y) converges to a function
u(z,y) satisfying V2u = 0 and takes the value
f(z,y) on the boundary. We shall show fur-
ther that for any region lying entirely within
G the difference quotients of uj of arbitrary
order tend uniformly towards the correspond-
ing partial derivatives of u(x,y).

Methodology: Variational , based on discrete
bilinear forms and penalty methods to satisfy
the boundary conditions.

Generalisation: Biharmonic equation.

*On the partial differential equations of Mathematical
Physics, AEC Res. & Dev. Report, NYO-7689, New
York University, 1956
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CFL & the Heat Equation

ou 9%
2 ="
ot dx2
is approximated by
1_1
U]n+ = 5lU7 1 + Ujy 4]
i.e. with At = Az? (r = 1/2 in standard
notation). and UP = fp;, j = 0,41,42,...
(Pure IVP) Then
L | 2n
w(0,t) = ) 2( ) f2;
j=—n2 " n+'7
with ¢ = 2nh2. They show that this sum
converges to

(e, 0) = —%t [ e ).
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J. Crank & P. Nicolson

Method 1
A practical method for numerical evaluation of so-
lutions of partial differential equations of the heat- Discretisation in time to give a sequence of
conduction type, Proc. Camb. Phil. Soc., 43, 50-67, BVPs.
1947 1 192
- en-l-l — Q" - en-l-l o
At[ (z) (2)] 2—8x2[ (z) + 6" ()]
Problem: = Lyt oy
o0 _ 0% _ ow o
ot o2 Yot W't = re?F
2A
B _A E = —lkpAtexp(—
8—;” = —kwe 0 2 P(=gnt1(z) + on(z)’
. . The above equation for w™t1 being preferred
zlo=0 = H1(0), Oulp=n = H2(0). (Hartree) to the “Trapezoidal” approxima-
6(z,0),  w(z,0) both given. tion with B
2FE
Application: Burning of wood to form char- e = 1—E
coal.
15 16
Method 11
Method I—Solution Method of Lines - the spatial derivatives are
replaced by differences and the differential
The basic idea was a shooting technique: analyser used to solve the resulting system of

ODEs, a method much favoured by Hartree

for the heat equation. ..
“...evaluating a number of solutions

starting at x = 0, with different initial

values for ”1T1(0) and by trial and er- ...adequate accuracy was obtained
ror finding a solution which satisfied by taking 3 or 4 intervals Az (and)
the condition 6;|,—, = 0. This may it was possible to use an 8-integrator
necessitate six or more trial solu- differential analyser* to solve the re-
tions for each step in time. . . furthermore, sulting 4 or 5 ordinary equations.

three operators were required to feed

the differential analyser the functions. . . only
four integrator units of the analyser

are needed. . ."

The system looked at by Crank and Nicol-
son doubled the number of ODEs and over-
whelmed the hardware.

**“the largest machine at present available in Great
Britain”
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Method III—The C-N Method

(Lot = Srlontl 400t
+ 0 1+ 977711—1]
+ (1 =)oy, — qlw" T —wn],

n+1/2

wn-}-l_wn — wne2Em .
At
r = .
Ax?

Comparison of Methods

Method III (w = O0—heat equation)

Y. .. the computation of a single line
with Axz= 1/8 takes under 10 min.
which is considerably quicker than eval-
uation of the formal solution, for the
same number of points.”

Solution process:

“...at iterative method of solution,

in some ways similar to the Southwell
relaxation process. .. it is rarely nec-

essary to iterate more than twice.”

No. of Approximate
operators time for 1
Method required complete solution
Finite steps in t) pifferential
I. Integrate in =z » Analyser 3 2 weeks
3 steps in z ) Differential
1I. Integrate in t » Analyser 2 3-4 hours
7-8 hrs. (Az =1
Finite steps in z and t (Az 8)
IIL. C-N Method 1 10-12 hrs. (Az =5
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Crank-Nicolson & von Neumann

“"An alternative way of examining the
accumulation of errors in the case of
Richardson’s process was proposed to
the authors by Prof. D. R. Hartree,
following a suggestion by Prof. J. von
Neumann.”

“The error AG to which 0 is subject must
satisfy the same difference equation as does
6...and takes the form"

P
> fi(nAt)sin[(2j — 1)mrAz/2]
i=1

“...the general solution (of Richardson’s method)
is

A0 =

fj(’rLAt) = AjenklAt + Bj(—l)ne_nklAt

from which they conclude that the method
is unconditionally unstable.

21
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The von Neumann Method
for Stability Analysis

“The partly heuristic technique for sta-
bility analysis developed by von Neu-

mann was applied by him to a wide

variety of difference and differential

equation problems during World War

II. .. With the kind permission of Pro-

fessor von Neumann, we have made

(such) a discussion part of the present

paper.” *

This paper contains the “von Neumann Method”
as we know it: at a grid point (z,t), the error
iS expressed as

E(z,t) = e*Pigibz
and we write ¢ = e,
*From: A study of the numerical solution of partial

differential equations, G. G. O’Brien, M. A. Hyman
& S. Kaplan. J. Math. Physics, 29, 223—251 (1951).
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A R Mitchell

Relaxation Methods in Compressible Flow, Pd D The-
sis, St Andrews, (19507)

V2(xy) — V23X =0

(- () T) =5 (B +(3)7)

“Professor R V Southwell and Profes-
sor H W Emmons asserted that the
relaxation technique fails to yield def-
inite results under supersonic condi-
tions, but this it is hoped to disprove
in the course of the investigation."”

. compression shocks will always be
discontinuities added to the flow ob-
tained by the relaxation technique.”
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K =AB+ P+ Qe <P

Now choose P, @ so that

¢(=¢(jm-1 at a=jAa,f=(m—-1)Ap
(=C(jmt1 at a=jlAa,f=(m+1)AB

Iy
I
m+1
— —
a
m-1
o i+l

Then the method is defined by

KjmGjm = [AB + P + Qe

This is the Allen & Southwell scheme (de-
vised by Allen) and often attributed to Il'in*

3

*Differencing scheme for a differential equation with
a small parameter affecting the highest derivative,
Math. Notes Acad. Sci. USSR, 6, 592—602(1969)
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Southwell & Allen

Relaxation methods applied to determine the motion
in two dimensions of a viscous fluid past a fixed cylin-
der, Quart. J. Mech. Appl. Math., 129-145,8,
1955.*

Steady Navier-Stokes in transformed variables:

1 1
“ x( +4(m2+y2))’ o y( 4(22 + ¢?)
d? _
T+ Aot =k
92 lxe) o ac\ _
gt o Tk < Ra%aé) =0
Let kK = ¥o and rewrite the 2nd equation as
92 9
b -
op B

which, assuming that «, A are constant, gives
K¢ = AB+ P+ Qe

*“This investigation, started in 1944, was frequently
interrupted on account of pressure of more immedi-
ately urgent problems. An interim...1948. ... aided
financially by the Worshipful company of Clothwork-
ers.”
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Stencils & Relaxation

Relaxation Methods in Engineering and Science, D N
de G Allen, McGraw Hill, 1954.

N
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Allen & the Heat Equation

He begins with Richardson's Method for u; =

Uzx
At
1 -1
Untt = Uit + 25 (Ur = 205 + Uiy

but abandons this because the equations can-
not be solved by relaxation methods—he at-
tributes this to the fact that it is first order
in time. He proceeds to make a substitution
ov 82y
U o T P g2
leading to

_ 2
Vit = R Vzzax

which is approximated by central differences
(with At = h2/k/2)*

©
O—O0—0—0—C at t=T

©, V=1ge=0 at z=0,1

*“It can be seen at once that (the full set of condi-
tions) are of a kind whose satisfaction does not lead
to any computational difficulty”
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