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Abstract

We review recent developments concerning refinable, multivariate piecewise poly-
nomials with compact support. We first consider uniform meshes, box splines, box
spline wavelets and a generalisation of box splines called multi-box splines. Our
next topic is spline functions on general triangulations, including continuous linear
spline wavelets and hierarchical bases for C* splines based on macro-elements. Sim-
ilar types of spline functions are then studied for meshes gained from triangulating
a mesh of quadrilaterals.
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1. Introduction

We shall consider spaces of spline functions on R?, d > 2, where by a spline function
f we shall mean a piecewise polynomial. To make this more precise, the domain
of f will be the union D C R? of a collection T of regions, each of which is a
union of a finite number of simplices. Distinct elements of 7" will intersect only in
their common boundary, while any bounded subset of R? will intersect only a finite
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number of elements of 7. Then f is a spline function over T if it coincides on each
element of T" with an algebraic polynomial with values in R. We say that f has
degree n if these polynomial pieces each have degree at most n.

For simplicity, we refer to a collection T, as above, as a mesh. We say that a mesh
T is a refinement of a mesh S, denoted S < T, if every element of T is a subset of
an element of S and if the union D of the elements of T equals the union of the
elements of S. We shall consider a sequence of meshes T}, j =0,1,2,..., with

Tj < Tjia, J20,
and we consider, for each j > 0, a space V; of spline functions over T, where
Vi CViy1, 320 (1)

Now suppose that for j > 0, V; is a subspace of L?(D). Then we denote by W;
the orthogonal complement of Vj in V41, i.e.

V}'+1=V}+Wj, V}'J_Wj. (2)
Thus for any j > 1, V; has an orthogonal decomposition
Vi=W; a1 +W; o+ + W+ V. (3)

We shall refer to the spaces W; as wavelet spaces and the decomposition (3) as a
wavelet decomposition. Such decompositions of functions with orthogonal compo-
nents at different levels are useful in many applications such as signal processing,
data compression, and multi-scale methods in numerical analysis.

More generally, we can replace L2(D) by some Banach space X of functions on
D and suppose that for j > 0, V; is a subspace of X. We then define

W;={f€Vjy1 : Pif =0}, j>0, 4)
where P; is a projection from X onto V; satisfying
PiPjiy =F;, j=>0.

Then we still have the decomposition (3) but the components in the direct sum
need not be orthogonal. It is usual to require that U?io Vj is dense in X.

We have made the above definitions very general in order to cover all cases
considered, but we shall study only special types of meshes and spaces. Section 2
considers the uniform case, i.e. when D = R? and

feVo=f(-—k)eVy, kel (5)

Vi={f(M"): feW}, j>1, (6)
where M is a d x d dilation matrix, i.e. it has integer coefficients and M "z — 0
as n — oo for all z in R?. Although other choices of M may be of interest, we shall
focus on the case M = 2I, where I denotes the identity matrix. We shall study
spaces spanned by box splines and corresponding wavelet spaces, and then consider
a generalisation of box splines to multi-box splines.
In Section 3 we shall consider the case when T}, 7 > 0, is a triangulation of
D C R?, i.e. Tj comprises triangles, and distinct elements of T; can intersect only



Refinable Multivariate Spline Functions 57

in a common edge or common vertex. We suppose that for j > 0, T}4, is obtained
from T; by mid-point subdivision, i.e. each element of T}y is a sub-triangle of a
triangle ¢ in T}; and has as vertices either the mid-points of the edges of ¢, or a vertex
v of t and the mid-points of the edges of ¢t which meet in v. An extension to R?,
d > 3, is also mentioned. We shall study continuous linear splines on these meshes
and also C! quadratic splines gained through macro-elements. Also considered are
C! cubic and quintic splines.

Finally, in Section 4, we consider the case where T}, j > 0, is a triangulation of D
gained from a mesh of quadrilaterals by inserting the diagonals of each quadrilateral.
For j > 0, Tj4+1 is gained from T} by mid-point subdivision of the quadrilateral,
i.e. any quadrilateral for T4 lies in a quadrilateral for T and has as vertices the
intersection of the diagonals of ¢, a vertex v of ¢, and the mid-points of the edges of ¢
which meet in v. On these meshes we study continuous linear splines, C' quadratic
splines and C! cubic splines.

2. Uniform Meshes

In this section we shall study some general constructions for spaces of spline func-
tions over uniform meshes. Some further examples of spline functions over uniform
meshes will be studied in the remaining two sections, where they appear as special
cases of spaces over more general meshes. What we mean by our spaces being over
uniform meshes is most easily described by saying that they are shift-invariant, as
we proceed to describe.

A space V of real-valued functions on R?, d > 1, is shift-invariant if

feV=f(-jeV, jen’ (7)
We shall say that V is refinable if
feV=fM1)eV, (8)
where M is a dilation matrix, as described after (6). Defining
Vi={f(M7) - feV}, j>0, (9)

we see that (8) is equivalent to
Vji C V?]'-i-la .7 Z 07

as in (1). Now let W denote the orthogonal complement of Vg in V;. Then we see
that for j > 0,

W, ={f(M?): feW} (10)
is the orthogonal complement of V; in Vj1, as in (2).

For integrable ¢1,..., ¢, € V with compact support, ¢ = (¢1,...,¢,) is called a
generator (of V) if V comprises all linear combinations of shifts of ¢, i.e. f € V if
and only if

£= ¢ —5)eld), (11)

jezd
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for a sequence ¢ of 7 x 1 matrices c(j), 7 € Z% In this case we write V = V(¢)
and call V a local finitely generated shift-invariant (local FSI) space. We shall be
concerned with spline functions f of compact support and, for such functions, we
wish the summation in (11) to comprise a finite number of terms. It will therefore
be convenient to call ¢ a local generator of V if every f in V with compact support
satisfies (11) for ¢ with finite support.

Now suppose that ¢ is a local generator of a refinable local FSI space V. Since
¢(M~1.) € V, it is a finite linear combination of shifts of @, i.e.

6= 6(M-—j)a(j), (12)

jezd
for a sequence a with finite support of r x r matrices a(j), 7 € Z%. Such an equa-
tion (12) is called a refinement equation (or two-scale equation) and a vector ¢ of
functions satisfying such an equation is called refinable. Conversely, if a generator
¢ of a local FSI space V is refinable, then for any f € V, f(M~!.) can be expressed
as a linear combination of shifts of ¢, i.e. V' is refinable.
We say that a generator ¢ is linearly independent if its shifts are linearly inde-

pendent, i.e.

D =) =0 = c=0.

jezd
This concept can be extended as follows. For a non-empty open subset U of R?, a
generator ¢ is said to be linearly independent over U if

Y b@—je() =0, wel,

jezd
for r x 1 matrices ¢(5), j € Z<, implies that ¢(j); = 0 whenever ¢;(- —j) Z0 on U.
Clearly if ¢ is linearly independent over (0,1)¢, then ¢ is linearly independent. The
converse is not true; indeed it is shown in [42] that there is a local FSI space on R
with a linearly independent generator ¢ = (¢, ¢2) of continuous functions, which
has no generator which is linearly independent over (0,1). We say that ¢ is locally
linearly independent if it is linearly independent over any non-empty open subset
in R,

An elegant characterisation of linearly independent generators is given in [31], in
terms of Fourier transforms. For a generator ¢, its Fourier transform <£ is analytic in
R? and so can be extended to C?. It is shown in [31] that ¢ is linearly independent
if and only if for each z € C? \ {0}, there are by,...,b, in Z? for which the matrix

r

A= [J),-(z n 27rbk] (13)

7.k=1
is non-singular.

It is further shown in [31] that the shifts of ¢ form a Riesz basis in L2(R?) if
the above condition holds for each z € R? \ {0}. In this case we shall say that ¢
is stable. Thus linear independence of ¢ implies its stability. The converse is not
true: an example is given in [26] of a refinable local FSI space of univariate spline
functions with a generator ¢ = (¢1, ¢2) which is stable but not linearly independent.
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Taking Fourier transforms of (11) shows that for f € S(¢),
fw) = u)P(e™), ueR,
where P is the p x 1 matrix of Laurent polynomials,
P(z)= ) ci)e,  ze€(C\{oh"
jEZL
It follows that if ¢ = (é1,...,¢,) is a stable, local generator of S, then 9 =
(¢1,---,1,) is also a stable, local generator of S if and only if s = r and

d(w) = pw)A(e ™), ueR’,

where A is an r X 7 matrix of Laurent polynomials which is unimodular, i.e. det A(2)
is a non-trivial monomial. This allows us to define the following analogy of dimen-
sion of a vector space.

If V is a local FSI space with a stable, local generator ¢ = (41, ..., ®,), then we
say V has multiplicity r.

Now suppose that the wavelet space W has a stable generator ¢ = (¢1,...,%.).
Then there are constants A, B > 0 such that for any f € W,

F=200" ajuthi(-—k),

J=1 kezd
the following estimates hold true:

AN a2 <IFAB<BY. Y . (14)

J=1kezd Jj=1keZd

Next suppose that f € L?(R?) has a wavelet decomposition

f = Z Z Z aw-,k| det 1\4'|Z/21ﬂ](]\4-z . —k‘)
=0 j=1 geZzd
Then by the orthogonality between levels (2), (10), we have the same stability
constants as in (14):

oo T oo T
AN S @ <lfIE<BY S S a2 (15)
i=0 j=1 gezd i=0 j=1 kezZd
We shall shortly state certain characterisations of local FSI spaces of spline functions
with multiplicity 1, but in order to do this we must first introduce box splines. These
were defined by de Boor and Hollig in [1] and have since been studied and applied
by many authors. For a comprehensive study of box splines, see [2].
Take n > 0 and non-trivial vectors vy, ...,vn4q in Z? which span R¢, d > 1,
where for j = 1,...,n + d, the components of v; are coprime. One elegant way to
define the boz spline B, = B, (-|v1,...,Untq) is by its Fourier transform

n+d

Bn(u) = H

Jj=1

1— —iuv;
—% ", uer, (16)
uUv;
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where for u,v € R?, uv denotes their scalar product uv?.

Putting d=1, v; = ... = vp41, (16) reduces to
. 1_ —iu n+1
Bn(u) = <7e> ’ u € Rd:
iu

which is a definition of the well-known B-spline of degree n with support on [0, n+1]
and simple knots at 0,1,...,n 4+ 1, which was introduced by Schoenberg [51].

In order to describe the structure of the box spline B,,, d > 2, as a spline function,
we define H = H(vy,...,v,1q) as the set of all hyperplanes in R? of the form

d—1
k+2tjuj:tj€R,j:1,...,d—1 R (17)

Jj=1
for k € Z? and linearly independent elements uy, ..., uq 1 of {v,--.,v,1q}. Then
we define the mesh T' = T'(vy,...,v,14) as the collection of all regions which are

bounded by but whose interiors are not intersected by elements of H. As an example
we take d = 2 and {v1,...,vn42} = {(1,0),(0,1),(1,1)}. Then H comprises all lines
through points in Z2 in the directions of (1,0), (0,1), and (1,1), and T comprises
all triangles with vertices {k, k + (1,0),k + (1,1)} or {k,k + (0,1),k + (1,1)}, for
k € Z2. This choice of T is called a three-direction mesh or type-1 triangulation;
and we shall consider this further in Section 3.

Theorem 1 ([1]). The boz spline B(:|v1,...,vntq) is o spline function of degree
n over T(vi,...,vntq) with support {Z?:ldtjvj :0<t;<1,j=1,...,n+d}.
Across any element of H(v1,...,vntq) of form (17) it has continuous derivatives of
order n+d—2—|J|, where J := {1 < j < n+d : v; lies in the span of u,...,ug_1}.

Now for m € Z, m > 2, we see from (16) that

~ 7ﬁ1 (1 + e—iuvj 4+ -+ e_i(m_l)uvj

m

) B, (u), u € RY,
=1

and thus B, is refinable with dilation matrix M = mI. The final property which
we mention concerns the linear independence of the generator (B,,), i.e. the linear
independence of the shifts of B,,.

Theorem 2 ([10,30]). The following are equivalent.
(a) (By) is linearly independent.
(b) (B,) is locally linearly independent.
(¢) (B,) is stable.
(d) For any elements uy,...,uq in {vi,...,Vntq} which are linearly independent,
the d x d matriz [ut, ..., ul] has determinant 1 or —1.

We remark that for d = 2, condition (d) is equivalent to requiring that lines in
H(vi,...,vn42) intersect only in points of Z2. In [54] it is shown that if a refinable
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local FSI space of spline functions is generated by a single function, then that
function must be a homogeneous differential operator acting on a certain linear
combination of translates of a box spline. This result did not consider stability, but
stability was later studied in [27], which gives the following result. This result and
the work in [27] are generalizations of results in [34] for the univariate case.

Theorem 3 ([27]). If V is a local FSI space of spline functions on R? which is
refinable with respect to M = mlI, m > 2, and has multiplicity one, then it has a

generator of form
k
b (- E).
m—1

for a box spline B, and k € Z.%.

Henceforward we shall assume M = 2I. Suppose that V' is as in Theorem 3, so
that it is generated by a box spline B,, satisfying the conditions of Theorem 2. Let
Vo = VN L2(R?). As in (6) we define

Vi={f2): feW}, j>1, (18)

and, as before, W denotes the orthogonal complement of V4 in V;. Let E denote
the set of vertices of [0,1]%. Then V; has as generator (¢(2-—j5) : j € E) and so V;
has multiplicity 2¢. Then W has multiplicity 2¢ — 1, and a generator of W is said
to comprise prewavelets (the term wavelets being reserved for a generator whose
shifts are orthogonal).

We now consider a construction of prewavelets due to Riemenschneider and Shen
[46] and found independently in [5]. The construction depends on a function 7 :
E — F satisfying n(0) =0, (n(p) + n())(u + v) is odd for p # v. For d = 1, such
a map is given by 5(0) = 0, p(1) = 1, while for d = 2 it can be given by 5(0) = 0,
n(0,1) = (0,1), n(1,0) = (1,1), n(1,1) = (1,0). Such a mapping for d = 3 is given
in [45] but, as remarked there, no such maps exist for d > 3.

We note that any element 1) of V4 with compact support satisfies

bw) = QE)B, (5), uek,

for some Laurent polynomial ) in C?. Now define Laurent polynomials P and H
on C?¢ by

P()=3 2 / BuBn(- — j), (19)

Jjezs
n+d
H(z) =[] +2"). (20)
k=1

It is shown in [46] that a stable generator of W is given by (¢; : j € E'\ {0}),

bi(u) == Hy(e™™/)B, (3), ueR, (21)
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where for z = e~ /2 = (e=tw1/2 g=iua/2)
Hj(z) := "9 P((=1)'2) H((~1)’2). (22)

The above construction, as we have said, does not work for d > 4. Constructions
for prewavelets from box splines in general dimensions are given in [53]. Further
results on box spline prewavelets appear in [35,36,55].

Now suppose d = 1,2, or 3, as above, and vy, .. .,Uny4 lie in {—1,0,1}%. For this
case [3] gives a construction of prewavelets giving smaller support (and hence less
computational cost in applications) than those above. Without loss of generality
we may suppose

v #—vk, Jk=1,...,n+d.

We suppose that the distinct elements of {vy,...,v,44} are wy, ..., wy, occurring
with multiplicities n1,...,n¢, so that n; + --- +n; = n + d and (16) becomes
4 ) Nk
. 1 — e iuwk
B,(u) = _ u€e R
n(¥) 191:11 ( iuwg ) ’

We note that, for d = 2, we may suppose wy, . .., wy liein {(1,0), (0,1), (1,1), (1,-1)}
and the condition (d) of Theorem 2 implies that £ = 2 or 3.

It is shown in [3] that a stable generator of W is given by (¢; : j € E\ {0}),
where

di(u) == Gy(e™™)B, (3), ueRr, (23)
where for z = e=™,
L ' , ¢ ¢
G =P I a-am I s, e
wk_’;=e1ven k]=;dd
andfor k=1,....,6, we C, r € Z,
w ", ng = 2r,
Sk (U)) = (25)
w1+ w), ng =2r —1.

As an example of the above constructions, consider the case d = 2, w; = (1,0),
we = (0,1), ws = (1,1) with multiplicities ny = ne =n3 =2. Son =4 and By is a
C? quartic spline function. Here

H(z) =04 2)*(1 4+ 2)°(1 +212)%, zeC.
Choosing ¢ as above we have by (22),
zn122(1 — 21)°(1+ 22)*(1 — 2122)%, § = (1,0),
Hj(z) = P((-1)2) § z(1+21)°(1 — 2)%(1 — z122)%, 5 = (0,1),
2a(l-2)’(1—2)*(1+212)*, j=(1,1),
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while by (24), (25),

2;1(1 - 2’2)2 .7 = (170)7
Gi(z) = P((-1)2) ¢ 27 2 (1 = 21)%, j = (0,1),
ZZ_I(]' - Z1Z2)2, .7 = (17 ]-)

The coeflicients of polynomials H; or G; are referred to as the mask of the cor-
responding prewavelet ¢;. Here the masks for the first construction each have 91
non-zero coefficients, while those for the second construction each have 51 non-zero
coefficients.

For the case of the continuous linear box spline B; on R? with v; = (1,0),
ve = (0,1), v3 = (1,1), the above two constructions give the same prewavelets,
each with 19 non-zero coefficients in its mask. For this special case a construction
of prewavelets with only 10 non-zero coefficients in each mask is given in [32]. We
shall consider this further in Section 3, when we study extensions to non-uniform
triangulations.

We do not know of any extension of Theorem 3 characterising refinable local FSI
spline functions with multiplicity more than one, however we shall now consider
a family of spaces of this form which give a partial generalisation of the spaces V
in Theorem 3 generated by box splines B,,. Despite their many elegant properties,
such spaces generated by box splines fail to generalise some of the basic properties
of the space of all univariate C"~! spline functions of degree n with knots in Z,
which is generated by a uniform B-spline. Except for the cases n = 0 and 1, the
elements of V' do not have maximal continuity C™~!. Moreover V does not comprise
all piecewise polynomials of degree n subject to some continuity conditions. Indeed
the restriction of V' to any region in T'(vy, . . .,vs4+4) coincides with a space P which
is a proper subspace of polynomials of degree n comprising the common null space
of certain differential operators [1,10]. Moreover V' does not comprise all piecewise
polynomials with pieces coinciding with such spaces P subject to certain continuity
conditions. In contrast, we now consider spaces of the following form.

Take integers n > 0, r > 1, and pairwise linearly independent vectors vy, . . . , Uy qr
in Z2 Let S, = Sp(vo,---,Vnyr) comprise all functions f with continuous Fourier
transforms of form

A . E|a‘:7ﬁ71 Pa(e—iu)ua
f(u) - (uvo) - (“”n-i—r)

, ueR

where P, is a Laurent polynomial for a € Z?, |a| = r — 1. It follows easily from
the definition that the space S, is refinable. Our next result characterises elements
of S, as spline functions. As in (17), H = H(vg, - - - ,Vny,) denotes the set of lines
in R? of the form {k +tv; : t € R}, for k € Z? and 0 < j < n + 7. The mesh
T =T (v, ..,Vntr) comprises all regions which are bounded by, but whose interiors
are not intersected by, lines in H.
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Theorem 4 ([25]). The space S, comprises all C™~' spline functions of degree

n over the mesh T (vg,...,Untr) with compact support, such that the jump of any
derivative of order n across any line in H(vg,...,Vnt,) changes only at points in
7.2

The condition on the discontinuities of the derivatives of a function f in S, can
be thought of as f having knots in Z2. Thus S,, can be thought of as a generalization
of the space of all univariate C™~! spline functions of degree n with knots in Z and
compact support. Next we consider generators for S,,.

Theorem 5 ([25]). There is a generator ¢ = (¢1,...,¢r) such that any element
of S, is a finite linear combination of shifts of ¢. Moreover ¢ is such a generator
if and only if

5 aM (e~)

o(u) = ———————, u € R?, 26
() = Cato) - (atmyr) 26)
where @ = (u] ', u] 2uy,...,us ') and M is an r x r matriz of Laurent polyno-
mials with
n+r
detM(z)zczkH(l—z”j), z e, (27)
j=0

for some k € Z2, c € R, ¢ # 0.

We note that when r = 1, (26) and (27) show that any generating function ¢

satisfies . .
PO | { )
(u'UO) T (uvn-i-r) ’

and so by (16), ¢ is a multiple of a shift of a box spline
¢ =cBup(- — klvo, - - -, Ungr)-

The case r = 2 was introduced in [23], where the generator was called a multi-box
spline, and this case was studied further in [24]. Our next result analyses stability
of the generators ¢ in Theorem 5.

Theorem 6 ([25]). For any generator ¢ as in Theorem 5, ¢ is stable if and only
if at most r lines in H(vg,...,vny,) intersect except at points in Z>2.

By the remark after Theorem 2, we see that the conditions of Theorem 6 gener-
alise condition (d) of Theorem 2 for the case d =2, r = 1.

Now consider the line L = {tu : t € R} for u = (u1,u2) € Z2 If u; and us are
odd, then putting ¢ = 1 show that L passes through a point equal to (1, +) mod Z2.
Thus for stability of ¢, the condition of Theorem 6 requires that at most r vectors
in {vg,-..,Vntr} have both components odd. Similarly there are at most r vectors

in {vg, ..., Unyr} with components of form (odd, even) and at most r vectors with



Refinable Multivariate Spline Functions 65

components of form (even, odd). Thus stability of ¢ implies that n < 2r — 1. It can
be shown that for any r > 1, there is a choice of vectors {vg,...,vnqr} for which
at most r lines in H (vp,...,vn ) intersect other than in points of Z?2, and hence
we have the following result.

Theorem 7 ([25]). For any positive integer r, there is a space Sar—1(vo, - .., U3r-1),
as in Theorem 4, with a stable generator ¢ = (¢1,..., ).

Thus by choosing large enough r, we can construct stable multi-box splines of
arbitrarily high degree n and smoothness C"~!. Before giving some examples, we
discuss the possible symmetry of multi-box splines ¢ for all r > 1. We say that
¢ = (¢1,...,¢r) is symmetric if for j = 1,...,r, there are 0; = +1, a;; € {0,1}?,
with

¢i(—) = 0;¢; (- + a5), (28)

i.e. ¢; is even or odd about 1a; as o; =1 or —1.

Theorem 8 ([25]). If ¢ as in Theorem 5 is symmetric, then

or- 0 = (1)) g 4 b = v+ + v mod Z2

For r = 1, this corresponds to the well-known fact that the box spline B, (:|vo,
..+, Untr) is even about %(vo + -+ vp41). Next we consider symmetry under the
operator T : R2 — R?, Tz = (22, 71). If we have

{TU(), ey TUn-i—T} = {to’l}o, e ;tn-{—rUn-i—T}) (29)
where t; = £1, j = 0,...,n +r, then the space Sp(vo,...,Vn4r) is invariant under
T and it is natural to require a corresponding multi-box spline to be symmetric
under 7', ie. for j=1,...,r,

Theorem 9 ([25]). Suppose that (29) holds and ¢ as in Theorem 5 satisfies (30).
Then

T = (=1)%(to  tngr)" (31)
where r = 2s or 2s + 1.

It may be that (30) is not satisfied for j = k, [, some k # [, but instead ¢y =
@1(T-). In this case (31) holds with 77 replaced by —1.

Another possible symmetry is reflection in the z»-axis, i.e. R: R? — R?, Ry =
(—x1,%2). If we have

{Rwvo,-..,Ropir} = {rovo,-- -, "ntrUntr}, (32)
where r; = £1, j = 0,...,n +r, then S, (vo, . .., Vn,) is invariant under R and it
is natural to require that for j =1,...,r,

¢;j(Rz) = pjdj(z1 + (a)1,22), € R?, p; = £1. (33)
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Fig. 1. T(vg,...,vs) on [0,1]2.

Theorem 10 ([25]). Suppose that (32) holds and ¢ as in Theorem 8 satisfies (33).
Then for s as in Theorem 9

prevepr = (=1)"(ro- - Tnir) " (34)

As for Theorem 9, we replace prp; in (34) by —1 if ¢, = ¢ (R-). Clearly a
corresponding result to Theorem 10 holds for reflection in the z;-axis.

Tt is suggested in [25], from examples considered there, that there is always a
symmetric multi-box spline which satisfies the above symmetry conditions where
appropriate, but this is not proved in general.

We finish by considering some examples of multi-box splines. First we take n = 1,
r=2,v9 = (1,0),v; = (0,1), v = (1,1), v3 = (1, -1). The mesh T' = T'(vp, . .., v3)
is called a four-direction mesh or type-2 triangulation and we shall consider this
further in Section 4. Here the space S; comprises all continuous linear splines over
T. There is a choice of symmetric generator ¢ = (¢, d2), where ¢; has support
[0,1]? and

1 — 1
$2(x) = 1 DALY ,wl T2t , zeR.
2 2
Since at most two lines in H(vp,...,v3) intersect other than in Z2 ¢ is stable.
Equations (28), (30), and (33) hold with

a1 = (1,1), a2=(0,0), oj=1=p;=1, j=1,2.

Next we take n = 2, r = 3, vg,...,v3 as above, and vs = (2,1), v5 = (1,2). The
mesh T'(v, ..., vs) restricted to the triangle with vertices (0,0), (1,0), (1,1) gives
the Powell-Sabin 6-split of this triangle, [44], and we have the corresponding split
for the triangle with vertices (0,0), (1,0), (1,1). This is illustrated in Figure 1.
Here the space Sy comprises all C' quadratic splines over T'. A choice of symmetric
generator for S is given by the finite element basis ¢ = (¢1, ¢2, ¢3), which is defined
as follows. For k € Z2, define linear functionals on Sy by
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Fig. 2. T(vg,...,v7) on [0,1]2.

owf = f(k), oaf=Dyf(k), osf=Dyf(k), (35)

where for v € R?, D, denotes the directional derivative in direction v. Then for
1=1,2,3, ¢; is defined as the unique function in S, satisfying

ojkdi = 6ijdko, Jj=1,2,3, ke’ (36)

These functions are considered in [9] (under a linear transformation of R?), where
they are defined explicitly in terms of Bézier coefficients. Further properties of ¢ are
given in [9] and will be considered in in Section 3. The support of ¢;, i = 1,2,3, is
the hexagon with vertices (—1,-1), (-1,0), (0,-1), (1,0), (0,1), (1,1). Equations
(28) and (30) hold with

0'1=1, 0'220'3:—]., OL1=O£2=(13=(0,0),

T1:T2:1, 7'3:—]..

Since at most three lines in H(vy,...,vs) intersect other than in Z2, the above
generator ¢ is stable. A more symmetric mesh T'(vg,...,v7) is gained by taking
o, - - -, U5 as before, and vg = (2,—1), v7 = (1, —2), see Figure 2. There are still at
most three lines in H (v, . ..,v7) which intersect other than in Z2 Thus there is a
stable generator for the case n = 3, r = 4, and for the case n =4, r = 3.

3. General Triangulations

Let T denote a triangulation whose union D is a simply connected region in R2.
Let V(T') denote the set of all vertices of triangles in T' and E(T') the set of all
edges of triangles in T. We suppose that any boundary vertex (i.e. vertex in the
boundary of D) is the intersection of exactly two boundary edges. We shall first
consider the space L(T') of all continuous linear spline functions over T'. This space
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has a natural basis of nodal functions, defined as follows. For each v in V(T') we let
¢, be the unique element of L(T) satisfying

Ppu(v) =1, ¢p(w) =0, weV(T), w#v.
Then for any element f of L(T),

f= Z f(v)¢v

veV(T)

The support of ¢, is the union of all triangles in T" which have v as a vertex.

Now put Ty = T and let T; denote the triangulation gained from Ty by mid-
point subdivision as described in Section 1. Thus T; is gained by subdividing each
element ¢ of T into four congruent sub-triangles, each similar to ¢. For 7 > 1, we
recursively obtain T}, from T; by mid-point subdivision. Then we define

V; = L(T;) N L*(D), j>0. (37)

First we shall consider the uniform case where D = R?, T denotes the type-1
triangulation T'((1,0), (0,1), (1,1)) and L(T) = S1((1,0),(0,1), (1,1)). In this case
?(0,0) is the box spline Bi(-|(1,0),(0,1),(1,1)) which generates S;. Now L(Ty) =
{f(2-) : f € L(T)} and so V; in (37) satisfies (18). As before, we let W denote the
orthogonal complement of V4 in Vj.

In [32] there is given a construction of a generator ¢ = (¥1,2,13) for W where
11 has support as in Figure 3 and

Yo(,y) = i(y,x), Y3(z,9) =vi(y,y —2), z,y€R (38)
Also 1, is even about (3,0), i.e.
¢1(—$, _y) =¢1($+1>y)> T,y € R. (39)

1

The function ), is non-zero at all 13 points in §Z2 which lie inside its support.

Equivalently, when 1); is written in the form

Z%( >312 —J);

JEL?

then the mask of 1), i.e. the coefficient in this linear combination, has 13 non-
zero terms. At the expense of the symmetry (39), [32] also constructs a generator
zé = (1;1, s, 1Z3) of W which satisfies the analogue of (38) but such that the mask of
1 has only 10 non-zero coefficients. In [29] a characterisation is given of prewavelets
with the minimum of 10 non-zero coefficients in their masks for spaces comprising
those elements of L(T7) with supports on given bounded regions.

In a series of papers [18-20], Floater and Quak generalise the construction of the
prewavelet ¢ above to the case of a general triangulation on a bounded domain D,
as considered earlier. In order to gain an elegant construction, they define the space
W;, as in (2), as the orthogonal complement of V; in V1 with respect to the inner
product

(f.9) _teﬁa 5 [19. reecm), (40)
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Fig. 3. Support of 1.

where a(t) denotes the area of triangle t. Thus W; is defined by (4), where P;
denotes the orthogonal projection with respect to (40). For the uniform case above,
(40) is the usual L? inner product.

Floater and Quak construct a basis {¢, : v € V(T1) \ V(T')} for Wy. Take any
v € V(T1) \ V(T). Then v = §(uy + u2) for uy,us € V(T), and the support of 1,
is the union of all triangles in 7" having u; or us as a vertex. The prewavelets 1,
satisfy the elegant symmetry property

Po(u) = Pu(v), w0 € V(T)\V(T).

For the case when T is the restriction of a type-1 triangulation to a domain D and
the vertex v € V(T1) \ V(T) is the centre of an edge whose end-points are interior
vertices, the function 1, coincides with v;(- — k), as above, for some k € Z2
1<j<3. |

By replacing T' above by T}, j > 0, there is a corresponding basis {¢J : v € V/}
for W;, where Vi := V(Tj41) \ V(T}), and we normalise by requiring ||%]|> = 1.
For the uniform case [32] derives estimates for the stability constants as in (14). In
[20] such estimates are derived for the constants A, B in the following expansion
for the non-uniform case:

F= Y abu+> > b,

veV(T) 7=0 yev?

AL DY a2+> > v, | <IAE<B DY az+> > b3,

veV(T) =0 yev) veV(T) =0 yevi

In [52] a construction of linear prewavelets is given which holds in R? for any
d > 2. In this case the meshes T}, j > 0, comprise simplices in R?. Any such simplex
has d + 1 faces which are simplices of dimension d — 1. These in turn have faces of
dimension d — 2, and proceeding recursively we have a collection F'(s) of simplices
of dimension 0,...,d — 1 in the boundary of s. We assume that distinct elements
s, t of T} can intersect only in an element of F(s) N F(t). We suppose that for
j >0, T is gained from T} by subdividing any simplex ¢ in T} into 2¢ congruent
sub-simplices, each similar to ¢, though for d > 3 there is no canonical way to do
this.
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As before, we denote by L(T}) the space of all continuous linear spline functions
over T;. We define V;, j > 0, by (37) and define W;, j > 0, by (2), this time
with the usual inner product in L?(D). Then [52] gives a construction for a basis
{¢p + v € V(Tj41)\V(T;)} for W;. For the case of a type-1 triangulation of R? this
leads to a generator 1) = (11,12, 1)3), which satisfies the analogues of (38) and (39).
However, while v; has support of area 5 and mask with 13 non-zero coefficients,
11 has support of area 8 and mask with 23 non-zero coefficients.

Next we shall consider refinable spaces of C! quadratic splines constructed from
Powell-Sabin macro-elements. First we study the uniform case where each triangle
in the type-1 triangulation T (v, v1,v2), for vg = (1,0), v1 = (0,1), v = (1,1), is
divided into six sub-triangles by inserting the medians, thus producing the triangu-
lation T' = T'(vg, . . ., vs) for v3 = (1,—1), v; = (2,1), vo = (1,2), as discussed near
the end of Section 2. As described there, the space Sz = S2(vo,...,vs) of all C*
quadratic splines over T is generated by the fundamental functions for Hermite in-
terpolation of values and first-order derivatives at Z2, i.e. the shifts of the multi-box
splines ¢ = (&1, P2, ¢3) defined by the conditions (35) and (36).

Now let Vo = S2 N L>°(R?) and, as in (18),

Vi={f@): feVi}, j>1
For j > 0, we let P; denote the projection from C*(R?)N L*(R?) onto V; given by
Pif(277k) = f(277k), D, P;jf(277k) = D,,f(277k), i=0,1, keZ>
Then P;Pj 1 = P;, j > 0, and we define, as in (4),
Wj={f€Vjr: Fjf=0}, j=0.

Thus W, comprises all elements of V; whose values and first order derivatives vanish
on Z2, and

Wi ={f(2") : feWo}, j2>0.
Then for j > 0, a basis for W; is given by ;% := ¢;(2/F - —k), i = 1,2,3,
k € Z?\ 2Z*. Such functions comprise what is called a hierarchical basis. In [9)]
it is shown that this basis is ‘weakly stable’ in the sense that there are constants
A, B > 0 such that for any n > 0 and f € V,,41 of the form

n 3
F=Y3"" aijntie

J=0 =1 kez?
Allalloo < [[fllso < Bnllalloo,

where ||a||o = sup{|aijk| : 5 =0,...,n,i=1,2,3, k € Z?}. It is also shown in [9]
that the operators P; are uniformly bounded and that for any f € C*(R?)NL>®(R?),
lim;_,oo Pjf = f uniformly on bounded subsets of R?.

In [41] hierarchical bases are considered on general triangulations using Powell-
Sabin elements based on splitting each triangle ¢ into a mesh T'(t) of 12 sub-triangles
formed by joining the mid-points of each edge with each other and with the opposite
vertex, see Figure 4. Each C! quadratic spline over T'(t) is defined uniquely by the
following 12 values: the values and first derivatives at the vertices A;, Az, A3, and
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Fig. 4. The Powell-Sabin 12-split.

the normal derivatives at the mid-points of the edges B, Ba, Bs. Let T denote a
triangulation with union D as described at the beginning of this section. For any
such triangulation T' we denote by 7" the triangulation gained by splitting each
element of T into 12 sub-triangles, as above. The space of all C' quadratic splines
over T" will be denoted by Q(T").

Now for any point x € R? we define the linear functionals on C'(D):

Uzlf = f(w)a Uz2f = D(l,O)f($)7 Uz3f = D(O,l)f(w)' (41)

Also for any finite line segment e in R?, we denote by 0. f and o, f derivatives of
f at the mid-point of e in directions tangential and normal to e, respectively. We
denote by ¢,;, j = 1,2,3, v € V(T), and ¢., e € E(T), the unique fundamental
functions in Q(7T") satisfying

Uuz’¢vj = 6uv5,~j, Uui¢e = 0, u e V(T), 7= 1,2,3,
C’fn¢vj =0, Ofn0ec = 5ef; e c E(T)
Then a nodal basis for Q(T") is given by
{¢'uj7 d)e TV E V(T)7 .7 = 172737 eE€ E(T)}

The support of ¢y, j = 1,2, 3, is the union of all triangles in T  having v as a vertex,
and the support of ¢, is the union of the triangles in T having e as an edge.

The triangulation 7" is refinable under mid-point subdivision of T', as we now
describe. Put To = T, T = T, and let T7 denote the triangulation gained from
To by mid-point subdivision. Then T§ < Ty. More generally, for j > 1, we may
recursively define 711 by mid-point subdivision of T}, and we have

T]’ = T]{-f—la .7 Z 07

and hence
Q(Tj) C Q(Tj1), =0
For j > 0, we let P; denote the projection from C* (D) onto Q(T}) defined by

avinf:Uvifa UGV(Tj)a 1=1,2,3,
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O—enij :aenfa ec E(TJ)
As before we have P;Pj11 = Pj, j > 0, and define

W= {f € Q(Tl,) : Pjf =0}.

A basis for Wy is given by the fundamental functions

{erdbestyy + e € B(Ty), f € BTy},
where, with 0.1 denoting the value of ¥ at the mid-point of edge e,

0’9¢e = 695: 09";6 =0, Ug¢f =0, ge€ E(T0)7
Ugt¢e =0, Ugt'(/;e = 6967 Ugt"f}f =0, g€ E(TO);

ahn'l,[}e =0, a'hn'éze =0, Uhn¢f = 6hf7 h € E(Tl)

Similarly, we may define a hierarchical basis for all W;, j > 0.

In [41] there is also considered a hierarchical basis of C* cubic splines. The well-
known Clough-Tocher element [8] is not refinable under mid-point subdivision and
so they consider instead the space of all C'! cubic splines on the Powell-Sabin 12-
split of a triangle, as in Figure 4. Each such function is determined uniquely by the
following 30 values: the values and first order derivatives at the points Ay, Az, As,
B;, B, Bs, the values and tangential derivatives at Cy, Cs, C3, and the normal
derivatives at the six mid-points of the edges of sub-triangles, denoted by dots in
Figure 4. For any triangulation T and refinement 7", as for the previous example,
[41] then considers the space of all C! cubic spline function on 7" and studies the
nodal basis and corresponding hierarchical basis derived from the above Hermite
interpolation functionals.

The above hierarchical bases studied in [41] are introduced for preconditioning
the finite element equations for fourth-order elliptic boundary value problems when
using the conjugate gradient method. Motivated by the same problem, [11] con-
structs hierarchical bases of C' quintic splines, as we now briefly discuss.

As before we let Ty denote a general triangulation with union D and define the
triangulation T}, j > 1, recursively by mid-point subdivision. For j > 0, let S5(T})
denote the space of all C' quintic spline functions over Tj. In [37] a nodal basis
for S5(T}) is constructed comprising fundamental functions for Hermite interpo-
lation functionals involving values, first-order and certain second-order directional
derivatives at vertices in V(T;) and normal derivatives at mid-points of edges in
E(T}). For the applications considered in [11], the authors study the subspace S°
of S5(T;) comprising all functions whose values and first-order derivatives vanish
on the boundary of D. Since S° is not spanned by a subset of the above nodal
basis for S5(T}), [11] constructs a nodal basis for S° by keeping those of the above
nodal functions whose supports lie in the interior of D but modifying the remaining
elements of the above nodal basis.
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4. Triangulated Quadrangulations

Let @ denote a mesh of quadrilaterals with union D C R?, each with interior angles
less than 7, such that distinct elements of @ intersect only in a common edge or
a common vertex. We now divide each quadrilateral ¢ in @ into four triangles,
by inserting the diagonals of ¢, to produce a triangulation 7T'. As in Section 3, we
assume that D is a simply connected region in R? and any boundary vertex of W
is the intersection of exactly two boundary edges.

We now construct a mesh @)y of quadrilaterals from ) by mid-point subdivision,
i.e. each element ¢ of @ is divided into four elements of (J; by joining the mid-
points of the edges of g to the intersection of the diagonals of q. We then define a
triangulation 77, which is a refinement of T, by inserting the diagonals of all the
elements of ;. This is illustrated in Figure 5. We shall first consider the space
L(T) of all continuous linear spline functions over T.

Fig. 5. Subdivision of T' on a quadrilateral.

Now consider the uniform case when D = R? and the vertices of Q) comprise Z2.
Then T is the type-2 triangulation T'(vg,v1,v2,v3), where vo = (1,0), v1 = (0,1),
vy = (1,1), v3 = (1,—1), and Ty is gained from T by shrinking by a factor of two,
as in Section 2. In this case L(T) = Si(vg,v1,v2,v3), which is generated by the
multi-box spline ¢ = (¢1, @2), as in Section 2, where @1, ¢o are the nodal functions
(see Section 3),

o1 =911y, P2=00,0)-

Since the triangulation T3 is not gained by mid-point subdivision of T, the general
constructions of prewavelets of [20] and [52], as described in Section 3, do not hold
in this case. In [21], Floater and Quak construct prewavelets for this case using the
same approach as in [20], (i.e. each prewavelet is the sum of two ‘semi-wavelets’).
To be more precise, let Ty denote the above type-2 triangulation restricted to a
rectangle R with vertices in Z2 and sides of length at least three. Let T} denote the
refinement of Tp, as above. As before, V(Tp) and V(T3) denote the sets of vertices of
all triangles in T and T} respectively, while W denotes the orthogonal complement
of L(Ty) in L(T}1). Then [21] constructs a basis {¢, : v € V(T1)\V(To)} for W. As
for the previous construction in [20], the support of the prewavelet 1, is the union
of all triangles in the T having uy or us as a vertex, where v = %(ul +u2), ur,us €
V(Tp). There are two types of interior prewavelets, one with a mask of 17 non-zero
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coefficients and one with a mask of 13 coefficients. As in the prewavelet construction
given in [29] on type-1 meshes, interior prewavelets with masks containing 11 and
17 terms, respectively, may also be constructed (see [28]).

Now consider the corresponding uniform case, where

Vb :SI(U07U1;U2;U3)OL2(R2)5 (42)
Vi={f(2): feW}, (43)

and W denotes the orthogonal complement of V5 in V;. Since Vy has multiplicity
2, W has multiplicity 6. A generator of W is given by

o= (0= GOODGDGEDGPGD)

Two examples of refinable, piecewise linear, orthogonal generators were con-
structed in [16] where by orthogonal we mean that the shifts of the components
of these generators form orthogonal systems. The first generator is piecewise linear
on a type-2 triangulation and the second on type-1 triangulation. Associated piece-
wise linear orthogonal wavelets were constructed in [14] (also see [17]), but here we
restrict our discussion to the refinable generators. The construction relies on tech-
niques introduced in [15] for constructing univariate orthogonal spline wavelets.
The main observation is that if V is a refinable FSI space and V is a local FSI
space such that Vo C V C V; for some k € Z (where (V;);ez is defined by (9) with
dilation matrix M = 2I) then V is also refinable since if f € V;, then f € V; and so

f(-/2) € Vo C V. In this case the sequences of spaces (V;)jez and (V});ez are said
to form intertwining multiresolution analyses because of the relations

cVaiCVocCVo:i=VCWVicVicC

Note that V inherits many of the properties of V. For example, if V is a spline
space then V is also a spline space with the same polynomial degree, smoothness,
and approximation order.

We next outline the construction of the generator on the type-2 triangulation
T = T(vo,v1,v2,v3). Let Vo = L(T) N L*(R2?) and let ¢ denote the continuous
function that is piecewise linear on the triangulation of [—1, 1] consisting of the four
triangles formed by the boundary of this square and its two diagonals and satisfying
#1(0,0) = 1 and ¢(v) = 0 for v € {—1,1}?. Furthermore, let ¢» = ¢1(2 - —(1,1)).
It is not difficult to verify that (¢1, ¢2) is a generator for V. Next, for i = 3,...,6,
let ¢z = ¢2(2 . —kz) where {k3,k4,k5,k‘6} = {0,1}2 and let V = V(¢1,.. .,(ﬁe).
Since Vo CV C V4 it follows that V is refinable. Then it is shown that there exist
functions ¢7, ¢s € Vi with support [—1,1] x [0,1] and [0, 1] x [—1, 1], respectively,
and satisfying the conditions
( ) ¢7(_$ y) ¢7($ay) and ¢8(xay) = ¢7(ya$) for ($,y) € ]R27
(b) ¢7 1 V(d)?? ¢6)7
(c) ¢7 L V(gs),

(d) PV (¢2,.- 7(}58)L¢1 1 ¢1( - k), for k = (1,0) and (0, 1)
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Condition (a) ensures symmetry of V(¢1,...,¢s) with respect to the symmetry
group of T. The conditions in (b) are linear and, because the supports of the
functions ¢s, ... ¢ are contained in [0, 1], are easy to characterise. The conditions
(c) and (d) are the critical conditions and reduce to solving three homogeneous
quadratic equations in 8 variables. Similarly functions ¢9 and ¢ in V; are found
that satisfy the conditions

(e) ¢o(y,) = ¢o(x,y), po(1 —y,1 —2) = —¢g(z,y), and $10(z,y) = do(1 — z,y)

for (z,y) € R?,

(f) ¢9 1 ‘/((152, v 7¢8)7

(8) ¢o L Vidno),

(h) PV(¢2,---,¢10)J-¢1 1 ¢1( - k)7 for k = ( ) and ( 1 _1)

Finally, an orthogonal generator ¢ = (¢, . . ., $19) may be chosen for the space V=
V(¢1,-..,¢10) in the following way. Let ¢ = Py (4s.....410) L #1, choose (fa,--.,d6)
so that it forms an orthogonal basis for the span of (¢, ..., ¢s) and let ¢J ¢; for
J =71,8,9,10. Then it follows from the above conditions (a—h) as well as properties
of the supports of these functions that ¢ is an orthogonal generator. Since V is
refinable, then so is ¢.

The second piecewise linear orthogonal refinable generator ¢ = (¢, ..., d14)
given in [16] is on the three direction ‘hexagonal’ triangulation given by v; = (1,0),
vy = (3, @) and vy = (-1, %) Then V(¢) is invariant under the symmetry
group S(T) associated with the triangulation T = T(vy,vq,v3). In this case ¢
has 14 components. However, as shown in [28], one may generate V(¢) from a
‘macro-element’ vy = (71, ...,7s) consisting of 5 functions supported on the triangle
(0,0),v1,v2. Let Vg(ry(7y) denote the algebraic span of the collection of functions
{yoA: A€ S(T)}. Then

V(@) = Vs (7) N C(R®) N L*(R?)

and

di= > a(Ni;voA

AES(T)

for some finitely supported collection of 14 x 5 matrices (a()))xes(r)- Because the
essential orthogonality relations of ¢ occur triangle by triangle and are reflected in
v, the macro-element point of view provides a construction of continuous orthog-
onal wavelets on semi-regular sequence of triangulations generated by successively
applying mid-point subdivision to an arbitrary initial triangulation (cf. [17]).

Next we consider the space Sy = Sa(vg, v1,v2,v3) of all C' quadratic splines on
the type-2 triangulation T = T'(vg, v1,va,v3). This is generated by the box spline
By = Bs(+|vg,v1,v2,v3), which is called the Zwart-Powell element, because it was
first considered in [56,43]. This function has support in the octagon with vertices
(0,-1), (1,-1), (2,0), (2,1), (1,2), (0,2), (-1,1), (-1,0). It shares all the symmetries of
T, i.e. it satisfies (28), (30), (33) with

0'1:T1:p1:1, alz(l,l).
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Since two lines in H (vg,v1,v2,v3) intersect in (3, 1), the generator (Bs) is not

stable. Nevertheless it has been much studied and generalized to a triangulation
of a non-uniform rectangular mesh [6,7,47-49]. To be more precise we let D =
[a,b] X [¢,d] and let @ denote the mesh of rectangles {[z; 1, ;] X [yi—1,¥:] : 1 <i <
m,1<j<n},wherea=20<z1<...<Zp=bc=y<y1 <...<ym=d.
Let T denote the triangulation formed from @ by inserting the diagonals of all
rectangles in @, and let S denote the space of all C* quadratic splines over T. Then
S is generated by {B;; : 0 < i <m+1,0<j < n+ 1} for locally supported
functions B;;. These functions generalise Bs in the sense that if 2 < ¢ < m — 1,
2<j<n-—1and

Ti—24k = Ti—2 + kh, yj_a4x = yj—2+kh, k=1,2,3, h >0,

then

Bia) = B (o =2 0= 90)) . @) €D,

Now consider again a triangulation T formed by inserting the diagonals into a
general mesh @ of quadrilaterals, as in the beginning of this section. We let C'(T')
denote the space of all C! cubic splines over T. To consider a basis for C'(T') we
first consider the mesh 77 comprising the triangulation of a single quadrilateral ¢
divided by its diagonals. Then each element F' of C(T3) is determined uniquely by
the value and first order derivatives of f at each vertex of ¢, and the first order
normal derivative of f at the mid-point of each edge of ¢. Thus C(T') has a nodal
basis, defined as follows. Let V(@) and E(Q) denote the sets of all vertices and all
edges of elements of @) respectively. For v € V(Q) we define the linear functionals
Ouys Ous, Oyg as in (41), while for e € E(Q), oenf denotes, as before, the normal
derivative of f at the mid-point of e. We denote by ¢,;, v € V(Q), j =1,2,3, and
¢e, € € E(Q), the corresponding fundamental functions in C(T') satisfying

Uui¢vj = (5uv(5,-j, Uui¢e = 0, u € V(Q), 7= 172,3,

Ufn¢vj =0, Ufn¢e = (Sefa ec€ E(Q)

Then {¢yj,¢e : v € V(Q),j = 1,2,3, e € E(Q)} forms a nodal basis for C(T).
This basis was first considered by Fraeijs de Veubeke [22] and Sander [50] and for
this reason the type of triangulation T considered above is often called a Fraeijs de
Veubeke—Sander (FVS) triangulation. The support of ¢,;, j = 1,2, 3, is the union
of all quadrilaterals in () having v as a vertex, and the support of ¢, is the union
of the quadrilaterals in ) having e as an edge.

We first consider the uniform case when D = R? and T = T'(vg,v1,v2,v3), as
before. Here the space C(T) is shift-invariant with multiplicity 5 and generator

¢ = (¢1,...,¢s), where
¢j = ¢0,0),5- 5 =1,2,3, ¢4 = ¢e, ¢5 = ¢y,

where e denotes the edge from (0,0) to (0,1) and f the edge from (0,0) to (1,0).
The generator ¢ is linearly independent over [0, 1]? and satisfies (28), (30), and (33)
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with

o1 :1, 0 = —l,j:2,...,5,

a; = (070)) .7 = 17253a Qg = (0; 1)7 a5 = (1:0)7

n=1pr=ps=ps=1,p2=ps=-1
Moreover, with T as in (30),

¢3 = $2(T"), g5 = ¢a(T").

For j = 1,2,3, ¢; has support [—1,1]> and ¢4 has support [—1,1] x [0,1]. The

Bernstein- Bez1er representation of ¢ is given in [33]. As noted in 4l we can form a
generator of C'(T) with smaller support by replacing ¢ and ¢3 by ¢2 and ¢3 where

2 = P23 — Z(¢4 + ¢a(- +(0,1)) — ¢5 — ¢5(- +(1,0)),

¢3($7y) =<£2(—x,y), $7y€R.

The support of ¢, is the hexagon with vertices (—1,—1), (=1,0), (0,—1), (1,0),
(0,1), (1,1).
Now, in a similar manner to (42), (43), we define
Vo=C(I)NLAR%), Vi={f(2):fe€W}

and let W denote the orthogonal complement of Vp in Vi. In [4] a Riesz basis
is constructed for W, as we now describe. First a Riesz basis B = {t; : ¢ =
.,5, k € Z%} for V; is defined by

tie =G1(-— k), tin = (- — k), j =2,3,

Ga(- — k) + ¢a(- — k+(0,1)), k € Z x 2Z,

¢a(- —k) — s =k —(0,1)), k € Z x (2Z - 1),
ts.x = ta,r(T).

Next aset B={f; : i=1,...,5, k € Z*} in V}; is constructed which is defined
uniquely by each function #; ;, having the same support and symmetry as t; ¢, and
B being biorthogonal to B, i.e.

(tik,t,e) = IIts kll30:50ke,

where (, ) denotes the inner product on L?(R?). Finally a Riesz basis {¢; : i =
1,...,5, k € Z2\ 272} for W is defined by

a2 - L 3 ¢ e

j=1¢tez?

ta =

We now return to the non-uniform case and describe a generalisation of the FVS
triangulation defined in [11]. Let Jg be a mesh comprising triangles and quadri-
laterals. We define a triangulation 7y by dividing each quadrilateral in @) into
four triangles by inserting the diagonals, as before, and dividing each triangle T in
Qo into three sub-triangles by joining the vertices of ¢ to its barycentre. We now
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construct a mesh @; of quadrilaterals by dividing each quadrilateral in Qg into
four sub-quadrilaterals, as before, and by dividing each triangle ¢ in (¢ into three
quadrilaterals by joining the mid-points of the edges of ¢ to its barycentre.

Fig. 6. Subdivision of a triangle in Qq.

We then define a triangulation T3, Tp < 71, by inserting the diagonals of all
elements of ;. This process on a triangle in Qg is illustrated in Figure 6.

For j > 1, we may recursively define @41 by mid-point subdivision of @;, and
Tjy1 with T; < Tj41, by inserting the diagonals of all elements of Q1. It is noted
in [11] that for j > 2, each quadrilateral in @); is either a parallelogram or similar
to a quadrilateral in Q.

For T} as above, j > 0, we denote by C(T}) the space of all C* cubic splines over
Tj- Then

C(Tj) C C(Tj.H), 3 >0.

Now the restriction of any function f in C(Tp) to a triangle ¢t in Qg is determined
uniquely, as in the Clough-Tocher element [8], by the value and first-order deriva-
tives of f at each vertex of ¢t and the normal derivative of f at the mid-points of
each edge of ¢t. Thus there is a nodal basis for C(T}) of fundamental functions for
Hermite interpolation of value and first-order derivatives at each vertex v € V(Qo)
and normal derivatives at the mid-point of each edge e € E(Qo). A corresponding
hierarchical basis can be defined as before.

All C' nodal bases considered so far, in both this and the previous section,
are based on Hermite interpolation. To finish, we mention some nodal bases of
C! cubic splines, and some corresponding hierarchical bases, based on Lagrange
interpolation. As before, let ) denote a mesh of quadrilaterals with union D, let T
denote the triangulation formed by inserting the diagonals of the elements of ), and
let C(T') denote the space of all C! cubic splines over T'. In [38] it is assumed that
Q is checkerboard, i.e. all interior vertices are of degree 4 and elements of () can be
coloured black and white in such a way that any two quadrilaterals sharing an edge
have opposite colours. Then [38] constructs a basis of C(T') with local support of
fundamental functions for Lagrange interpolation at certain points. (Further study
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of bases of this type is given in [39,40]. A similar construction for a nodal basis of
C? splines of degree 6 is given in [13].)

Fig. 7. Triangulation Tp.

Similar nodal bases, and corresponding hierarchical bases, are studied in the re-
cent paper [12]. Here more general triangulations T' are allowed, as we now describe.
For certain boundary quadrilaterals ¢ in (), divide ¢ into two triangles by insert-
ing a diagonal and denote one of the triangles, which has at least one edge in the
boundary of D, by #(g). Then let  be the region gained by removing all triangles
t(q) from D. Let Ty denote the triangulation of 2 comprising all triangles in T
which lie in Q, see Figure 7. It is shown in [12] that any domain with Lipschitz
continuous piecewise linear boundary can be triangulated by such a triangulation
To.-

Unlike our previous constructions, we form a refinement @); of @ by dividing
each element of () into mine sub-quadrilaterals by trisecting each edge and sub-
diagonal. This is illustrated in Figure 8, where we have shown the colouring of the
sub-quadrilaterals for the case of a ‘white quadrilateral.’ For a ‘black quadrilateral,’
the colours are reversed. By inserting the diagonals of all elements of ()1 we obtain
a triangulation 77 which is a refinement of T, each triangle in T being divided into
nine sub-triangles, see Figure 8.

Fig. 8. Refinement of a ‘white quadrilateral.’
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A basis of C(Tp) is given in [12] comprising fundamental functions for Lagrange
interpolation at certain points P(Tp), which depend on the colouring of the quadri-
laterals. These points are chosen so that corresponding points P(T7) contain P(Tj)
and hence a corresponding hierarchical basis can be constructed. It is furthermore
shown that the hierarchical basis is a Riesz basis for H*(2), 1 < s < 5/2, thus im-
proving the stability of formerly constructed C! hierarchical bases, though further
discussion of stability of hierarchical bases is beyond the scope of this paper.
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