HYBRID SPLINE FRAMES
SAY SONG GOH*, TIM N. T. GOODMANT AND S. L. LEE*

ABSTRACT. Using their unitary extension principle, Ron and Shen have constructed a nor-
malized tight frame for L?(IR) consisting of spline functions with uniform knots. This paper
constructs a normalized tight frame for L?((0,00)) comprising spline functions with knots
on a hybrid of uniform and geometric mesh. The construction is motivated by applications
in adaptive approximation using spline functions on a hybrid mesh that admits a natural

dyadic multiresolution approximation of L?((0,00)) based on dilation and translation.

1. INTRODUCTION

Cardinal splines or polynomial splines on R with integer knots were introduced and studied
by Schoenberg in a series of papers (see for instance ([16, 17]). They have been used by
various authors (for instance [4, 5, 8, 9, 15]) to construct wavelet bases and frames for L?*(R).
In particular Chui and Wang [8] constructed the semi-orthogonal spline wavelets and Ron
and Shen [15] constructed normalized tight frames of spline functions for L*(R). Polynomial
splines on geometric mesh, ¢', i € Z, or geometric splines were first studied by Micchelli
[14]. They were independently rediscovered by Mallat in the study of image foveation [13].
In this paper we consider spline functions on (0, 00) with knots on a hybrid of geometric
and uniform knots as follows. Take an integer n > 2. Let ‘N/O denote the space of all spline

functions of order n in L*((0,00)) with knots z;, i € Z, where

2t 1 < —1,
Ti = . . (1.1)
1+1, +>0.

The mesh z;, © € 7Z, is a hybrid of uniform and geometric knots, and the corresponding
piecewise polynomial functions will be referred to as hybrid uniform-geometric splines or
simply hybrid splines. For j € 7Z, let 17J ={f(2): fe€ ‘70} For each j, ‘7] is the space of
polynomial splines of order n on (0, 00) with knots at 277x;, i € Z, where z; are as in (1.1).
We shall construct a normalized tight frame for L?((0,00)) from functions in ‘7]-, Jj € Z.
This construction is motivated by applications in adaptive approximation, for instance,
image foveation ([1, 2, 13]) and feature preserving processes in smoothing and image com-
pression ([10, 11]). Multiresolution approximation of L?((0, c0)) by hybrid splines and hybrid
wavelets associated with other scaling functions has been studied in [10], where the focus is
on the construction of filters and Riesz bases, while applications in image foveation and fea-

ture preserving smoothing are given in [11]. Tt turns out that the analysis and construction of
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normalized tight frames of hybrid splines is much simpler and neater than that of the Riesz
bases and may have important ramifications. Interestingly the hybrid spline tight frame
(Theorem 3.1) comprises the dyadic dilations of a finite set of spline functions with mixed
uniform and geometric knots and a single geometric B-spline with knots 2¢, ¢ = 0,1, ..., n,
together with the dyadic dilations and shifts by positive integers of the uniform spline frame
generators of Ron and Shen. In [6, 7] Chui, He and Stéckler developed a general theory on
nonstationary tight frames using the kernels of projection operators on multiresolution sub-
spaces. However the construction of nonstationary tight frames for particular cases remains
an interesting and challenging problem as shown in the construction of the nonstationary
spline frames in [7]. For the case of hybrid splines we use a direct method based on matrix
extension in the time domain. The idea is to integrate uniform splines on a half infinite
interval with geometric splines near the origin. In Section 2 we construct a normalized tight
frame of uniform splines for L?([0,00)) from the non-negative integer shifts of the uniform
spline frame generators and the uniform B-spline with knots at 0,1,...,n. They are then

used in Section 3 for the construction of tight frames of hybrid splines for L*((0, c0)).

2. SPLINE FRAMES ON THE HALF LINE

Take an integer n > 2. Let S,, denote the space of all spline functions of order n, i.e. C"~2

piecewise polynomials of degree n — 1, with knots in Z. Let
Vo = {f €St supp(f) € [0, 50)} N LA(R)
and
Vi={f(2):feV}, jel
We shall construct a normalized tight frame for L*([0, 00)) from functions in Vj}, j € Z, where

for f € V; we confuse f and f|oc)-
Let N € S, denote the B-spline with support [0,n], normalized by fOnN = 1, so that

> N(-—j)=1. Note that

J=—00
N(z) =) apNQ2x —i), z€R, (2.1)
1=0
where .
Py(z) =2 (14 2)" =) ag2' (2.2)
=0

For k=1,2,....n, let

and
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By applying the ‘unitary extension principle’; introduced by Ron and Shen in [15], it can

easily be seen that the functions
2122 —i), i, j €L, k=1,2,..,n, (2.4)

form a normalized tight frame for L?(R). The essential idea of this construction was given
in [15]. We shall see that the functions ¢, k = 1,2, ..., n, in (2.3) together with the uniform
B-spline will lead to a normalized tight frame for L?([0, 00)).

Theorem 2.1. Let S C L?*([0,00)) denote the set
(- =), i=0,1,.., k=1,2,...,n, ¢,/’N(-—0), {=0,1,...,n—2,

where

n—1
CZ::27n+1Z (n_1>7 620717"'771_2' (25)

Then {27/2f(27-): f €S, j €Z} is a normalized tight frame for L*(]0, o0)).

We shall need the following lemma to prove the theorem.

Lemma 2.2. Forn >1 andi,j € {0,1,...,n},
~(n\ , . |0 i # j,
; <k) il = { 27H2("), = j.
Proof. We prove by induction on n. The identity is easily seen to be true for n = 1. Assume

it is true for some n > 1. Now for £k = 0,1, ..., n,
Prti(z) =27 1+ )P (2),  Prii(z) =271 (1= 2)P(2),
and hence for i =0,1,....n+ 1,

1 1
n+1 __ n n n+l1 __ n n
Ay~ = 5(%,%1 + ag;), Ay = 5(6% — g 1),

where we have taken aj |, = ajy ., = 0. Then for 4,5 € {0,1,...,n + 1},

n+1 n+1 n+1 n n
Z( g )agjlagjl B Z((k_1>+<k))azjlazﬁ

k=0 k=0
. n 1 n n n n
= Z (k) Z(am‘ - ak,i—l)(akj - ak,j—l)
k=0

+ Z (k> Z(ak,iq + ag;)(ag ;1 + ag;)

v~ /n
. n n n on
= 3 I (af;qag;y + agag;).
k=0
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So our induction hypothesis gives for i # j,

and for ¢ = j,

S (1 e+ 33 (e 43 ()i

k=0 k= k=0
— —n+1 ( ) + 2—n+1 <n) — 2—n+1 (n + 1) .
1—1 1 1
Thus the result is true for n 4+ 1, and this concludes the inductive proof. [

That (2.4) forms a normalized tight frame depends on the following (see [3], p. 319). For
simplicity we write (f, g) := ffooo fgfor f,g € L*(R), and for j € Z, N; :== N( - — j), Nj =
V2N (2 —5), by = (- —7), k=1,2,...,n. Then for f € L*(R),

(e} o0

STUENY =D N+ DD ()™ (2.6)

j=—o00 j=—00 j=—o00 k=1

(In fact in [3] this is stated for f in a dense subset of L*(R) but by passing to the limit it
easily follows that it holds for all L?(R).)

In a similar manner Theorem 2.1 is based upon the following lemma, where (f, g) now
denotes [} fg for f,g € L*([0,00)).

Lemma 2.3. For f € L*([0,00)),

0o [e's) oo n n—2
Z(f)ﬁj>2 = Z<f7NJ>2+Z <fa¢kj>2+ Cj<f7Nj>2' (27)
§=0 §=0 §=0 k=1 §=0
Proof. Take f € L*([0,00)). By (2.6),
Z <f>]vj>2: Z <f>Nj>2+ Z <fawkj>2'
j=1-n j=1-n j=1-n k=1
Thus (2.7) is equivalent to
-1 -1 n -1 n—2
SN+ DD () = DN =D el ;)
j=1-n j=1-n k=1 j=1-n 7=0
which is
1 —1 n n n N -1 _ n—2 N
: (X adfn? - X GRP =Tt s
j=1-n k=0 i=0 j=l-n J=0



by (2.1) and (2.3). Letting o :=

()

j=1-n k=0

Now applying Lemma 2.2,

=
s 2

j=1l—-n

Performing further calculations and recalling a; =0, j =2 — 2n, ...,

o 3 3 (et

j=1—-n =0

n n 2
> (1) (z )
k=0 =0
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(fs Nj>, j € Z, (2.8) becomes
2 -1 n—2
S ations) - 3 o= S 29
=0 j=1-n 7=0
1 —1 n n
- 5 2 > o Y ()bt
j=1-n =0 ¢=0 k=0
—1 n n
-2 S (et 210
j=1-n 1=0
—n, we have
-n a n—1 n—1
S S () e
j=1-n =0
n—1 n—1 -1
—n—+1 - 2
: Z( )Y W
£=0 j=+2—2n
— 2 n—1
ey a ("))
j=1-n l=75+1
-1 n—2
> af+) ol (2.11)
j=1—n 7=0

J
Hence by (2.10) and (2.11), we obtain (2.9) which gives (2.7) and completes the proof.

Proof of Theorem 2.1. Take f € L*([0,00)). By scaling (2.7) we see that for any j € Z,

o0

Z<f’ 2(j+1)/2N(2j+1 .

=0

i=0 k=1
So for any integers r < s,

e}

SR 2N (2 —i))? =

=0

s—1 oo n

22> (F 2 (2

j=r i=0 k=1

It is well known that

[e.9]

lim Y (f, 2N (2"

5—00
1=—00

(e 9]

i = SLYENE )

+3 3 (2P (2

1=0

[\

SN2 S e, 20N (2L 2

%

Il
=)

e}

D Af2PNE =)

=0

s

—)?+ > ici(f,Qj/QN(Qj-—i)>2. (2.12)

j=r+1 i=0

—i)) 252N (2% —i) = f
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in L?([0,00)). (For more general results, see [12].) It follows immediately that

[e.9]

lim Y (f, 22N (20 i) = | f|I* (2.13)

Taking any € > 0 and applying (2.13) to f|j,), we see that
E 21: (f, 252N (2 / 2,
i=1-n
and letting e — 0 shows that
lim Z £, 292N (28 - —i))2 =0. (2.14)

i=1l-n
Since (f, N(2° - —i)) =0 for i < —n, (2.13) and (2.14) give
lim » (f,22N(2° - —i))* = || f]|*. (2.15)
i=0

It is shown in ([3], p. 320) that

lim Z (f,22N(2" - —i))2 =0,

T——00

and hence
lim Y (f,272N(2" - —i))* = 0. (2.16)
=0

From (2.12), (2.15) and (2.16) we then have

oo n—2
/117 = Z ZZ L2 =)+ D> (2PN (20 —i))?,
j=—00 1=0 k=1 j=—00 1=0
which proves the result. ®

3. SPLINE FRAMES ON A HYBRID MESH

Again take an integer n > 2, the knot sequence x;, i € Z, as in (1.1) and as before let Vo
denote the space of all spline functions of order n in L*((0,00)) with knots z;, i € Z, and
V.= {f(27-): f € Vy} for j € Z. We now construct a normalized tight frame for L2((0, 00))
from functions in 17]-, Jj € Z.

For j € Z, let N; denote the B-spline with knots z;, ..., x;,,, normalized so that

i Ni(z)=1, z>0. (3.1)

j=—o00
We write
o Tity — Ls ,
J :/ Nj = s ]7 J S Z (32)
0 n
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Since Vy C V4, the functions (N;) satisfy a refinement equation of form

Nj= > UhRNu(2), jELZ. (3.3)

k=—0o0
For j >0, Nj=N(-—j—1),I; =1, and from (2.1) and (2.2),

n

n
Nj = 2 Z <k:) Nit1425(27).

k=0

Thus

b;?k:r”“(k_;j_l), i>0, keZ (3.4)

Note that for j <1 —n, N; has knots 27,...,27"" and so

Nj=M@27), j<1-mn, (3.5)

n

where M is the ‘geometric’ B-spline with knots 2¢, ¢ = 0,1, ..., n, with fooo M = Z=L Thus
N;j =Nj1(2), j<-—n, (3.6)
and
Ui, = 0jk—1, J < —n.
It can be shown that b, >0, j,k € Z, and b}, > 0 if and only if
k=j+1, J < —n,

j+1<k<2j+n+1, -n<j<O0, (3.7)
2j+1<k<2j+n+1, j>0.

From (3.1) and (3.3),

1= 3" N= > N2) > b
j=—00 k=—o0 j=—00
and so .
Y =1 kel (3.8)
j=—00

In order to state our main result, we define for integers k, ¢,

-1

1 1

j=1-n "7
Clearly cge = cg > 0 for any integers k # £. We can see from (3.7) that for & < £, ¢y > 0 if
and only if
2—n<k</{<min{n -1+ 2k,n—1}.
Note that (3.3) gives
1 o
=5 >, Uyl (3.10)

k=—00
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1
Theorem 3.1. Let T C L*((0,00)) denote the set of functions (2[‘_1)2 M, (- —1), i =
2,0, K=1,2,...,n, and

2 (Ne _ N
Im Ig Im

Then {27/2f(27): f € T,j € Z} is a normalized tight frame for L*((0, 00)).

>, 2—n<l<m<min{n—-1+2¢n—1}. (3.11)
We shall see in due course that the (n — 1)? functions in (3.11) can in fact be replaced by
2n — 3 functions, but not of such simple form. The form of (3.11) comes from the following.

Lemma 3.2. Let A = (Ai)[s_; be a symmetric matriz satisfying > 7" Ay = 0, i =
1,2,...,m. Then for any B, ..., Bm,

DD AuBs=— Y Ay

i=1 j=1 1<i<j<m
Proof. For any (1, ..., Bm,
Z Aij (ﬁz - ﬁj)Z = Z ﬁf Z Az] 2 Z A’L]/Blﬁj
1<i<j<m 1<i<j<m
J 75 i
= - Z 51214” 2 Z Al]ﬁlﬁj

1<i<j<m

= - Z Z Aij3iB;.

i=1 j=1
[

Now, in a similar manner to Lemma 2.3, the proof of Theorem 3.1 is based upon the

following.

Lemma 3.3. For f € L*((0,00)),

n

2 3" LHANENE = S LHANY S S ()

j:—oo j:—oo ]:1 k=1

+2 ) c£m<f, NZ(Q’)—Nm(Q')y. (3.12)

2—n<l<m<n—1

Proof. By Lemma 2.3 applied on [1, c0),

n

2 (NI = SN D 2 e N (319)

§=0 =1 k=1 j=1

Now let

_221 (f, N;(2 Zl Z fwk]. (3.14)

Jj=—00 Jj=—00
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By (3.6), I;'N; = 21\ N;1(2:), j < —n, and so

Y =2 LN 202 = 3 LHE N =30 S (f )
j=2—-n j=1-n J=1 k=1

Adding (3.13) and (3.15) and recalling, [; =1, j > 0, gives

|ItV1D

j=1-n

Putting 3; := \/_I (f,N;(2-)), j € Z, and applying (3.3), this becomes

0 n—1 -1 2
=D LB+ a8 - Y 57 { >, bkfkﬁk} :
| po

j=1-n k=—o00

0 n—1
Y=Y LE+) ¢afl - Z Z CreBrBe,
j=2-n k=2-n{l=2—n

Y=Y Akt B
=2

where A = (Age)? L, is a symmetric matrix given by

At = I, — crr, k=2-mn,..0,

Akkzckfl_ckka k:1>"'7n_17
2—n<k<l{<n-—1.

Ape = —Cpe,
We shall show that for k=2 —n,...n — 1,
n—1
5 a
(=2—n

First take 2 —n < k < 0. Then using (3.17) and (3.9),

n—1
> A = Ik——Ik Z [ o Zbﬂg

jln] {=2—n

~1
= Iy — 1 Z bl

Jj=1-n

{=2—n

+2ch HF N2 = > LHE N2

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

by (3.10), on noting from (3.7) that b}, = 0 except for 2—n < j+1 </l <2j+n+1<n-1

Also from (3.7) we see that b, = 0 except for 1 —n < % <j<k-—1<-1. Thus

—1 [e'e)
Z b?k:: Z b?k:L

j=1-n Jj=—00

by (3.8), and so (3.19) gives (3.18) .
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Now take 1 < k <n — 1. As in the derivation of (3.19), and noting that I = 1,

n—1

Akg = Ck—-1 — Z b;bk (320)

(=2-n j=l1-n

From (3.7) we see that b, # 0 implies j > b

Z bix = Z by, =1 — Zbyk’

Jj=1-n j=—00

by (3.8). Thus by (3.20), (2.5) and (3.4),

k—n—1

L and since 1 —n < 5

n—1 . n—1 1 . e
2 e = H;(nj )+ (i)

{=2—n 7=0

> -1 > n—1 n—1

— 2—7’L+1 n 2—n+1 _1
() () ()
7=0 7=0
> —1

= gt " )—1
> (o

= 9o ntlon=l _ 1 .

Hence (3.18) holds for k =2 —n,....,n — 1.
By Lemma 3.2, (3.16) and (3.17),

Y = = Y A6 -5)

2—n<i<j<n—1

Loy (Y

2—n<i<j<n—1

From (3.14), this gives (3.12). A

Proof of Theorem 3.1. Take f € L*((0,00)). By scaling (3.12) we see that for any j € Z,

Z PHLLL(f, N (27H1)) Z 2N f, Ni(27))?

co n ‘ ' A NZ<2]‘+1.) Nm(2j+1') 2
R S N
i=1 k=1 2—n<l<m<n—1 m

So for any integers r < s,

Z[ (f, 272 Ny(2°-) ZI (f.272N;(27))% + i (f, 22 (27))°

1=—00 1=—00 Jj=r =1 k=1

.

J=r+12-—n<l<m<n—1
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Now for any integers i, s, recalling from (3.1) that 0 < N;(z) <1, x > 0, we have

27%Ti4n 27%%i4n
I, 25 N (2°))? szm*/ Ik N2
2

—Sx; 2= 5x;
2_Smi+n 2_Smi+n
S ) WA
2= 5x; 27 5x;
by (3.2). Thus
—1 2 Sx'H»n
SO LA 2PNE)? < on Z /
275xn 1
< nQ/ f*—0as s — oo. (3.22)
0
Also
Zf (F2PNi(2)° = D (f,2PN(2° - —i))’
i=1
— |If|I* as s — oo, (3.23)
as in the proof of Theorem 2.1. As above,
o0 2= rmz+n
Yo LNE2PNEY))? < on Z /
1=2—n 1=2—n T
< n2/ f*—0asr— —oo. (3.24)
27T n
Also by (3.5),
< 27n
D TR AN = Y S (2P ET)?

| (
(f, 2792 (279.))2. (3.25)

1-n
S
l1-n—r
]_ZOO 2 — 1

From (3.21) - (3.25),

AP = Y g (F277PME@7) + Y Y D (f 2 0u(2))?
j=—00 j=—o00 1=1 k=1

P (o (M2 Nl

j=—00 2—r<f<m<n—1 I m

which proves the result. '

Now recall the matrix A, as in (3.17), and consider the Cholesky type factorization A =
LLT. Here L = (Lkg)ke 9, Where Ly, = 0 unless

2—-n<{<k<min{n—-1+2(n— 1},
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and
n—1
> Lu=0, 2-n<l<n-1.

k=0
Then L,,—1,-1 =0 and from (3.16),

-2 /n—-1 2
Yy = ) <Z Luﬁk)
=2-n l

L

n—2
= 2 ) (f,

{=2—n

3

Lyl " Ni(2))2.

n—1
k=t

So in Theorem 3.1 we may replace the (n — 1)? functions in (3.11) by the 2n — 3 functions

n—1

N,
ZLM[k, (=2—n,...,n—2.
k

Example Take n = 2. From (3.9), con = g7-b21gb% . Since V2,5 =1, 02, = 5, [ =
=L = 3 we have ¢ = 3, and so (3. 11) comprises the function f(NO — Nq).

Example Take n = 3. Here b?, ; = 2 and the other values follow from (3.4) or (3.8). From
(3.9), the matrix A in (3.17) is given by

5

o =20 0
_5 6T _3 _1

_ 21 105 10 10
A=1 5 m _»o
10 80 80

_1 _9 1

10 80 80

Thus (3.11) comprises

V0 V30 VIO 3v5

o (N1 = 5N0), o= (No = Ny, o= (No = Na), 3% (Vg = M),

A simple calculation shows A = LL”, where

V105 0
21
/105 V10
21
0
0

5

0

0

L= VARG
4

3

20
V10

o O o O

20 4
So we may replace (3.11) by the three functions:

V105 V10 V3
W(GN—I — 5Ny), 50 (4Ng — 3N; — Na) , T (N1 — Ns).
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Example Take n = 4. Here (b;{k)]l.i’_&k:_4 is

001 000 0 0O0O00O
0012000000
5 3 3
00022 30000
2 20 1 1
000022 L 1gg
00000 5 5 32 3 2
(00000 0 0 5 35 3.
From (3.9), the functions in (3.11) are
4/165 V33 V33
14N_5 — 11N_ — (8N_1 = TNy), —— (BN_1 = 7N
1155 ( 2 1)7 77 ( 1 0)7 154( 1 1)7
V34265 24/35 V1015
No— Ny), —— (Ng — N. Ny — N.
V35 V1015 VT
— (No — N. Ny — N3), — (Ny — N3).
0 Ny~ Ny, Yo (N = N, YT (N, — )
Also from (3.9), the matrix A in (3.17) is given by
-1 11 7
Lo 9 0 0
1173 3 3
o m i a0 0
0 _3 29 _8 _a _1
. 11 385 385 35 35
0 _3 _389 3439 _ 2 _ 329
a4 T 385 6160 140 560
0 0 -5 - 1
1 29 1 13
L0 0 =5 5w T Tz -

Vi g 0 0 0 0]
SEOE 0 0
2165 V21
I — 0 S T 0 0 0
B /165 Vol L
0 B wm @ g
4v21 V51 V10
0 0 3% 15 1w 0
V21 V51 V10
| 0 0 =% ~% ~—1 0l
So we may replace (3.11) by the five functions:
V165 V165
v21 Vo1 10
—— (15Ny — 10N; — 4Ny — N3), —— (5N; — 4Ny — N3), —— (No — N3).

105 60 10

13
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