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Abstract

Of interest here are linear data fitting problems with uncertain
data which lie in a given uncertainty set. A robust counterpart of
such a problem may be interpreted as the problem of finding a solu-
tion which is best over all possible perturbations of the data which
lie in the set. In particular, robust counterparts of total least squares
problems have been studied and good algorithms are available. The
purpose of this paper is to consider robust counterparts of the prob-
lems considered as errors-in-variables problems, when it is appropriate
to work directly with the uncertain variable values. It is shown how
the original problems can be replaced by convex optimization prob-
lems in fewer variables for which standard software may be applied.

1 Introduction

Let data (y;,x;),i = 1,...,m, be available, where y; € R and x; € R', and
all values contain errors. Let these points be related through a linear model,
containing n parameters, so that we can write

yi Y ai0i(x),i=1,...,m, (1)
j=1

where a € R™ is the vector of free parameters. Defining A € R™*" by

A'LJ:¢](X1)722177m,]:1,’n,
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this can be written in matrix-vector form as y ~ Aa, and if the model
equations are interpreted as

y+r=(A+E)a, (2)

where r and E are perturbations, then total least squares can be used to find
values of the parameters.

In certain application areas, the size of allowable perturbations is re-
stricted and it may not be possible for (2) to hold exactly. Then it may
be appropriate to solve a robust counterpart [3] [4] of the problem, for
example to find

2€RY el <pis| Bl <pa Iy +r=(A+Eal, )
where the norms and the values of py, ps are given. This may be interpreted
as the requirement to minimize ||y — Aa|| with respect to a over the worst
of perturbations defined by (y, fl) € &, where & is the uncertainty set

E={(y +r, A+ E) : ]| < py, [|E]] < pa}-

This is precisely analogous to robust counterparts identified in many other
areas, see for example [3], [9], [10], [14].

When the norms are /s norms (Frobenius norms on matrices), good meth-
ods are available to compute solutions (for example, [7], [10]), where “hidden
convexity” is exploited, and a solving (3) also minimizes the convex objective
function

ly — Aal| + polfa].

The components of the perturbation matrix E of A are regarded as inde-
pendent of each other, although some structure can be imposed (for example
2], [10], [15], [16]). However, instead of perturbations of the elements of A,

an alternative is to consider perturbations of the variables x;,7 = 1,...,m,
on which A depends. So the allowable perturbed values would become y +r
and x; +s;,7 = 1,...,m, giving a direct errors-in-variables interpretation,

and the analogue of (2) would be

yl-—i—ri:Zaj@(Xi—l—si),i:1,...,m. (4)
j=1

The minimization of the sum of squares of the perturbations in this case is
known as orthogonal distance regression [5]. Errors-in-variables models (see
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for example [8]) arise most frequently in the statistical and psychometric
literature, but problems are also encountered in signal processing and time
series analysis.

The purpose of this paper is to consider robust counterparts of these
errors-in-variables (or orthogonal distance regression) problems. It is as-
sumed that the perturbed values are restricted to lie in an uncertainty set
&, and therefore it may not be possible for the equations (4) to hold exactly.
For given a, let

Ui:yi+7’i—zaj¢j(xi+si),z':1,...,m.
=1

Then of interest is the problem of minimizing ||v|| with respect to a over
the worst case perturbations of y; and x;, « = 1,...,m, which keep the
perturbed values in £. Thus the basic problem is to find

min max I|v]]. (5)
a  (y+rx;+s;,i=1,...m)eE

An interpretation of this is that if
n
G=0i= 2 00K i =1 m, (6)
j=1
then we require to minimize ||z|| with respect to a over the worst case per-
turbations defined by

(gla"'7gm7)~(17~‘~7im) Eg

This is a robust counterpart of the errors-in-variables problem.
For given a € R", let

2 =Yi — Zaj¢j(xi)>i =1,...,m.
j=1

Assume that ¢, € C',i =1,...,m. Then
V; = W; + O(”SZHQ),Z = 1, e,y

where

n
Wy = Z; +1; — Zangbj(xi)Si,i = ]_, e,
j=1
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and so to first order in s;, (5) can be stated as

min max ||w||. (7)
a  (y+r,x;+s;,i=1,...,m)eE

Although we would ideally like to solve (5), for reasons of tractability
we will restrict attention here to (7), and we will examine the problems
which arise when different kinds of uncertainty set are used. The emphasis
is on robust counterparts having the form (7) for which good algorithms
can be identified. In particular, it is shown how the original problems can
be replaced by convex optimization problems in fewer variables for which
standard software may be applied.

We will be mainly concerned here with the [, norm, and any unadorned
norm will henceforth imply this norm. However, the problems can be defined
for other norms (in particular the ; and [, vector norms may be of interest),
and so the use of other norms will be mentioned in Remarks from time to
time.

2 Pointwise uncertainty

Consider now the case where the level of uncertainty is known for each point.
In fact, assume first that it is known for each variable value. Define

s=(sl,...,sTHT.
Let
Sl = {(I',S) . |Tz‘ S pl,](sl)j| S ’}/Z‘j,?: = 1,...,m,j = 1,...,t},
where p;,vij,i = 1,...,m,j = 1,...,t are given. Consider the uncertainty
set

S={y+r,x;,+s,i=1,...,m:(r;s) € Si}.
Then in this case (7) becomes

min max ||wl|. 8
in max [w| (8)

Define
Vo, (Xz)

Vo (Xz)

Gi: GRnXt,i:L...,m,

Vébn ()



and let
D; = diag{vi1, ..., vt i =1,...,m.
Theorem 1 Let a* € R" be a solution to the problem

minimize ||c||, where ¢; = |z]| + p; + | D:GT al1,i=1,...,m. (9)

Then a* solves (8).
Proof Let a € R" be arbitrary, and let r and s lie in S;. Now

w; :z,-—l—m-—siTGiTa,i: 1,....m.
Thus

t
fwil < el +pi+ Dl (Gla)li=1,....m,
=1

= |l +pi+ |DiGTalli=1,...,m.
Let ¢ be such that z; # 0. Then for such 7, choose

Zi

Tz‘:pima
(2

(Si)j = —%jm&gn((GZa)j),j = ]_, e ,t.

For i such that z; = 0 let r; = p;,(s;); = —7ysign((Gla);),j = 1,...,t.
Then r and s are in S;. Also if z; # 0,

Zi i <
wW; = z; + PiTo 7 + Z’Vlj_KGzTa)J'a
il =3 Al

so that
lwi| = [z| + pi + | D:GT al]1.

The same equation holds for any remaining values of i, and the result follows.
|

The problem (9) can be stated as

minimize u’u subject to
il + pi + | DiGTalli < wi=1,....m,
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which can be reformulated as a quadratic programming problem. Of course,
when t = 1, the [; norm just becomes a single modulus term.

Remark 1 The problem is easily solved when the norm in (8) (and so in
(9)) is the I; norm, because then we require just to find a* to solve the linear
[, approximation problem

minimize ||y — Aal|; + || Mall;,
where M is the (mt x n) matrix formed by

D,GT
M =
DnGT
Remark 2 For the [, norm, the problem for a* simplifies to

minimize h subject to

2| + pi + | DiGTally < hyi=1,...,m,

which can be reformulated as a linear programming problem.
Next consider the set

SQ = {(I‘,S) . ‘Tz‘ S pi7 HSlH S 727Z = 17‘ . 7m}7

where p;,7v;,i = 1,...,m are given. This is of course just the same as before
if £t = 1, so we are interested in the cases when ¢t > 1. The uncertainty set
becomes

S ={y+r,x;+s,1=1,....,m:(r,;s) € Sp},

and the problem (8) becomes

min max ||wl]. (10)
a (r,s)eSsy
In what follows, the usual notation 0 is used to denote the subdifferential
of a convex function; in particular, for a norm ||.||4 on R™:

OIvlla={ueR": v =v"u,uly <1},

where ||.||% denotes the norm dual to ||.||. For I norms, this set is just the

singleton ﬁ whenever this is defined. The following result can be established
by a proofl which closely follows that of Theorem 1.
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Theorem 2 Let a* € R™ be a solution to the problem
minimize |c||, where ¢; = |z| + p; + l|Glall,i=1,...,m.  (11)
Then a* solves (10). Taking z to mean z;(a*), the optimal perturbations are

P TR,
Ti—pi|z—*7 if 27 #0,

7l
otherwise r; = p;, and

*

S; = —’}/i|z—illi, if Z;»k 7£ 0,

a

otherwise s; = —yu;, where u; € 9||GTa*|,i=1,...,m.
The problem (11) can be stated as
minimize u’ u subject to

2i| + pi + il Glal| <wiy i=1,...,m.

The presence of the I, norm in the constraints suggests the alternative for-
mulation as
minimize h subject to ||ul| < h,

and
i+ pi +vllGial| <wiy i=1,...,m.

Alternatively, this is
minimize h subject to

Juf < A,
villGlal < wi—z—p;, i=1,...,m,
villGTal| < witz—p,i=1,...,m.

This is a second order cone programming problem (the minimization of
a linear function over the intersection of an affine set and the (Cartesian)
product of second order cones.) Good interior point methods exist for such
problems (see, for example [6], [11], [12]), and solutions can be obtained in
polynomial time.



Remark 3 If for every ¢, the bound on s; is the more general one |[s;||4 < ;
where ||.||4 is any norm on R, then ¢; in (11) becomes

¢ = |zl +pi +vllGlali,i=1,...,m,

where ||.||% denotes the norm which is dual to ||.||4a. For the optimal pertur-
bations, u; is defined by

w; € 0||Glall,i=1,...,m.

If the norm in (10) is the {4 norm, and the norm ||.|| 4 is the I, norm (so that
its dual is the [; norm), then the problem to be solved is the minimization

with respect to a of

> (|2l + pi + 7l GF all),

=1

or equivalently the minimization of
ly — Aalls + > ~llG7als.
i=1

This is just a linear [; approximation problem.
Remark 4 If the norm in (10) is the /o, norm, then the problem can be
expressed as

minimize h subject to

12| + pi +vllGlal| < h, i=1,...,m,

or
minimize h subject to

This is just a second order cone programming problem.

3 Normwise uncertainty

Assume now that the uncertainty is only known with respect to norms of the
variables. First, define

53 - {(I‘,S) : ||]f'|| S P ||Sl|| S 7i7i = 17 s 7m}7
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and the uncertainty set
E={y+r,x,+s,i=1,...,m:(r,s) € S3}.

Then the problem of minimizing ||w|| with respect to a over the worst of
perturbations which keep perturbed values in £5 can be stated as

min max ||wll. (12)
a (r,s)eSs

Since
m
W=2Z+4+rT— ZeiaTGisi,
i=1

for any a and (r,s) € S, it is clear that

[wi| < flz]] + p + Zl%-llGiTaH'

The problem of minimizing the right hand side is one of minimizing a sum of
Euclidean norms and good methods are available, for example [1]. However,
unlike previous results, it is not possible to choose (r,s) € S3 so that this
inequality is attained, so this approach will not solve (12) (except approxi-
mately). A similar difficulty occurs if a bound ||s|| < 7 is used in Ss.

Perhaps a natural question to ask is this. For the problem (3), as has
already been noted, a solution is obtained by minimizing

ly — Aal| + pol|a].

What does this correspond to in the context of (4)7 The answer is given in
the following theorem, whose proof again closely follows that of Theorem 1.
For any s, define M by

MT = [Glsl, ey Gmsm]
Theorem 3. Let a* minimize
ly — Aa|| +~[[al|. (13)
Then if GTa* #0,i=1,...,m, a* solves the problem

min  max ||w]|. (14)

a || Mal|
Hr”SP Tal =
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Then, taking z* to denote z(a*), optimal perturbations are given by choosing

*

z
r=p—-
Il
and choosing s; to satisfy
*
siGla* = —7“ —|a|l,i=1,...,m.

z*||

The bound on s here leads to a rather artificial uncertainty set. To return
to more natural situations, it seems that different techniques are needed. For
example let us define

A’ =[ry,...,"m,S1,...,sL],

so that d € R™*Y_ and define the uncertainty set
Ex={y+r.x+s,|d] <p}.

Then the problem of minimizing ||w|| with respect to a over the worst of
perturbations which keep values of the variables in £ can be stated as that
of finding

min max ||wl|l. (15)
a |dl<p
Let
s1GY
E(s) = .
Sy Gl
As before, since
w; = 2; + 1 —SZ-TG;TFa,i =1,....m,

then

w = z+r— E(s)a
= y+r—(A+E(s)a
b(d) — G(d)a
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where

A+Zezz (e]G])(e]sy),

=y -+ Z €;r;.
i=1
Thus (15) is solved by finding the solution to the problem

min max |G(d)a — b(d)||. (16)

a |dl<p

The problem (16) is a special case of a structured robust problem (see, for
example, [10]), which shows that the present treatment is a way of imposing
extra structure naturally. Now

G(d)a—b(d) = Aa—y+[-I: D(a)ld,
where
D(a) = diag{a’ G, ...,a’ G, } € R™™.

Settin
: M(a) =[-1: D(a)],

it follows that

fG(@a-b@l - | | ] iy e 1

Let a be fixed. Then in this form, Lemma 2.1 of [10] can be used (see also
Theorem 2 of [14] and the general theory of [3]) to give the maximum of this
function subject to ||d|| < p as the solution of the semi-definite programming
problem (SDP) in the two variables A and :

minimize A subject to

[ A—p*r —||[Aa—y||* —(Aa—y)TM(a) >0,

~M(a)T(Aa—y) 71— M(a)TM(a)
Using the Schur complement, the positive semi-definite constraint can be
restated as

A—p*r0F (Aa—y)T
0 T-[m+tm M(a)T
Aa—y M(a) I,

> 0. (17)
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The solution to (16) can now be found by determining A, 7, a to solve
minimize A subject to (17).

Because the problem matrix depends affinely on the free parameters, there
exist good interior point methods for solving problems of this type: see for
example [13]. The structure of the above matrix in fact makes it easy to write
down conditions which must be satisfied if it is to be positive semi-definite.
When t = 1, these can be used to write down a quadratic programming prob-
lem (otherwise a second order cone programming problem) whose solution
approximates that of the SDP [18].

Remark 5 The /5 norm on the perturbation size implies a correlated bound
on the perturbation. If this norm (only) is replaced by the [, norm in (16),
then an upper bound on the worst case residual can be minimized by posing
the problem again as an SDP (for example, [10]). When both the norms in
(16) are I or l. norms, then (16) can be posed as a linear programming
problem [14].

4 Concluding remarks

Of concern here has been the treatment of robust counterparts of errors-in-
variables problems. For the linearized approximation given by (7), various
uncertainty sets have been considered. For such sets, and the l; norm, it
has been shown that there is hidden convexity, and the problem (7) is often
equivalent to a different problem which can be posed as a standard convex
optimization problem in fewer variables (for example a second order cone pro-
gramming problem or a semi-definite programming problem) and for which
efficient interior point methods are available.

An indication has also been given of how the results can be extended to
problems involving [; and [, norms. Mainly, these generate linear program-
ming problems, for which good interior point methods are again available.

The treatment of (7) rather than (5) is of course a compromise, which
enables tractable problems to emerge. It may be that (5) can in fact be
solved through the solution of a sequence of problems of the form (7), where
the solution to the simpler (linearised) problem is used as a means of up-
dating an approximation to the solution of (5). However, this remains to be
investigated. The emphasis here has been on the replacement of the original
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problems by ones with fewer variables which can be solved by standard soft-

ware,

and we have not addressed statistical aspects, although obviously the

form of the problems has implications for any statistical analysis.
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