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1. INTRODUCTION

In the past two decades, wavelets and frames have proved to be a useful tool in im-
age and signal processing. Recent developments in geometric modeling and numerical
approximations have motivated the construction of wavelets and frames for other multi-
scale and multiresolution information, such as discrete geometry information generated
by subdivision processes or 3-D scanners and discrete functional data generated by nu-
merical solution of partial differential equations. For instance, wavelets based on surface
subdivision schemes on polyhedral meshes of arbitrary topology have been studied in [15],
[14], [2] for the purpose of geometry compression, while frames from surface subdivision
schemes have been constructed recently by Charina and Stockler ([3], [4]).

In many situations, frames provide more flexibility than wavelets and their constructions
from multiresolution analyses (MRA) are also simpler. A catalyst for this development
is the Unitary Extension Principle introduced by Ron and Shen [18], which provides a
general construction of tight wavelet frames for L?(R") in the shift-invariant setting, which
we shall refer to as the stationary case. Some historical pointers on the development of
the theory and construction of frames can be found in [9]. The paper [9] and a parallel
and independent study in [6] provide further development of the subject. The Unitary
Extension Principle of Ron and Shen is formulated in the frequency domain and allows
for the construction of affine frames that are shifts and dilates of a finite set of functions.
With the aim of constructing tight frames for square-integrable functions on compact
sets and to extend the frame theory beyond the shift-invariant setting, Chui, He and
Stockler [7] have developed a parallel theory, formulated in the time domain, together
with a general construction of tight frames for L?(I), where [ is a finite interval in R. The
multiresolution subspaces (Vj)jio of L?(I) are generated by finite sequences of functions,
®;, that satisfy the non-stationary refinement relations, ®; = ®;,,4;, j = 0,1, ..., where
A; is a non-square transition matrix. They provide necessary and sufficient conditions
for sequences of functions ®;1B;, j = 0,1,..., to form a tight frame, in terms of the
existence of symmetric positive semi-definite matrices, I';, that define the kernels, ®;I'; (DJT,
j =0,1,..., for a sequence of approximation operators that converges in norm to f for
any f € L?*(R). The construction of frame elements is then carried out by factoring the
matrices I'; 1 —AijAjT to obtain B;. The method was demonstrated in the construction of
non-uniform spline tight frames in [7]. The theory and the general method of construction
have been extended in [8] to spaces of square-integrable functions on non-compact subsets

of R, and are also partially extended to higher dimensions in [3]. On the other hand, for
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the space L*([0,27)") of periodic functions, in which the wavelet frames are generally
non-stationary, Goh and Teo [12] have developed the corresponding Unitary Extension
Principle in the frequency domain and introduced a new method of construction based
on local matrix extension to matrices with orthonormal columns. The method employs
the singular value decomposition, which simplifies considerably the problem of matrix
extension.

While general theories and methods for the construction of wavelets and framelets in
the stationary and non-stationary settings have been established, explicit construction of
wavelets and framelets in most cases remains a challenging task. The object of this paper is
to develop a new method for constructing tight frames for the space L?*(§2), where Q C R",
and provide two explicit constructions. The construction, which is largely motivated by
that in [12], is based on the local matrix extension of vectors associated with transition
matrices of the refinement relations across consecutive resolution levels. It is applicable
in both the stationary as well as the non-stationary setting. The matrix extension can be
carried out by the Householder transformation in the scalar case and by an adaptation of
the method based on singular value decomposition developed in [12] in the scalar as well
as the vector case. These are illustrated in Sections 4 and 5. A general theory is developed
in Sections 2 and 3. Although the construction of frame elements in Section 2 is developed
for L*(2) on a n-dimensional region  C R", it is applicable to locally parametrizable
piecewise smooth manifolds in R"™, such as a sphere or polyhedral surfaces. In Section
4 we construct tight frames for linear splines on triangular polyhedral surfaces in R? of
arbitrary topology. Piecewise linear functions defined on polyhedral surfaces are useful
in applications in computer graphics (see for instance, [1], [11]). Section 5 deals with
the construction of piecewise quadratic tight frames from Powell-Sabin elements on a
six-direction mesh [16].

After completing this work we discovered that similar, but different, constructions of
tight frames appear in preprints by Charina and Stockler [3], [4] and Reimers [17]. Explicit
constructions of tight frames from MRA generated by surface subdivision schemes are
given in [3], [4], while some univariate tight spline frames and bivariate linear spline

frames are constructed in [17].
2. CONSTRUCTION OF TIGHT FRAMES
Let ¢;, i € S, and aj, j € T, be real-valued functions in L?(Q), Q C R", satisfying

¢i = Zaiquj, 1€ S, (21)

JET
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where a;; > 0,7€ S, jeT,

Zaij =1, jeT, (22)

ies
and each row of the matrix (a;;)ies jer has finitely many non-zero entries. We assume that

{¢; :i € S} and {5] : j € T} are locally finite, i.e. for any = € €2, there is a neighborhood

of x in which all but a finite number of them vanish. Note that

DoGi=D D ahi =) 6y =) 0

€S 1€S jeT JET i€S JET

Suppose I; := [¢; >0, i € S, and TJ = fq% > 0, j € T. Then integrating (2.1) gives

Ii = Zaijl:;, 1€ 5. (23)

JjeT

Let &, := I; ¢, i € S, and ®; := I, /*¢;, j € T. Then (2.1) gives

CI%' = Z <f]/Iz> 2 aijfij, 1€ 8. (24)

JjeT

Take i € S. Let {j : a;; # 0} = {J1,..., jru)}. For simplicity put r(i) = r, and define

. ~ 1/2
v = vg(i) == ((Ije/fi)aije) L l=1,...r

Then
Ul? = (Isz/]i) aij, = 1,
=1 =1
by (2.3). We can therefore extend the row vector (vq,vs,...,v,) to an orthogonal matrix
V= (0ke)f o=y With vy =g, £=1,... 1.
For k =2,...,r, define
— i 125
Vi = Yy, = kafaij/g Dy, (2.5)
=1

Proposition 2.1. For f € L*(Q),

r (@)

ST I =D (852

icS i€S k=2 jeT
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Proof. Take f € L2(Q) and let a; := (f, ®;), j € T. Then for a fixed i € S, by (2.4) and
(2.5),

r r 1 2
<f7 (I)i>2 + Z<f7 ¢k>2 - ( (fje/li> " aijeaﬁ) + Z (Z Ukealje ajl’)
k=2 =

/=1

T T 2
. 1/2
= Q;j, VkeQ,

k=1 /=1
— ||VDlay,, .., )|,

where D := diag(ay2 . alp). Thus

2J1 7 ? e

<fa ®i>2 + Z<f’ ¢k>2 = [ajn s ,ajr]DTVTVD[Osz ce ’ajr]T

k=2
= [Oéj17 e ,ozjr]diag(aijl, . 7aijr>[05j17 R ,OéjT]T
= Y a0l =) aylf, &)
k=1 JeET
Hence it follows that
r(i)
DSUER+D D (LU =D ay(f, ) =D (£,,)%,
€S €S k=2 €S jeT JET
by (2.2). [ )

Next, we consider the vector case. Here, we consider sets of functions rather than a
single set. Let ¢;, 1 € S, and aj, j € T, be functions in L*(Q2), Q C R", as before and we
still assume the situation of (2.1)-(2.4), except that we now allow a;; < 0. Now suppose
S is the union of finite disjoint subsets S,, v € J. Take any v € J and suppose S, =
{i1,...,im}, where m =m(v) > 1. Let {j € T': a;; # 0 for some i € S,} = {j1,..., 4},
where we suppose 7 > m. For simplicity we write by, = a;,;,, 1 <p<m, 1 <¢q <r, and
assume

blg+"'—|—bmg>0, 621,...,7’.

Now let U := (vpg),oi 41, Where

Vpg = (f-/[-)l/Q(b oo bg) V0
pq Jal *ip 1q mq Pq-

Then for 1 < p,q < m,

r

b
Ty _ -1/2 pﬁ qf
(UU" )pg = Zzlvpquf = (L, Z bi + _|_ bmz
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Note that

m

- b
Z(UUT)quilq/Q = 1/222 blf _f[ q£_|_ bmﬁ

q=1 /=1 gq=1

—1/2 s —1/2 i
= I, / > by, =1 / > a0
=1

(=1
o —1/2 i o 1/2
= LY a0 =17

JET

by (2.3). Thus ([Z-ll/z, . ,Iilf)T is an eigenvector of UUT with eigenvalue 1. We shall
assume that all eigenvalues of UU7 are less than or equal to 1. We note that this will be
the case if all entries of UU” are non-negative. For let D be the diagonal matrix with
entries Ii11/2, . 11/2 Then D~*UUT D has eigenvector (1,1,...,1)T with eigenvalue 1. If
all entries of UUT are non-negative, then D='UUT D is a stochastic matrix and so all its

eigenvalues are less than or equal to 1. Under this assumption on the eigenvalues, we may

S,r

extend U to a real matrix V' = (vpq), =1,

s = s(v) > r, which has orthonormal columns;

this is shown in Theorem 4.1 of [12] for complex-valued matrices and the result for real

matrices follows as a special case. For k =m +1,...,s, define
w,’; = Z ng(blz + e+ bmg)l/Qg)jz. (26)
=1

Proposition 2.2. For f € L*(Q),

A IEEDY Z (Fun)? =3 (1 8)

€S ved k=m(v)+1 JeET

Proof. Take f € L*(Q2) and for a fixed v € J, let g := (f,®;.), ¢ = 1,...,7. Then by
(2.4) and (2.6),

(F.2,)°+ Y (fup)?

1 k=m+1

2
- /2
(Z ( Jﬁ/IZp) pmg) T Z <Z Vke(bre + -+ + bme)1/20w>
b=l k=m+1 \¢=1

2

Y

ANGE

NE

p

s r 2
= (kag(blg+"'+bmg)l/2ag> = HVD[OQ,...,O(T]T‘
k=1

(=1
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where D := diag((byg + - - - 4 bpe)/?)5_,. Thus

(f. 2,02+ > (fUp)? = [on...,0.]D"VTVD|on,...,0n]"

1 k=m-+1

NE

p
= [oq,...,a.]diag((bye + - + bmg)l/Q)Zzl[ozl, . ,ozT]T

T

= Y (b +bui)oi

k=1

= Z(ail,j + o ai, ) B)%

jeT
Summing over v in J gives

S e+ Z fwk =30 a9 = > (£, )%

i€S veJ k=m(v) €S jET JeET
by (2.2). [

To construct tight frames for L2(€2), Q2 C R", we consider scaling sequences ¢¢, i € Sy,
¢=0,1,..., of real-valued functions in L?(Q) satisfying

o= 3 dltt, ies, (=01, (2.7)
JESe41
for afj € R with
dy=1, € Sus (=0,1,.... (28)
i€Sy

We assume that for £ = 0,1, ..., the collection {¢f : i € Sy} is locally finite and that for
each i € Sy, £ = 0,1,..., only a finite number of coefficients in (2.7) are non-zero. Note

that from (2.7), for £ =0,1,...,

SLESIPSTLED SR SRS SRV
i€Sy 1€Sp JES 41 JESi+1 i€ESy JE€ESi41
by (2.8). We shall assume that Y, ¢ @] = 1, so that
dgi=1, £=0,1,.... (2.9)
1€Sy

We shall also assume that for i € S,, £ =0,1,...,

=/#>Q
Q

; = (I}) 7?4

and define
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For i € Sy, £ =0,1,..., we have provided methods to construct, under quite general

conditions, 7 = r(i, £) functions ¥5, k =1,...,r, defined by

e= ) bk, i€ S, (=01, (2.10)

JE€Se41

and satisfying for any f € L*(Q2), £ > 0,

ST =D (F 002+ N (f k) (2.11)

JESi+1 1€Sy 1€Sp k=1

We suppose that for each i € Sy, £ =0,1,..., only a finite number of coefficients in (2.10)
are non-zero.

We say that the collection {® :i € SpyU{vy :k=1,...,r,i€ S, £=0,1,...} forms
a normalized tight frame for L*(Q) if for every f € L*(Q),

AP =200+ D > A v (2.12)
i€So (=0 i€S; k=1
By standard frame theory (see for instance [5], p. 115), this is equivalent to
F=Y L00®)+ >N (f bk, (2.13)
i€So (=0 i€Sy k=1

for all f € L?(Q). In general, for 5, k = 1,...,7, i € Sp, £ = 0,1,..., to contribute
to a normalized tight frame requires some restrictions on the scaling sequences ¢%. For
simplicity we shall make the following assumptions, which cover most practical cases

including those in Sections 4 and 5.

(A1) ¢i(x) >0, 2€Q,i€ S, £=0,1,....
(A2) For some integer N,

1{i: ¢i(z) #0} <N, 2€Q,i€8, £=0,1,....

(A3) For £ = 0,1,..., i € Sy, there is a subset Qf C Q such that supp(¢¢) C Q¢ and

diam(Q¢) < hy, where hy — 0 as ¢ — oo.

Theorem 2.3. Suppose that (A1)—(A3) are satisfied. Then the collection {®? : i €
Sob U{vt, ck=1,...,r,i€ 8, £=0,1,...} forms a normalized tight frame for L*(Q).

We shall give a proof of Theorem 2.3 in the next section.
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3. APPROXIMATION ORDER AND PROOF OF THEOREM 2.3
We consider ¢f, ®¢ and ¢, k=1,...,r,i € S;, £=0,1,...,in L*(Q), Q C R, with all
the assumptions as in the previous section. To determine the approximation order of the

frame system, we take v > 0 and consider a sequence of operators Q, : C**1(Q2) — V,

of the form

Quf =Y N(/)e},

1€Sy
where in addition to conditions (A1)-(A3) on ¢ we assume that the linear functionals A}

satisfy
(A4) NN < Allflelloos © € Se, £=0,1,..., for some constant A > 0.

Theorem 3.1. Take v > 0 and suppose that for { =0,1,..., Qs = p for any polynomial
p on Q of degree v. If f € C*T1(Q), then

|Qef(z) = f(2)] = O(hy™),
uniformly on compact subsets of ), where hy are as in condition (A3).

Proof. Take x € Q. For £ = 0,1,..., let W, = U{Qf : i € Sy, ¢'(x) # 0}. Letting W
be a compact set containing {y : d(y,z) < he}, £ =0,1,..., condition (A3) ensures that
W, C W, ¢ =0,1,.... Since W is compact and d(z,y) < hy for any y € W, there is a
constant B depending only on the (v + 1) derivative of f on W, such that

I(f = p)lwllee < BR{T, £=0,1,....
Then since f(x) = p(z), recalling (A1) and (A4), for £ =0,1,...,

Qef(x) — f(z)| = [Qu(f —p)(2)]
< Zp\f(f—]?)w(if)

€Sy
< A = plwlle Y 8i(x)
1€Sy
< ABhJT.
The result follows. [

Remark 1. In most practical situations, €2 is compact. In this case Theorem 3.1 gives

1Qef — fll2 = O(hyH).
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We now define a sequence of operators Ty : L*(Q) — V, by
Tof =) X (f)é
icS,
where \{(f) := 1_14’< f,%). This is a sequence of integral operators with kernels
Ki(x,y) =Y (I)'¢{(0)d{(y), (2,y) € 2x Q.
i€Se

In the univariate case, the kernel K, corresponds to that of [7] with the matrix ', =
diag({(If)™*/?}ics,). We are interested in the norm convergence, Tyf — f, for the proof of
Theorem 2.3. The conditions for the convergence of such an integral operator have been
studied in approximation theory. Since the results are scattered in the literature we shall
give a proof of a result (Theorem 3.3 below) that meets our need.

By condition (A3), |N(F)| < ||f |q¢||oo- The following lemma shows that 7y is uniformly
bounded.

Lemma 3.2. For f € L*(Q),
1Tefll2 < N2 ]2,

where N is defined by condition (A2).

Proof. For x € €,

(Z Af(f)ﬂﬁf(f)) SN NUP(@)?,

i€ESy 1€Sy

since condition (A2) implies that there are at most N non-zero terms in the summation.

Thus

ITofll3 < N I3 007683

1€Sy

< N /fd»f/&/asf

1€Sy

NZ/f2

1€Sy
S RSN
1€Sy

where we have used (2.9) and the inequality [,,(¢5)? < [, ¢f = I}, since 0 < ¢ < 1. &

IN

Theorem 3.3. For f € L*(Q),

fim Tof = f in L*(Q).
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Proof. Note that if g(x) = ¢ for all = € 2 and for a constant ¢, then for x € Q,
Tigle) = S0 ([ oot o) =e Y otlo) =
= Q i€S,

It follows from Theorem 3.1 that if g € C*(2), then |T;g(x) — g(x)| = O(hy) uniformly on
compact subsets of €.

Now take f € L?(2) and € > 0. Choose a compact subset K C Q with ||f — f|k]|]2 < €.
Let L ={z € Q:d(z,K) <1}. As in the proof of Lemma 3.2, if hy < 1, then

Tof —Tof|olle < NY2||f = flills < NY2.

Choose g € C'(Q2) such that ||(g — f)|z]|2 < €. Choose M such that for all £ > M, hy < 1
and ||(Tyg — g)|L||2 < €. Then for £ > M,

f=Teflla < (If = flelle + 1 £z = glelle + 11(g — Teg)|L]]2
+ 1 Te(g — H)lclle + Tefz — Teflla

< 3e+ 2N
Thus limy_,o Ty f = f in L?(Q). '
We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. Tt follows from (2.11) (see [5], p. 409) that for f € L*(Q) and
(=1,2,...,

S (fehel = D (felhert + > Y (fu e (3.1)

JES, i€Sp_1 i€Sp_1 k=1

Iterating (3.1), we have for any f € L?*(Q) and £ =1,2,...,

/-1 r
D (L OHDE =D (fOND0+ D > (fmvR,

iESg ’iES() m=04eSy, k=1
which gives
/—1 T
Tf =) (Fe)®)+) > > Af.vivi.
i€So m=0i€Sm k=1
Letting ¢ — oo and using Theorem 3.3 gives (2.13), which is equivalent to (2.12). [

In Sections 4 and 5 we shall construct 1%, for bivariate linear splines and for Powell-

Sabin elements respectively.
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4. PIECEWISE LINEAR FRAMES ON TRIANGULAR MESHES IN R?

The construction of frame elements in Section 2 is applicable if Q C R? is a polyhedral
surface. We shall illustrate the construction of frames on such a manifold by considering
linear splines on triangular polyhedral surfaces of arbitrary topology. Let P° be a trian-
gular polyhedral mesh in R?, P(P) be the set of all its vertices and F(P°) be the set of
all its faces. For any two surface integrable functions f, g : P° — R, we define their inner

product

aye= [ rais= 3 | rass,
)

TeF (PO

and let L*(P°) be the space of all surface integrable functions with respect to this inner
product. Let Vj be the space of linear spline functions in L?(P?), i.e. the space of contin-
uous L*-functions on PY that are linear on each of its triangular faces. The space V} is

spanned by nodal functions ¢, p € P(P"), where

¢2(q) =0pg G € P(PO)-

Subdivision of P° at the mid-point of each of its edges gives a refinement P* of P°, whose
vertices are the set P(P'), which is the union of P(P°) and the midpoints of all the edges
of PY. Similarly we define the space V; of linear splines in L?(P?). Continuing in this way
gives a nested sequence of subspaces Vo C V; C V5 C ---, with @ = L*(PY). The
general method of Section 2 for the construction of tight frames for L?(P°) is applicable
at each resolution level, which gives tight frame elements in V}, j = 1,2,..., whose union
together with {¢) : p € P(P")} form a tight frame for L*(P°).

We now construct tight frame elements in V. Take the nodal basis functions qbg e W,
p € P(P). For each vertex p € P(P°) where m edges meet, let its neighboring vertices
be p;, j =1,...,m, arranged in the anticlockwise direction, and let pjl- be the mid-point
of the edge [p,p;]. Let ¢110, gzﬁjl = gzﬁzl,} be the nodal basis functions at p, pjl- respectively in
Vi. Then (2.1) and (2.2) are satisfied with

0 1 E 1
¢p = ¢p + apj¢j7
i=1
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where a,; = %, 7 =1,...,m. Letting
._ 0 _ 0 0
I, = ¢pd5 /(b dS, pe€ P(P°),
PO TeF(PY)
Iq1 = ¢;dS: /(bldS qGP(P)
PO TeF(P)
0 ._ 7-1/2,0 1. —-1/2
(pp L [p / ¢p ) (pq T ( q) / ¢q I

(2.4) becomes
I /1)2¢! 1'/1)29!
= (I,/1,)"/*® +—§ 1}/1,)? o1,

where Ijl = I;j <I>1 <I>1 and

1
= (\Jorr,\/1,.... /T
! w/21,,( p VA m)

is a1 x (m+ 1) unit vector. Extending v to an orthogonal matrix, the construction (2.5)
gives m frame elements ¢§7 e Vi, 7=1,2,...,m, with support equals that of qbg.

To compute the components of v explicitly, we note that for any triangle 7" = [a, b, (|
with vertices a,b,c € R? and any linear function f : T — R taking value 1 on one
vertex and 0 on the other two vertices, [, fdS = |T'|/3, where |T| denotes the area of
T. Let T; = [p,pj, pj+1] be the triangle in P’with vertices p, p;, p;+1, where p; are defined
cyclically, and let T1 p, pj, P; +1] be the corresponding triangle in P*. Then

I, = é;mr,
no= 3 m= 5>
=1 =1

1 .
Io= [T IT = (Tl + T, =1,
and hence , ,
I 1 I; 3 | 1| + [Ty
2 __ ~)j, where \; i= 17
I, 1 or, 40V 2ZZJE
Therefore,

_ %(1,\/3A1,...,\/3AWJ.

A natural way to extend v to an orthogonal matrix is to find an orthogonal matrix V/
that maps the unit vector e; := (1,0, ...,0) to v, and this is provided by the Householder

transformation [13]:
2(e; —v)T(e; —v)

llex — ol f?

V=1-

I
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which is a (m + 1) x (m + 1) matrix whose (k + 1) row, k =1,...,m, is

1 -3 -3 3. -3 —3
(5\/3&,7\/%&,...,7 AkAk_l,l—iAk,7\/>\k/\k+1,...,7\//\k)\m). (4.1)

Other orthogonal extensions of v can be obtained by transforming any orthogonal matrix
with first row equals e; by V.
Using the orthogonal extension V, (2.5) and (4.1) give the following frame elements

associated with a vertex p € P(P?):

A
V2(|Te—r| + | Tx|)

v =

6op + (2/A —3)6h — 3> @b o, k=1,....m.
j=1

£k
5. TIGHT FRAMES FROM POWELL-SABIN ELEMENTS ON A SIX-DIRECTION MESH

Let T denote a regular triangulation of R? into equilateral triangles and P be the set of
their vertices. To be definite we assume elements of T" have sides of length 2, choose the
origin as one of the vertices and the x-axis parallel to one of their sides. Let 7 denote the
triangulation gained by inserting the medians of all elements of T, and let .S denote the
space of all C'! piecewise quadratic functions on 7. From the well-known Powell-Sabin
‘6-split” elements [16], we know that each function in S is determined uniquely by its
values and first order derivatives at P.

Now let ¢; € S have support in the hexagon centered at the origin and have non-zero
triangular BeZier coefficients as shown in Figure 1. Note that ¢1(- ,y) = é1(-, —v), y € R,
and the support of ¢; is actually on the pentagon BCDEF'. Let R denote a rotation through
2r clockwise and write ¢ := ¢ (R- ), ¢3 := ¢1(R? ). Their supports are illustrated in

3
Figure 2. Note that ¢3(- ,y) = ¢2(- , —y), y € R. Also their derivatives at the origin are:

Ve1(0,0) = (=2,0), V2(0,0) = (1, —V3), v¢3(0,0) = (1,V3). (5.1)

Clearly ¢1, ¢o, ¢35 are linearly independent and form a basis of the subspace of S comprising
all functions with support in the hexagon. Moreover, {¢;(- —p):p € P, i =1,2,3} span
all of .S and
3
> o —p)=3. (5.2)
peEP i=1

Integrating (5.2) over a region {2 formed by two adjacent triangles in T gives

0= 3" [t —p)—i/RQqﬁj—S/RQ% =123

peEP j=1
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Y“
c B
3
1
3/ 1/
1
D 1 = A X
1
3/ 1/
1
3
1
E F

FI1GURE 1. Bezier coefficients of ¢;.

FIGURE 2. Support of (a) ¢1 (left), (b) ¢ (middle), (c) ¢3 (right).

and so

b= Q| =2v3, i=1,2,3.

R2
In order to apply the theory of Section 2 we must satisfy (2.9) and so rescale our functions
by defining ¢? := ¢;/3, i = 1,2,3. Then for i = 1,2,3, I? = 2/y/3 and ®; := (I°)~""/2¢? is
given by

d;, =2712373g, i=1,2,3. (5.3)

Now let T denote the mesh of equilateral triangles gained by dividing each element of
T into four by joining the mid-points of its edges. Let T denote the triangulation gained
by inserting the medians of elements of T. Let S denote the space of all C! piecewise

quadratic functions on 7, i.e. S = {f(2) : f € S}. Now T is a refinement of 7, see
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a) Regular triangular mesh 7" (top left), (b) median subdivision

(

top right)

FIGURE 3.
Tof T (

edge mid-point subdivision T of T' (bottom left), (d)

(c)

Y

(bottom right).

median subdivision 7 of T

Figure 3, and so S C S. Thus we have refinement equations

3

¢izzza-

(5.4)

i=1,2,3.

-p),

05(2

p
)

1

peP j

., p¢ denote respectively the vertices

0 and D1, -

E, F of the hexagon shown in Figure 1. Then with ¢

let Do

To describe this in detail,

A B, C

(é1,02,05)", (5.4)

D,

)

becomes

(5.5)

.,6. Then

k=0,..

?

)

[0(pr/2), 0:0(pr/2), Oy¢(pi/2)] = AK)C,

for 3 x 3 matrices A(k

(5.6)

'761

k=0,..
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where C' := [¢(0),20,¢(0),20,¢(0)] and by (5.1),

1 =4 0
C=|1 2 —2V3]|. (5.7)
1 2 23

The matrices A(k) can be calculated from (5.6) and (5.7) but first we shall rearrange (5.5)
to take account of symmetry.

Define P;, j € Z, by P; = p;, j =1,...,6, and so that (P;) is periodic of period 6, i.e.
P ¢ = P;, j € Z. Also we extend the definition of ¢; to j in Z so that (¢;) has period 3.
Then for j € Z,

RPj = Pj—Qa ij(R‘ ) = ¢j+1'
Letting ¢, = ¢;(2- —Fy), J, k € Z, we have for € R?
Oju(Rx) = ¢;(2Rx — Py) = ¢;(R(2x — Ppy2))

= 0j+1(22 — Piy2) = ¢j1p42(2).

We now arrange the functions on the right-hand side of (5.5) into cosets under the oper-

ation of R, i.e. we define

IDO = ¢(2' ), 1/)1 = (¢117¢237¢35)T, ¢2 = (¢15,¢217¢33)T=
¢3 = (¢13,¢25,¢31)T, ¢4 = (¢12, ¢247¢36)T7
V= (P16, P22, P3a)" s U = (P14, os, P32)" .

Then for k = 0,...,6, writing ¢* = (F, & 5T

Yi(R-) =k, jE€Z (mod 3). (5.8)
Thus (5.5) becomes
6
6= Blk)", (5.9)
k=0

for 3 x 3 matrices B(k), k =0,...,6. Defining B(k);j, ¢,j € Z, periodic with period 3 in
i and j, we have for i € Z, z € R?,

$i(x) = ¢i1(Re) =Y Y Bk)ia 0y (Re) =Y > B(k)io1;- 195 (x),

k=0 j=1 k=0 j=1

by (5.8). Since B(k), k =0, ..., 6, are uniquely determined by (5.9) we have

B(k)ij = B(k)i—1-1, 14,j € Z (mod 3),
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ie. B(k), k=0,...,6, are circulant matrices. We shall denote by C the space of all 3 x 3
real circulant matrices.

Now suppose that
6

f=>Y_Clky*,

k=0

for C(k) € C, k= 0,...,6. Writing f = (fi, fo, fs)", clearly fo = fi(R-), fs = fi(R*).
We shall consider f(S- ), where S(z,y) := (z,—y), ¥,y € R. Defining the permutations
c:(1,2,3) — (1,3,2), 7:(1,...,6) — (1,6,5,4,3,2), we have for j = 1,23,k =1,...,6,

Gir(S) = ¢;(25 - —P) = ¢;(25 - —SPr)) = ¢o(5(2 —Pr(r)) = Go(j),r(t)-

Denoting 7](917 g27g3)T = (gla gs, gZ)TJ it follows that

6

nf=>_ CT(kmyt,

k=0
and (S ) = i, NS ) = myl, (S ) = Ut PA(S- ) = et (S ) =
n¢5a ¢5(S ) = n¢4a ’QDG(S ) = 771/167 so that
nf(S-) =CT0)y° + CT (1! + CT(3)9? + CT (20 + CT(5)0* + CT (4)¢° + CT(6)y°.
In particular,

(S ) ==xh, foS) ==Lfs,

when CT(0) = £C(0), CT(1) = £C(1), CT(2) = £C(3), CT(4) = £C(5), CT(6) =
+£C(6).

We shall now calculate the matrices B(k), k& = 0,...,6, in (5.9). From (5.6), for
k=0,...,6,

[A(K) 11, A(k)12, A(K)1s] = [01(pk/2), 0001 (pr/2), Oy (pr/2)]C

where by (5.7),
1/3 1/3 1/3
Cl=|-1/6 1/12  1/12
0 —V3/12 V/3/12
Then from (5.1),

[A(0)11, A(0)12, A(0)13] = [1, —2,0]C7" = [2/3,1/6,1/6],
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and further calculations give

[A 1 11,A 1 12,A 1 13] - [0,0,0]Cil - [0,0,0],

(D11, A(1)12, A(1)

[A(2)11, A(2)12, A(2)

[A(3)11, A(3)12, A(3)13] = [3/4,0,—V3]C™" = [1/4,1/2,0],
(4)11, A(4)12, A(4)
(5)11, A(5)12, A(5)
(6)11, A(6)12, A(6)

2)12, A(2)13] = [1/4,—1,0]C' = [1/4,0,0],

4)11, A(4)12, A(4)13) = [1,2,0]C1 = [0,1/2,1/2],

5)11, A(5)12, A(5)13] = [3/4,0,V3]C~! = [1/4,0,1/2],

6)13] = [1/4,—1,0]C~' = [1/4,0,0].

N

[

By (5.5) and (5.9),

6)11, A(6)12, A

Since ' = (1,93, )T = (P11, a3, d35)7, it follows from the linear independence of ¢y,
that

[B(1)11, B(1)12, B(1)13] = [A(1)11, A(3)12, A(5)13] = [0, 1/2,1/2].

Since B(1) € C,

0 1/2 1/2
Bl)=11/2 0 1/2
/2 1/2 0
Similarly,
2/3 1/6 1/6 /4 0 0 1/4 1/2 0
BO)=1|1/6 2/3 1/6 |, B2)=| 0 1/4 0 |, B4=| 0 1/4 1/2 |,
1/6 1/6 2/3 0 0 1/4 /2 0 1/4

B(3) = B(2), B(5)=B(4)T, B(6)=0.

We now apply our method in Section 2 to construct a frame. We need to consider the 3 x
18 matrix U = [U(0)...U(5)] where for k = 0,...,5, U(k) is gained from B(k) by dividing
each column by twice the square root of the sum of the entries in the column. Then U(0) =

LB0), U()=1B(1), U@ =UE)=BEQ). UM =LB4). U®) =U@"

Clearly, U(k) € C, k =10,...,5. A straightforward computation shows that
14 5 5
1
UU" = —
21 5 14 5 |,
5 5 14
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which has eigenvalues 1,3/8,3/8. We shall extend U to a matrix V' with orthonormal
columns by a modification of the method for establishing Theorem 4.1 of [12], which
ensures that V' comprises blocks in C, and hence the frame elements will have appropriate
symmetry.

We first note that any 3 x 3 circulant matrix M can be written as M = F*DF where

D is a diagonal matrix and for w := exp(27i/3), F' is the unitary Fourier matrix given by

1 1 1
=11 2,
124

(see [10], p. 73). Then a matrix M is in C if and only if M = F*DF, for D € D :=
{diag(d, e, ) : d € R,e € C}. Note that in this case MT = F*DF.
Now let A := diag(1,1/3/8,/3/8), so that

UUT = F*A’F. (5.10)
For some D(k) € D, k=0,...,5,
U=[U0)...U()] = F*[D(0)...D(5)]diag(F,F,...,F)
— F*AXdiag(F, F,...,F), (5.11)

where diag(F, F, ..., F) is a 18 x 18 block diagonal Fourier matrix and
X = [A'D(0)...ATID(5)].
Now from (5.11),
X = A 'FUdiag(F*, F*,..., F*),
and so by (5.10),
XX*=A'"FUU'F*AN' = AN'FF*A°FF* A = I

Thus X has orthonormal rows. We shall extend X to a unitary matrix Y = [D;;]?,_,

where D;; € D, 4,5 =0,...,5, and Do; = A~'D(j), j =0,...,5. We then define AeD
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by A := diag(0, /5/8, 1/5/8), and define V as the 7 x 6 matrix of 3 x 3 blocks, viz.

A O
V = diag(F*,F*,...,F)| A 0 | Ydiag(F,F,...,F) (5.12)
0 I
U - UG
F*ADoF - - - F*ADgsF
F*DiyF - - - F*Dy5F
| F*D5F : F*Dss F |
[ U(0) Us) |
Voo Vos
L Veo - - - Vas |

where V;; € C, 4,7 =0, ...,5. Since the second matrix on the right-hand side of (5.12) has
orthonormal columns and the other matrices in the product are unitary, V' has orthonor-
mal columns.

It remains to give a detailed construction of Y. For 7 = 0,...,5, write A™'D(j) =

diag(d;, e;, €;). Note that eg,e; € R, dy = d3, e3 = e3 € R, dy = d5, e4 = €5. We construct

an orthogonal matrix (dij)m-:g, where do; =d;, 7 =0,...,5, and
2 2
d12 = %, d13 = —g, dlj =0 otherwise,
2 2
d24 = £ d25 = \/_ dgj =0 otherwise,

dio = di3, diy = d;j5, 3 <1 <5,

5

Similarly we construct a unitary matrix (eij)m:o, where ep; = €5, 7 =0,...,5, and
V2 V2 .
e1g = 5 e13 = —5 e1; = 0 otherwise,

V2¢é, V2e4

el €95 el €2; otherwise,

€24
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and e;; € R, 3 <4 <5,0< 5 <5, satisty
€2 = €3, €y = €5, 3 <1< 0.

Then for 4,5 = 0,...,5, let D;; = diag(d,j, e, ;). By construction Y is unitary and

extends X. Moreover

Vig = =V, Vi, = 0 otherwise,
2 13Ty (5.13)
Voy = —V%, Va; = 0 otherwise,
and for 3 <17 <5,
Vio=Vig, Va=Vi, Va=Vi=Vs=Vi, Vu=V]I (5.14)

In this case, as noted in (5.3), the normalized functions ®; are given by ®; = ¢ 1¢;,
i=1,2,3, where ¢ = 21/23%/% Then from our earlier theory the frame elements are given

by U = (04, W, L), where for i =0,...,5,

U= Bk,
k=0
and
Ei(0) = cVio, Ei(1) =cVi,  Ei(2) = §Vi,
Ei(3) = £Vis, Ei(4) = 28V, Ei(5) = 2LV

From our earlier discussion
Wy = Ui(R), Ty=Wy(R"),
and from (5.13), (5.14),
TS )=, Wy(S-)=Ti i=0,3,4,5,
V(S )= =T, WS- )=-", i=12.
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