FOVEATED SPLINES AND WAVELETS
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ABSTRACT. Spline wavelets on a hybrid of uniform and geometric meshes that admits a
natural dyadic multiresolution structure are constructed. The construction is extended
to other scaling functions and wavelets. The wavelets provide good approximation of
functions near singularities and efficient representation of images with high resolution

around regions of interest.

1. INTRODUCTION

A foveated image is a nonuniform resolution image in which the resolution is highest
at a point, called a fovea, or a region (foveation region), but falls off away from the
fovea or the foveation region. Foveation is an imaging concept inspired by the human
visual process that, when focussed on a region of interest, the perception declines away
from the direction of gaze. A foveated image can have more than one fovea or foveation
region. Although the initial motivation of foveated imaging is in image compression,
which enables only high resolution information of the region of interest to be transmitted
([1, 5, 9]), the concept of foveation has wider applications, for instance in vision research,
3-D visualization and virtual reality ([4, 2, 14]).

A foveated image can be obtained from an image of uniform resolution through an
adaptive scale-space smoothing process, where the width of the smoothing kernel is small
near the fovea and gradually expanding as the distance from the fovea increases ([6, 5, 15]),
which accounts for a better approximation and hence higher resolution in a neighbourhood
of the fovea. Our object is to take a multiresolution approach to fovea imaging. The basic
idea is to construct low-pass filters that can preserve the quality of an image at any points
or regions of interest and at the same time control the quality and achieve a desired level
of compression outside the regions. The underlying theory developed in this approach has
applications that go beyond image foveation. In particular, it provides good representation
of functions near singularities and is also useful in image compression that preserves edges.
In this paper we start with multiresolution subspaces comprising polynomial spline spaces
on a nested family of knot sequences in (0, c0). Each knot sequence comprises a geometric

mesh near the origin that integrates with a uniform mesh away from the origin, and the
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multiresolution subspace is spanned by the corresponding B-splines. Polynomial splines
on the geometric mesh (¢');cz or geometric splines were first studied by Micchelli [16].
They were independently rediscovered by Mallat [15] in the study of image foveation. The
foveated splines that we introduce here are a hybrid of geometric and uniform splines. The
filter sequences are the corresponding discrete B-splines. Away from the fovea the filter
sequence is the uniform B-spline filter, which changes smoothly towards a fovea to achieve
a better approximation. The corresponding wavelets can be viewed as a “foveated version”
of the compactly supported uniform spline wavelets of Chui and Wang ([7]). However,
unlike the uniform case there is no Riesz basis of compactly supported semiorthogonal
foveated spline wavelets.

More precisely, for an integer ¢ € Z the knot sequence, x; := (2y4;) ez, is defined by

2-l(j+ 1), j>0,
xgj::{ G, (1.1)

2= j<—1.
For any ¢ € Z,
Xy C Xpq1 (1.2)
and
Ty =22y, jEZL (1.3)

For an integer n > 1 the sequence of subspaces 175 = Vn,g, ¢ € 7, of piecewise polynomial
functions of order n (degree n— 1) in Ly((0, 00)) with knots in x,, form a nested sequence
with cl(U,2, V;) = Ls((0,00)). It is known ([3], [17]) that the B-splines N, j, j € Z, with
knot sequence x¢ and supported on [z ;, o j+n| form a Riesz basis for \70. Therefore we
have a multiresolution approximation of Ls((0, c0)). Unlike the uniform case the orthogo-
nal complement of ‘70 in V; does not have a Riesz basis of compactly supported functions
for n > 2. In Section 3 we construct a direct sum decomposition 171 = 170 @Wo and a Riesz
basis of compactly supported functions for WO. We also construct a Riesz basis for the
orthogonal complement of 170 in 171 comprising functions with bounded support, in which
all but n — 1 of them are compactly supported.

The multiresolution approximation by the hybrid splines is nonstationary. The B-
splines N, ;, 7 € Z, with knot sequence x, form a scaling sequence that satisfies the
matrix two-scale relation N

Noi= Y aiiNoy(2 ), (1.4)
j=—00

where the transition matrix (a;;); jez is of the form

aj-2i-1, ©=>0,
CLij = I ) (15)
51',]'—17 1< —n,
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a; = 27" (7;), j = 0,1,...,n, is the low-pass filter sequence for the uniform B-spline
of order n and for —n < ¢ < 0, a;; are discrete B-splines on the hybrid of uniform and
geometric knots with a;; = 0 for j ¢ {i +1,....,2i +n + 1}. In Section 4 we extend this
concept to the construction of hybrid scaling sequences from any given scaling function ¢
with finite low-pass filter (a;). In the construction, the hybrid scaling functions inherit the
smoothness of ¢, and the entries a;;, —n <i <0, j =i+1,...,2i +n+1, of the transition
matrix provide parameters that allow their construction with the desired properties, such
as Riesz basis, orthonormality and polynomial reproduction. A necessary and sufficient
condition for local linear independence of hybrid scaling functions is given in Section 4,
from which a necessary condition for the stability of the hybrid scaling function basis is
derived. An analysis of their polynomial reproduction properties and the construction
of hybrid scaling functions that reproduce polynomials up to certain degree are given in
Section 5.

We remark that the analysis and construction of normalized tight frames of hybrid
splines is much simpler and neater than that of the Riesz bases of wavelets and is treated

separately in [10].

2. CARDINAL SPLINES ON THE HALF LINE

Take an integer n > 1. Let S,, denote the space of all spline functions of order n,
i.e. C"2 piecewise polynomials of degree n — 1, with knots in Z. Let Vy := {f € S, :
supp(f) C [0,00)} N L*((0,00)), and V; := {f(27 -) : f € Vo}, j € Z. Let N,, € S,, denote
the B-spline with support [0,n]. Then it is known that {N,( - —j) : j = 0,1,...} forms
a Riesz basis for V5. Moreover {V; : j € Z} forms a multiresolution approximation of

L2((0,50)). i.e. V; C Vs, j € Z, and cl(J V;) = L2((0, 00)).
0

J:
Now let W, denote the orthogonal complement of 1V in V;, and W* the orthogonal

complement of S, N L2(R) in {f(2 ) : f € S, N L*(R)}. Tt is known ([7], [11]) that there
is a function ¢ in W* with support [0, 2n — 1] such that {¢( - — j) : j € Z} forms a Riesz
basis for W*, and there are no nontrivial functions in W* with shorter support. We shall
construct a Riesz basis for Wy. Let ® := {f € Wy : supp(f) C [0,2n — 2]}.

Lemma 2.1.

dim(®) =n — 1.
Proof. Let S ={f € V; : supp(f) C [0,2n — 2]}. Then dim(S) = 3n — 3. It is known that

(O =SNW*={feS:fLNJ( —j), j=-n+1,..,2n—3}



4 GAO XTAOJIE*, T. N. T. GOODMAN' AND S. L. LEE*

So the linear transformation ()\j)?i_j’”l S — R¥3 where \;(f) = [T fNL( - —J),
j=-n+1,..2n—3, has full rank. Hence A := (X;)72;" : S — R*2 is of rank 2n — 2.
Since ® = ker(A), it follows that dim(®) = dim(S) — (2n —2) =n — 1. [ ]

Lemma 2.2. Wy is the closed linear span of ® and ¢( - — j), 7 >0, in L*((0, 00)).

Proof. Let W denote the closed linear span of ® and ¥(-—7), 7 > 0,in L*((0,00)). Clearly
W C Wy. Take N > 3n. Let U := {f € Vo : supp(f) C [0, N]} and W= {f € Vilon :
f L U}. Since dim(U) = N —n+1 and dim(V;|j,n7) = 2N, we have dim(ﬁ/\) =N+n—1.
Note that ® and ¢( - —j), j > 0, are locally linearly independent on [0, N|. For if ¢ € ®
and
N-1
$(x)+ > app(x—j)=0, 0<z <N,

j=0
then

N-1
D app(e—j)=0, 2n—2<z <N
j=0

But it is known (see [11]) that ( - — j), 7 € Z, are locally linearly independent on
[2n—2, N], and hence a; =0, 7 =0, ..., N—1. Thus dim(W][o’N]) = dim(®)+N = N+n—1,

by Lemma 2.1. Since W“OJV] C /W, we have WHQN] =W.
Now take f € Wy. Since f|on] € /W, there are unique ¢ € ® and ¢y, ...,cy_1 € R with

forcjER,jEO.ThustWandsoW:WO. [ )

We shall need the following result in [18].

Lemma 2.3. Let U and V be closed linear subspaces of a Hilbert space and let X and Y
be Riesz bases for U and V respectively. Then U + 'V is closed and U NV = {0} if and
only if X UY is a Riesz basis for U & V.

Theorem 2.4. Suppose that ¢q,...,¢n_1 is a basis for ®. Then ¢q,...,pn_1, V(- — j),
7 >0, is a Riesz basis for Wy.

Proof. Let V be the closed linear span of ¢( - — j), j > 0, in L*(R). By Lemma 2.2,
Wy = &+ V. It is known ([7], [11]) that @ NV = {0}, and {¢( - — j) : j € Z} forms a
Riesz basis for V. The result then follows from Lemma 2.3. A
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For j € Z, let W; := {f(2/ -) : f € Wy}. Then W; L Wy, j # k, and for k < ¢,
Vi = Vi + 07, W Tt follows that

L2((0,00)) = %+§:Wj = i W;.

j=—o00

From Theorem 2.4 we can then deduce the following

Corollary 2.5. Take any basis {¢1, ..., pn_1} of ®. Then the following are Riesz bases for

L?((0,00)) :
(a) {N(-—j): j>0yu{2"2¢;(2"): j=1,..,n—1, k>0}U{282)(2%( - —5)):
J, k> 0},

(b) {2¥2¢;(2F ) : j=1,.,n—1: k€ ZyU{2¥2p(2k( - —34)): >0, k€ Z}.
3. HYBRID UNIFORM-GEOMETRIC SPLINES

Take an integer n > 1. Let ‘70 = ‘7”70 denote the space of all spline functions of order
n in L*((0,00)) with knots x; = x¢, j € Z, as in (1.1). For j € Z, let N, ; denote the
B-spline in V; with support [}, %+s), normalized so that ||V, ;|2 = 1. Since z; = j + 1,
for 7 >0,
Npj=No(-—j—=1), j=0.

Note that here and elsewhere we identify a function on R with support in (0, co) with its

restriction to (0, 00). Also writing N, = n.—n We see that
N, ; =27Ut2N (276t 0y 5 < -1,

It is known that {N,,; : j € Z} forms a Riesz basis for Vo.

Letting ‘7; = Vn’j = {f(2 ) : f eV}, j €7, we see that {‘7; . j € Z} forms a
multiresolution approximation for L?((0,00)). Now write W, = {f(-=1): f e Wy} and
take any basis {¢1, ..., ¢,_1} of ® as in the preceding section.

Theorem 3.1. ‘71 = ‘70 @ WO, and a Riesz basis for ‘71 is given by N, ;, j € Z,
¢1< T ]-)a "'7¢n—1( T ]-)7 ¢( ’ _j)a j > L

Proof. Take f € Vy. Then f = f1 + fo + f5, where fi, fo, f3 € V4 and supp(f1) C (0,1],
supp(f2) C [x—pnt1, %xn], supp(fs) C [1,00). Let X := {f € i :supp(f) C [x—nt1, Tno1]}-
Then X = span{N, —n42(2 -),..., Npn-1(2 )} and so is of dimension 2n — 2. Further,
the functions N, _p11, ..., Np—1, Npa(2 ¢), oo, Npn—1(2 ) lie in X and, since the left-hand
ends of their supports are strictly increasing, are linearly independent, and so they span
X. Since fo € X and supp(N,,;(2 ) C [1,00), j = 1,...,n— 1, we can write fo = fy + f5,
where fj lies in the span of N,, 1, ..., Ny 1, and supp(fs) C [1, 00).
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Putting g = f1 + f1, h = fs + f3, we have f = g + h, where ¢ € Vj, supp(h) C [1,00).
Now h( -+ 1) € Vi andso h( -+ 1) = F + G, where F € Vy, G € Wy. Thus h = hy + hs,
where h; € ‘70, hy € WO. Hence f = (g + hy) + he, where g + hy € ‘70, hy € WO. So
Vi = Vo + Wh.

Now take f € Vj N W,. Since f e WO, supp(f) C [1,00) and f( -+ 1) € W. Then
f( '—l—l)J_VoandsofJ_%. Thusf:()andsof/l:%@ﬁ//o.

The final part of the result follows from Lemma 2.3 ®

Note that /VIV/O is not orthogonal to ‘70. Indeed we now show that if W denotes the
orthogonal complement of ‘70 in ‘7'1, then for n > 2 it is not possible to construct a Riesz
basis for W comprising compactly supported functions.

Take j < 0, K > 2n and consider X := {f € W : supp(f) C [z;,xx]} = {f € Vi
supp(f) C [zj, k], f L Npg, 0 = —n+j+1,...,k—1}. From the relation

[T, s Torn]g = %/ Noo(2)g™ (z)dx, (€ Z,
between the “normalized” divided difference on the left and the corresponding B-spline
on the right, we know that f € X if and only if f = ¢(™, where ¢ is a spline function of
order 2n with knots at z; j, supported in [z;, z¢] and g(xj11) = -+ = g(xk—1) = 0. Thus
dim(X) =2k —2n+1—-j) —(k—j—1) =k — 2n + 2, which is independent of j. So
elements of X have support in [zg, x;]. Thus any function in W with compact support
must have support in [1,00) and so lie in span{¢( - —j — 1) : j > 0}, where ¢ is the
uniform spline wavelet of order n with compact support on [0, 2n — 1].

Now for n > 2 and for any basis {¢1, ..., pn_1} of @, ¢1( - —1), ..., pp_1( - — 1) lie in Vi,
but by Theorem 2.4, they do not lie in Vy @ span{¢( - —j — 1) : j > 0}. Thus W cannot

be the closed linear span of compactly supported functions.

Our next result gives a Riesz basis for W of functions with bounded support.

Theorem 3.2. Let U = {f € W : supp(f) C (0,2n — 1]}. Then dim(U) = n —1 and
W =U@a®span{( -—7):7 > 1} If oy,..., 01 comprise a basis for U, then a Riesz
basis for W is given by ¥q,...,Yn_1,0( - —7), 7> 1.

Proof. By Theorem 3.1, any function f in Vi can be written as f = fo+ fi + f2, where
fo € Vo, f» € span{¢( - —j) : 7 > 1} and f; € V; satisfies supp(f1) C [1,2n — 1],
fi L Ny j, 7> 0. Now we can write f; = g + h, where g € 170, h € U. Thus

Vi=VoeUespan{¢(-—j):j > 1}
Since U C W and ¢( - —j) e W, j > 1,

W =U @span{y(-—j):j > 1}.
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Now let P denote the projection from L?*((0,00)) onto span{¢( - — j) : j < —n}. Let
S =span{N, (2 ) :2—-—n <j <3n-—3}and put T'= (I — P)S. Since N, ;(2 ), j <
3n — 3, are linearly independent and N, ;(2 -) = 27Y/2N,,;_, j <1 —mn, a basis for T is
{I{—-P)N,;(2):2—n<j<3n-3}

Now U ={feT :f L Ny, n+1<j<2n—-3} For n+1<j<
2n — 3, let \; : L*((0,00)) — R denote the linear functional \;(f) = [° fNn;. As
in the proof of Lemma 2.1, the linear functionals A_,,.1,...,As,_3 are linearly inde-
pendent when restricted to the space {f € Vi supp(f) C [1,2n — 1]}, which equals
span{N,1(2 ),..., Ny3n—3(2 )} =span{({ — P)N,1(2-),...,({ = P)N,3,-3(2 -)}. Thus
Antts-- -, Aap—g are linearly independent when restricted to the larger space T', and hence
dim(U) = dim(T) — (3n — 3) = n — 1.

Finally, let ¢y, ..., 1, _1 denote a basis for U. Then applying Lemma 2.3, as in the proof
of Theorem 2.4, a Riesz basis for W is given by ¢, ..., ¥, _1,%( - —j), j > 1. [

As an example, take n = 2. Then dim(U) = 1 and we may write

—1 2
Y=Y Naj+ Y ¢iNoj(2),
j=0

j=—o0

where 11 L Ny, j < 1. Putting A = [;° N, _oN,, _1, this gives
)\Cj—l + Cj + /\Cj+1 = 0, j S —2.

Thus we may choose ¢; = o/, j < —1, where a denotes the root of Az + x + A = 0 with
a > —1. The coefficients ¢, ¢1, c3 can then be determined from the three linear equations
Y L Nyj, 7=-1,0,1.

The Riesz bases in Theorem 3.1 for Vj and /V[70 are ‘almost orthogonal’ in the following

sense. We have

o(-—1) L Ny, k=1,..,n—1 j<-n and j>0.

So the only functions which are not orthogonal are ¢ (-—1), ..., ¢,—1(-—1) and N, _pp11, . - .,
N,,._1. By choosing a suitable basis ¢, ..., ¢,,—1 for ®, we can gain further orthogonalities
among these functions, as we shall see later.

Now for j € Z, let Wj ={f(2): fe Wo}. Take integers j < k. Since W, L {f €
Vo : supp(f) C [1,00)}, we have W, L {f € Vi : supp(f) C [27%,00)}. Now for g € Wj,
supp(g) C [277,00) C [27%,00) and g € Vj41 C Vi. So g L Wy. Thus

W, LWy, jkeZ, j+k
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Since for k € Z, 2¥/2¢;(2F - 1), j = 1,.,n — 1, 2622k . —5), j > 1 form a Riesz
basis for Wk, with Riesz bounds independent of k, a Riesz basis for & Z Wk is given

k=—o00

by 282028 - —1),j=1,...n—1, k€ Z, 2k/2p(2" - —j), i > 1,k € Z.
From Theorem 3.1 we see that for any k € Z, k > 1,

k—1
Vi=Vow ) W,
j=0

and a Riesz basis for V is Ny, j € Z, 272¢;(2 - =1), 5 =1,..,n—1, £ =0,....k — 1,
20/24p(2¢ - —4), 5> 1,£=0,....,k — 1. Letting k — oo gives

L%((0,00)) = cl(V, @ Z W)
We conjecture that
L*((0,00) =Vo® ) W, (3.1)
j=0

and a Riesz basis for L2((0,00)) is N, , j € Z, 28/2¢;(2F - —1), j=1,..,n—1, k > 0,
2’“/210(2’C - —j), j = 1, k > 0. If this is true, then letting & — —oo in L*((0,00)) =
Vi ® ZW gives

i=k
L2((0,00)) = V_oo & Z W,
j=—o00
~ 0
where V_o, = () Vi, which is the space of all geometric spline functions of order n

k=—o00

in L2((0,00)) with knots 27, j € Z. A Riesz basis for V_o, is 2/2N, (20 .), j € Z. Tt
would follow that a Riesz basis for L2((0,00)) is 2/2N, (27 -), j € Z, 2¥/2¢,(2% - —1),
i =1,..,n—1,keZ 2¢*)2F - —5),j>1,keZ

We now return to the choice of basis ¢, ..., ¢,—1 for &. For j =1,....,n—1,let &; = {f €
Vi ssupp(f) C [Ln+4], f L Npo,0>1—34} Thus @; C ®(-—1):={f(-—1): f € &},
j=1.,n—-1Forj=1,...n—-1,4¢>n+j—1, supp(N,e) C [n+ j,00), and so
trivially N,, L ®;. Thus ®; comprises all functions in the (n + 2j — 1) dimensional
space {f € Vi supp(f) C [1,n + j]} satisfying the n 4+ 25 — 2 conditions f L N,
¢=1—-j,..,n+j— 2. To show that dim(®,) = 1 we shall use the following lemma.

Lemma 3.3. Take 1 < 3 < n—1 and let f € ‘71 have support in [1,n + j — %] and
fL Ny, l=1—3,...,n+7—2 Then f =0.

Proof. Define g so that ¢ = f and g has support in (—oo,n + j — —] Then

[T, ..oy Togn]g = / ngg(") =0, f=1—j4,...n+j—2.
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Since Ty, 4j-1 = n+j > n+j—%, g(zy) = 0for £ > n+j—1. Since [Ty4j—2, ..., Tan+j—2]g = 0,
we have g(z,+;-2) = 0. Continuing in this way gives g(z,) =0, {=1—j,...,n+j — 2.
Now for k € Z, let My, denote the B-spline of order 2n with knots 3k, £ (k+1)..., 3 (k+

2n). Then we can write
2j—1

g= > My,

k=—o00

for some constants c¢;. First suppose that g does not vanish on any non-trivial interval in
(—oo,n+j— %] Since ¢ coincides with a polynomial of degree n — 1 on (—o0, 1], there is
a polynomial p of degree n — 1 such that ¢, = p(k), k < 1. So the number of sign changes
in the sequence {¢j : k < 1} is at most n — 1. Hence the number of sign changes in the
sequence {cj : k < 2j — 1} is at most n + 25 — 3. Since g vanishes at n + 25 — 2 points,
this contradicts the variation diminishing property of B-splines.

Now suppose that g is non-trivial but vanishes on some non-trivial internal in (—oo, n+

j— %] We note that for / =0,....,n + j — 2,

f+74+1—n ¢+5+1
xe_€+1€(+j+ n {+7j5+ +n>7

2 7 2
while for 1 — 7 </ < -1, 2z, < 1 < ”j*%andxgz §+1> Wr% So for ¢ =
1—j,..,n+j—2, My jr1-n(ze) > 0.If g vanishes on some interval in (—oo, 1) then g(z) =0

for x € (=00, 1). It follows from the Schoenberg-Whitney Theorem that g = 0, and hence

k k41

J = 0. Suppose that g vanishes on (3, =3

)forsomekEZ,1§§<n+j—%,anddoes

not vanish on any non-trivial interval in (—oo, g] Again from the Schoenberg-Whitney

k
29

which shows that g = 0. Hence f = 0. [

Theorem ¢ vanishes on (%,00). Then our previous argument leads to a contradiction,

Theorem 3.4. There is a basis ¢y, ..., on_1 for @, unique up to normalization, such that
forj=1,...,n—1 supp(¢;( -—1)) C [l,n+j] and ¢;( - —1) L Ny, £ > 1—j. Moreover,

¢;( - —1) does not have support in [1,n+ j — ] orin [3,n+ j].

Proof. For ¢ € Z, define A\, : Vi — Rby \o(f) = S [Nnye Take1 < j < n—1. By Lemma
3.3, AMi—j, .-.; Anyj—2 are linearly independent over {f € Vi supp(f) C [1, n—f—j—% }. Thus
they are linearly independent over {f € Vi supp(f) C [1,n + j]}. Hence dim(®;) = 1.
By Lemma 3.3, any non-trivial element of ®; cannot have support in [1,n + j — %], and
similarly it cannot have support in [2,n+ j]. Taking ¢;( - —1) € ®;, j =1,...,n—1, gives
the result. 'y

For n = 2, direct calculation shows that we can define ¢; as the unique element of ‘71

with support [0, 2] satisfying

$1(1/2) =9, ¢1(1) =—6, ¢:1(3/2) = 1.
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As an application, we consider the problem of smoothing by hybrid splines that pre-

serves features. The mask (a;;) = (aj;) in the two-scale relation (1.4) and (1.5) provides
the low-pass filters for the smoothing process. They are discrete B-splines (see [8]) on the
hybrid geometric-uniform mesh (1.1) and are generated by the recursive relation,

n Losi+n — Tlj4n—11\ pn_1 L1j4n—-1 — L0, \ n-1
Qi = Aiyy T+ — | @ (3.2)
Z0,i+n — L0,i+1 Z0,i+n—1 — L0,i

with

Q- 1, wo; <o < o,
iy .
0, otherwise,

Given a one-dimensional signal, (s?), we assume that a point of interest, s

i,j €.

0

—n

has been

detected by some feature detector. The point is identified as a fovea and the low-pass

filtering,
2itn+1 ¢
S D joir1 @Sy i— e —n 41
i = Z2i+n+1 — == AR
j=it1 Qij
—3n—2i+1 ¢
41 Zj:—Qn—i-l—l Aoizon jS—jomtr . _ 1
s; = 273%2”1 ' ' , t=-n,—nm—1,...,
j=—2n—it+1 @—i—2n, j
is applied to obtain smooth versions (sf), £ = 1,2, ..., that preserve the feature at s°,.

The table below shows the entries, a;;, =5 < i < 0, —4 < j < 6, of the transition
matrix for the 5-th order hybrid B-splines, N;;, i € Z. The rows of the matrix are the

corresponding low-pass filters.

100 0 0 0 0 0 0 0 0
01+ 00 0 0 00 0 0
o0 g & &£ 0 0 00 0 0
000 F 2 &% £ 00 00
000 0 & & 2 2 4 0 0
000 0 0 & F R RS

Figure 1(a) below shows a one-dimensional digital signal with a singularity, and Fig-
ures 1(b), 1(c) and 1(d) show respectively the results of first, second and third level of

smoothing that preserve the singularity.
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250 - - 250
200 1 2001
150 1 150}
100 1 100}
50 1 50¢
0O 160 260 300 00 160 260 300
Figure 1(a) Original signal with singularity Figure 1(b) One level of smoothing foveated at the singularity
250 - - 250
200 1 2001
150 1 150}
100 1 100}
50 1 50¢
0O 160 260 300 O0 160 260 300

Figure 1(c) Two levels of smoothing foveated at the singularity Figure 1(d) Three levels of smoothing foveated at the singularity

FIGURE 1. Smoothing that preserves singularity

Figure 2(a) is an image where the feature of interest is the lower edge of the middle
beam across the building, and Figures 2(b), 2(c) and 2(d) show respectively the results
of the first, second and third order of smoothing that preserve the edge.
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Figure 2(a) Original image Figure 2(b) First level smoothing

Figure 2(c) Second level smoothing Figure 2(d) Third level smoothing

FIGURE 2. Smoothing that preserves edge

4. HYBRID REFINABLE FUNCTIONS
Let ¢ be a refinable function with support on [0, n] satisfying the equation

n

() = Zaﬂﬁ(?x —7j), z€eR, (4.1)

Jj=0

for numbers ay, ..., a,, with apa, # 0, and ) asj = > asj41 = 1, where a; = 0 for j < 0 or
JEL jEL
J > n. Now take numbers a;;, 7,j € Z, where

a;i_2;—1, ZZO,
aﬁ:{ e (4.2)

57;,]'_1, 7 S —n,
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and for —n <7 <0, a;; =0 for j ¢ {i +1,...,20 +n+ 1}. We shall consider the hybrid

refinement equation
o

¢i(x) = Y a;¢;(2x), x>0, i€ (4.3)

j==o0

We first note that (4.3) is satisfied for ¢ > 0 by

¢j=0(-—j—1), j=0, (4.4)

since in this case, for x > 0,

oi(z) = olx—i—1)

o0

- Z a;¢(2z —2i—2—3j) by (4.1)

o0

= Z a;Pitj+1(22)

j=—00
oo
= Z aijgbj (21’)
j=—00
Next we note that for —n <7 < —1,

2i+n+1

¢i(z) = Z a;0;(2x), x>0.

j=it+1

Thus ¢; is defined in terms of ¢;41(2 -), ..., P2i1ns1(2 +) and so recursively ¢; is defined
uniquely in terms of ¢(27 - —k), 1 < j < —i, k> 1. Also for i < —n, ¢; = ¢;41(2 -). In
particular we see that for all i € Z, ¢; has the same regularity as ¢. We shall say that the
refinable functions (¢;);ez with mask (a;;); jez extend the refinable function ¢ with mask
(a:)g-

Letting

_ 2, J< -1
%:%“:{j+sza

as before, we see that ¢; has support [z;, z;1,], i € Z.

Since

o [o¢]
E Q25 = g Cl2j+1:17

j=—00 j=—00

and for ¢ < —1, a;; = 0 for j > n, we have for j > n,
o o
Sy Yorai=t
1=—00 1=—00

We shall assume

Y a;=1, jeL (4.5)

1=—00
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It is known that we may choose a solution ¢ of (4.1) to satisfy

d blz—j)=1, zeR (4.6)

j=—00
Now from (4.3), for = > 0,

Z Gilx) = DD ayé(2x)

i=—00 1=—00 j=—00

= Z Z a;¢;(2x)

o0

= > ¢(20), (4.7)

j=—o0

by (4.5). For x > n,

ole —i—1)

> dilw) =

= D da—i-1=1

1=—00

 L[)¢

by (4.6). Then for any z > 0, we may choose k € Z with 27*n < 2, and apply (4.7)
iteratively to give

Z ¢i(z) = Z ¢i(2°z) = 1.

1=—00 1=—00

Thus
Z di(x) =1, x>0 (4.8)

Z CiQ; = Z C; Z aij¢j(2 )
i=—00 i=—00 j=—00
= D digi(2), (4.9)
j=—o00
where .
dj = Z CiQij, j € 7. (410)

Recall that if {¢( - —1) : ¢ € Z} are linearly independent, then they are locally linearly
independent. We shall always assume that {¢( - — i) : i € Z} are linearly independent.
Conditions on the mask for linear independence are given in [13].

Let Uy denote the closed linear span in L*(R) of {¢( - — i) : i € Z} and

Uj:={f(2):fels}, Jjei
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Similarly, let V; denote the closed linear span in L?((0,00)) of {¢; : i € Z} and

Vi ={f(2 ) : f € Vo}.

Theorem 4.1. If (¢;) extend ¢ and |J U; = L*(R), then |J V; = L*((0,00)).

7=0 7=0

Proof. Since {¢( - — i) : i € Z} are locally linearly independent, there are constants
A, B > 0 such that for f = > a;¢( - —1i) € Uy,

i=—00

Za</f2<322a

1=—n+1 i=—n+1

—m

Take f € L?((0,00)) and € > 0. Choose m € Z so that [ f2 < €% Define f € L*(R) by
0
~ flx), z>27™
flx) = ,
0, otherwise.

Since |JU; = L*(R), we may choose N € Z and g = Y. a; 27V2¢(2Y - —i) such

7=0 1=—00

that 2¥n < 27 and ||g — f|l2 < €. Define k € Z, k > 1, by 27¥(k +n) = 2™ Let
h=>Ya; 27V2¢(2N - —i). Then h € Vy, has support in (0, 00), h(z) = g(z) for x > 27™

i—k
and
0o 1/2 0o 1/2 o 1/2
h=fle < | fo-9?) +|[o-F7) +|[F-p?
0 0 0
9—m 1/2 . 1/2 9—m 1/2
< /(h—g)2 + /(g—f)2 + /f2
0 — 00 0
2—m 2 2—m % 2—m 2
< /h2 + /92 + 2e < /hQ) + 3€
0 — 00 0
Now

oo (e )
0

2-Nk
k+n—1 2
< nB? Z a? < nB?A7? / q*
=k 9-m_9-N
< nB?A7% .

Thus ||h — fll2 < €(3 +n'/2BA~) and the result follows. [
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Theorem 4.2. The functions {¢; : i € Z} are locally linearly independent over (zx, Tp11),
k € Z, if and only if a1 # 0, —n+2 < i< —1, and for k = 1,....,n — 3, the matrix

k 2k+2
(al-j)Z.:,c_%LLjﬁk_Wr2 has full rank.

Proof. For j € Z, the functions whose supports overlap (z;,z;41) are ¢j_pi1,..., ¢;.

Now for £ > 0, define A, = (aij)izian’j:ngiH while for & < —1, define A, =
(aij)i:],z_%l’j:zfibﬁ. First consider & > 0. We shall show that if ¢or_p19, ..., Porio are

locally linearly independent over (zopi1, Tokts) = (2xk, 2x441), then (¢;) are locally lin-

early independent over (zy, zx41) if and only if A; has full rank.

k 2h+42
For z € (xg, xps1), let f(x) = > ¢io(x). By (4.9), f(z) = > d;¢;(2x), where
j=k—n+1 j=2k—n+2

(d;)oit2 = (c;)F_, 1 Ak Suppose that Ay has full rank. If f(z) = 0 for 7} < @ < T,
thend; =0, j =2k—n+2,..,2k+2,andsoc; =0, j = k—n+1,...,k. Thus (¢,)
are locally linearly independent over (zj, zx11). Conversely suppose that (¢;) are locally

linearly independent over (zy,zgs1). If Ax does not have full rank, then there is a non-
k
zero sequence ¢ = (¢;)F_, ., such that cAy = 0 and hence f(z) = > ¢;¢;(z) =0, for
j=k—n+1
T, < T < Tpy1, which is a contradiction. Thus (¢;) are locally linearly independent over

(rg, xx+1) if and only if Ay has full rank. Similarly, we may take & < —1 and suppose that
Ok—n+t2, -, Q11 are locally linearly independent over (zx41, Tx12) = (22k, 22%11). Then as
above we see that (¢;) are locally linearly independent over (zy, zj+1) if and only if Ay, is
non-singular, i.e. a1 #0, 1 =k—n+1,... k.

In particular we see from the above argument that if (¢;) are locally linearly independent
over (Tg,Zg+1), k € Z, then Ay has full rank for ¥ = 1,....n — 3 and a;41 # 0, for
—n + 2 < i < —1. Conversely, we assume that these conditions hold and show that (¢;)
are locally linearly independent over (xy,zji1), k € Z. Note that since a1 # 0, for
i=-n+1,..,—1, and ag; = ag # 0, Ap has full rank. For i >0, ¢; = ¢( - —7 — 1) and
so for any k > n — 1, (¢;) are locally linearly independent over (zy,zg.1). Thus Ay has
full rank for &k > n — 1. It follows that A,,_5 also has full rank.

Now suppose inductively that (¢;) are locally linearly independent over (x¢, z411) for
some ¢, 1 < /¢ <n—1. Then since A,_; has full rank, our above argument shows that (¢,)
are locally linearly independent over (z,_1,x,). Thus (¢,) are locally linearly independent
over (zy, xg41) for all & > 0. Now recall that a;; 11 = 1,7 < —n+1. Thus Ay is non-singular
for all £ < —1. Repeating the above inductive argument then shows that (¢;) are locally

linearly independent over (xy,zjyq) for all integers k. [ )
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For n = 3, the conditions of Theorem 4.2 are simply a_19 # 0. For n = 4 we can write

(a;;) as

1l—pu 1—v a3 ay

Qo a; az asz aq

and the conditions become A # 1, 1 # 1 and the matrix

l—p 1—v as a4
ay a; as as
ap a1
has full rank.
Now renormalize the functions ¢;, ¢ € Z, by defining

5 ¢i7 [ Z —-n + ]-7
C| 2timg i<

Corollary 4.3. Under the conditions of Theorem 4.2, the functions {51 21 € L} form a

Riesz basis for V.

Proof. By Theorem 4.2 there are constants A;,B; > 0, j € Z, so that for f € Vj,
f = Z Cj¢j7

Jj=—00
i _ i
A > c?S/ [P<B; Yy, &, jEL
i=j—n+1 Zj i=j—n+1
Since ¢; = ¢(-—i—1),i >0, we may choose A; = A,_1, Bj = B, for j > n — 1.
Since 257, = 2%%“(2 1), 4 < —n, we may choose A; = A_, 1, Bj=DB_,41,j < —n+1. S0
taking A = min{A;: —n+1<j<n-—-1}, B=maz{B;: —n+1 < j <n— 1}, we have

j . j

Ay e[ Tpep Y @ ez
i=j—n+1 Tj i=j—n+1

Adding over j € Z then gives

Aic?ﬁ/oonSBic?.
, 0

i=—00 i=—00
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5. POLYNOMIAL REPRODUCTION

We shall say that the refinable function ¢ with mask (a;)§ reproduces polynomials
of degree m if the space II,, of all polynomials of degree m lies in the linear span of
{¢( - —1) : 1 € Z}. Similarly we say that the refinable functions (¢;) with mask (a;;)
reproduce polynomials of degree m if II,, |(0,0c) lies in the linear span of {¢; : i € Z}.
Polynomial reproduction is an important property as it is related to approximation order
of the subspace. If ¢ reproduces polynomials of degree m < n—1, we would like to extend
¢ to (¢;) which also reproduces polynomials of degree m. For m = n — 1 and ¢ is the
uniform B-spline of order n, we have already seen that we can extend ¢ to hybrid splines
(¢i). In what follows we shall give a general recursive construction.

For refinable functions (¢;) with mask (a;;), we shall write

0
For ¢ > 0,
L=1| ¢(-—i-1)=] ¢=1
0 —00
For i € Z,
00 ) 1 00
Iz' = Z aij/o ¢J(2 ) = 5 Z CLijIj, (51)
j=—oo j=—o

which defines I; recursively for ¢ < —1. Note that for 1 < —n, I; = %Iiﬂ.

Now given a mask (a; ') which extends the mask (a] ')§™", we define a new mask

(af;)o by

1 i (ank_l a; i 1
(J,ZY-L- =3 ;_ - Zn_1> I]:}i ’ 7’7.] S Z7 (52)
T2 =\ R
where I"' = [ ¢!, i € Z. From (5.2) we have
=t fant ot
n n _ ) 1) i+17 .o
By (5.1), we can rewrite (5.2) as
n ]‘ - a;l_l a:’;_l n— NN
=3 Y (FE-5)n e 54
k=j+1 i+1 i
Note that for i > 0, j € Z, (5.2) becomes
n 1 n— n—
Q5 = §<aij—11 + ay; 1)- (5.5)

Also for i < —1, we can use (5.3) to define aj; recursively on j, e.g. for increasing j,

starting with
n—1
a'rL o Ii+1 anfl
i+l = o n—1 %1
21
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Theorem 5.1. Suppose that (¢7') with mask (a?j_l) extend ¢"~* with mask (a}')g~"
and reproduces polynomials of degree m, 0 < m <n — 2. Let

n n—1

. 1 )
Z arzt = 5(1 + 2) Za?‘lzl, z € C. (5.6)
i=0 1=0
Assume 1" = [ ¢!"" #0, i € Z, and define (al}) by (5.2). Then (a}}) extends (a]')j.
Letting (@) be the corresponding refinable functions, they reproduce polynomials of degree

m + 1, and for some constant ¢ # 0,

n—1 n—1
c¢ﬂ'=:¢f — =L ez (5.7)
R A v

Moreover if (¢71) are locally linearly independent over (ry,xp41), k € Z, then so are

(@7)-

Proof. From (5.5), for i >0, j € Z,

1
n o __ n—1 n—1 _.n
Qi = 5(%’721‘72 + ajf2i71) =G5 9,15

by (5.6). For i < —n, j € Z, (5.2) gives

ay; = 0, j<i,
an _ ]inJr_l1 -1
i+l T -1 — b
20"
U (i
a@ — i+1 . i+2 _ 0 > Z + 2
S D) v

For —n < < —1,(5.2) and (5.4) give aj; = 0 for j <i+1and j > 2i+n+1 respectively.
Thus (aj;) extends (af)i .

Also for j € Z, (5.3) gives for j € Z,

[e's] 00 n—1 oo n—1 n—1
E : a® — E a” _ Ij E @ij i it1,5 =0
ij ij—1 — 9 ]'nfl I"nfl 0

i=—00 i=—00 1=—00

oo
and so ) aj; is independent of j. But

Z a?n = Z %(a?n—ll + aznnil)
i=—00 =0
l = ., 1 &
= B Z a?n_l1—|—§ Z Qin, = 1,
and hence
o0
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So, as before, we may choose corresponding refinable functions (¢}") with > ¢"(z) =1

i=—00
for x > 0.
Since
o
=) a2, i€l
j=—00
we have
w’_2§: ot ( i € 7.
j=—00
Also for i € Z,
-1 n—1
(b? _¢z+1 _ nlnl . annl )
In—l ]n - j In Tn—1 al+1j
) i+1 j=—o00 i+l =00
00 n—1 n—1
_ Z ¢n—1(2 ) aij N ai+1j
7 ooy
j=—00 ) i+1

oo n—1 9.
— oy S a) e

J=—00 J
oy e <¢?‘1<2 ) G ->)
- i n—1 - n—1 )
j=—o00 ’ [j [J+1

and so both sides of (5.7) satisfy the same refinement equation. Also for i > 0, ¢ =
o"( - —1—1), where

= Za?qb”(Qa: —-7j), x€eR
=0
and so, from (5.6), c¢™ ' = ¢""! — ¢"1( - — 1), for some constant ¢ # 0. Thus for i > 0,

g '(x) = cd"'(x—i—1)
= ¢ r—i-1)—¢" (z—i-2)
i (z) = i (@)
and so (5.7) holds for ¢ > 0. Hence (5.7) holds for all i € Z.
Now take p, 1 < p < m + 1, and write

= Z bi(ﬁ?il(l‘)? x> 0.

Let cg = 0 and define
C‘_{cpzjlbfn L i >1,
' —cpzj i1 0 i< —1.
Define
fle) =Y adf(x), x>0
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Then by (5.7), for > 0,

filo) iclci(as?-l(x)_ ?;f(@)

i=—00 17?1_1 17;”+_11
— P (@)
= Z c e _Ci—l)W
= > phigf N (z) = pan

Thus f(z) = 2P + k, x > 0, for some constant k, and so

o0

P = Z (¢; — k)opi(x), x>0,

So (¢!") reproduces polynomials of degree m + 1.
Finally we suppose that (¢? ') are locally linearly independent over (x4, zj11), k € Z
and let
k
Z A (x) =0, xp < < Ty (5.8)
i=k—n+1
Then for xp < z < gy,

k
0 = > Agl(z)

i=k—n+1
k n—1 n—1
- o7 (z) o (x)
= C 1 Z Al( ]n—l - ;_n—l
i=h—n+1 i i+1
k n—1
: T
= Ci1 Z (Az - Azl)¢zjn_(1 )7
i=k—n—+2 (

since ¢~} (z) = ¢p71(x) = 0. Thus

and so

Therefore (5.8) becomes
k
Ak Z QZS?(@') = 07 T < T < Ty,
i—k—n-+1

so A;=0,i=k—n+1,..,k and (¢) are locally linearly independent on (xy, zxi1). @

Now suppose that the refinable function ¢ with mask (a;)§ reproduces polynomials of

degree m, 1 < m < n — 1. Then we have the following procedure for constructing an
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extension (¢;) with mask (a;;) which also reproduces polynomials of degree m. We must
have

Zaizi =271+ 2)™*p(2), 2 € C,

i=0

for a polynomial p of degree n —m — 1 > 0 with p(1) = 1. Let

Z = (14 2)p(z), z € C.

i=0

Then there is a refinable function ¢ with mask (b;)§~™ which reproduces constants and
so has an extension (¢;) with mask (b;;) which also reproduces constants. Theorem
5.1 then gives a recursive construction to give the desired mask (a;;). We note that if
{¢( - —1i) : i € Z} are linearly independent, then it follows that {¢( - — i) : i € Z} are
linearly independent. Then we can construct (b;;) to satisfy the conditions of Theorem 4.2
to ensure that (¢,) are locally linearly independent over (x4, zx41), k € Z. It then follows
from Theorem 5.1 that (¢;) are locally linearly independent over (xg,zki1), k € Z. The
only difficulty with the above procedure is that for each recursive step applying Theorem
5.1, we need to ensure that the integrals of the refinable functions are non-zero.

As an example, take the Daubechies 6-tap mask (a;)j, where

Zalz: (14 2)%(z2), zeC.

1=0
Then the mask (b;)3, given by

3

Zbizi = (1+2)p(z), =zeC,

where

by = 1.881869, by = 0.800730, by = —0.881869, b3 = 0.199270 ,

can be extended to the following matrix (b;;) with one degree of freedom

1—X by b
bp b1 by b3

For local linear independence we require A # 1. Then one can choose A so that the integrals
of the refinable functions in the two recursive steps are non-zero, though we do not know

which value of A is most suitable.
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The recursive construction in Theorem 5.1 then gives a foveated extension (a;;) of
Daubechies 6-tap mask. The following matrix shows the entries, a;;, =5 <¢ <0, —4 <

j < 6, of the extension corresponding to A = % :

1 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0
0 0 1 1.528106 —0.630018 0 0 0 0 0 0
0 0 0 —0.528106 0.133336  0.132090 —0.054459 0 0 0 0
0 0 O 0 1.496682  0.397443 —0.086658 —0.120832  0.049818 0 0
0 0 O 0 0 0.470467  1.141117 0.650365  —0.190934 —0.120832 0.049817

The entries in the last row are the Daubechies 6-tap mask.

Similarly, we can extend the Daubechies 8-tap mask with three degrees of freedom.

Now suppose that ¢ with mask (a;)j extends to (¢;) with mask (a;;). It is known (see for
instance [12]) that ¢ reproduces polynomials of degree m if and only if 55, p = 0,1,...,m,

are left eigenvalues of of the matrix (a;_o;). Further, if C, := (¢;;)iez is a normalized left

ecigenvector with eigenvalue - 55, then
al = Z cpid(x — 1), x€(0,00), p=0,1,...,m. (5.9)

We shall assume that ¢ reproduces polynomials of degree m. The following theorem gives
the corresponding necessary and sufficient condition for (¢;) to reproduce polynomials of

degree m.

Theorem 5.2. Suppose that conditions of Theorem 4.2 are satisfied. Then (¢;) reproduces

polynomials of degree m if and only if 2%, p=0,1,...,m, are left eigenvalues of (a;;).
Further, if K, := (kp;)icz is a normalized left eigenvector with eigenvalue - 55, then
2P = Z Li0i(z), x€(0,00), p=0,1,...,m. (5.10)

Proof. Assume that (¢;) reproduces polynomials of degree m, and suppose that (5.10)
holds. Then for p=0,1,...,m by (4.3),

- i i kpiaij;(2x), € (0,00).

J=—001=—00

This together with (5.10) give

Z kp¢j(x Z Z kpiai;d;(x x € (0,00),

j—*OO Jj=—001=—00
and hence
» kpj = E i,
2_700

which shows that o; is a left eigenvalue of (a;;).
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Conversely, suppose that is a left eigenvalue of (a;;). Let K, be a corresponding

p

eigenvector. Then

2p pj - Z kpla1j7 j S Z (511)

1=—00

and

2p kaza'] 2i—1, j > n.

Recall that

o0

1 .
%ij—&-l = Z Cpit1@j—2i—1, J € L.

1=—00

Therefore we can choose K, so that
kpi = Cit1, 1 Z 0. (512)

Let

= i kpigi(x), x> 0.

1=—00

Then for z > 0, by (4.3) and (5.11),
= 3 2hy0(20) = 27 £(20),
j=—00
and for x > n,
2) =Y kpidlw—i—1)= > ¢z —i)=a?. (5.13)
=0 i=—o00

Therefore, for any = > 0, choosing k € Z with 27%n < x gives
f(x) =27Frf(2k2) = 27FP(2Fg)P = P,

Thus

Z kpigi(x) = 2P, x> 0.

1=—00
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