Multi-Box Splines

Tim N.T. Goodman

Abstract. We construct local generators, comprising r functions, for

refinable spaces of bivariate C™~! spline functions of degree n on meshes
comprising all lines through points of the integer lattice in the directions
of n+7+1 pairwise linearly independent vectors with integer components.
The generators are characterised by their Fourier transforms. Their shifts
are shown to form a Riesz basis if and only if at most  lines in the mesh
intersect other than in the integer lattice, which can occur for n < 2r — 1.
The symmetry of these generators is studied and examples are given.

§1. Introduction

Box splines were introduced by de Boor and Héllig [1] as multivariate gener-
alisations of uniform B-splines, and with further work by many authors, e.g.
Dahmen and Micchelli [3], Jia [9], have become, to quote [4], ‘one of the most
dramatic successes of multivariate splines’. For a comprehensive account of
box splines, see [2]. Yet despite their many elegant properties, box splines fail
to generalise some of the basic properties of uniform B-splines, as we shall
now discuss.

Let N, denote the B-spline of degree n with integer knots and support
[0, + 1] and consider the bivariate box spline B, = B,(.|vo, ..., vy41), where
vj € 7Z%, 7 = 0,...,n+ 1. We recall that B, is a piecewise polynomial of
degree n on the mesh M = M(vg, ..., v,41) formed by all lines through points
in 7ZZ* in the directions of v, ..., vn41. As their name suggests, B-splines form
a basis. More precisely, the shifts (i.e. integer translates) of N, form a Riesz
basis for the space of all square integrable C™ ! spline functions of degree n on
R with integer knots. In order for the shifts of B,, to form a Riesz basis, the
mesh M can comprise lines in at most three distinct directions. In this case
B, can have continuity C™~! only for the simple cases n = 0 and 1. For n > 2,
not only does B, fail to be C"~1, but the space S, spanned by the shifts of
B,, does not comprise all piecewise polynomials of degree n subject to some
continuity conditions. Indeed the restriction of &, to any region bounded but
not intersected by mesh lines coincides not with the space of polynomials of
degree n but with a proper subspace P comprising the common null space of
certain differential operators [1,3]. Furthermore no characterisation is known
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of 8, as piecewise polynomials on M with pieces in P subject to certain
continuity conditions.

In contrast to the complex structure of the space S, above, we shall
in this paper study certain spaces S, = Sn(vo,...,Vn4s), 1 > 1, of C*!
piecewise polynomials of degree n on the mesh M = M(vg,...,vn4r), where
V0, - . Unty € ZZ* are pairwise linearly independent. For simplicity we re-
strict elements of S, to have compact support. In most cases of interest, 5,
comprises all C™~! piecewise polynomials of degree n on M with compact
support, though in certain cases there is a simple restriction on the jumps of
the nth order derivatives. We shall show that there are functions ¢4, ..., o,
in S, such that ¢ = (¢1,...,¢,) is a local generator of S,, i.e. every element
of S, is a finite linear combination of shifts of ¢1,...,¢,. For r = 1, ¢y is
the box spline B,, and for this reason we call ¢ a multi-box spline. Whereas
for the case r = 1 of box splines, the shifts of ¢ form a Riesz basis only for
n = 0 and 1, for general r > 1 the shifts of ¢q,...,¢, can form a Riesz basis
for degree n up to 2r — 1.

A multi-box spline ¢ = (¢1,...,¢,) can thus generate a space S, com-
prising all compactly supported C™~! piecewise polynomials of degree n on a
certain mesh for any n > 0. A disadvantage is that for n > 2, we require r > 2
and in this case the choice of ¢ is not unique. Moreover unlike the box spline
case r = 1 we know of no general simple formula for the Fourier transform qA)

For the case r = 2, multi-box splines were introduced in [7] and they were
further studied in [8]. The work in [7] allowed the construction of Riesz bases
of C™~1 multi-box splines for degree n < 3 but the construction did not result
in functions with pleasant symmetry properties for n = 2 or 3. In order to
gain Riesz bases of multi-box splines for degree greater than 3, and to gain
‘good’ examples for n = 2 and 3, we need to extend the construction to r > 3.
This 1s what we have achieved here.

In Section 2 we define the space S, in terms of Fourier transforms and
then prove that it comprises certain C™~! piecewise polynomials of degree n.
In Section 3 we prove that the space S, has a local generator ¢ = (¢1,..., )
and characterise all such generators in terms of Fourier transforms. We prove
in Section 4 that the shifts of such a local generator ¢ form a Riesz basis if
and only if at most r lines in the mesh M intersect other than in points in
7Z2. Tt is then shown that the maximum degree n for which this condition can
hold is precisely 2r — 1. Much of the work in Sections 2 to 4 extends that for
the case r = 2 in [7], but the greater complexity of the general case requires
not only more work but often a simplification of the approach in [7] in order
to make the generalisation practicable.

The existence of a local generator ¢ is shown in Section 3 by a recursive
construction, but the functions so constructed need not satisfy any symmetry
properties. While we conjecture that symmetric choices of ¢ always exist, we
have not been able to prove this. Instead we study, in Section 5, the nature
of the possible symmetries. Finally, Section 6 illustrates the theory with
three examples of symmetric multi-box splines: piecewise constant on a four-
direction mesh (which illustrates the unusual case where there is a restriction
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on the jumps of the functions across mesh lines), quadratic spline functions
on a five direction mesh, and cubic spline functions on a highly symmetric
eight-direction mesh.

There 1s clearly much work left to do, both in constructing specific ex-
amples of ‘nice’ multi-box splines, and in developing general results for multi-
box splines analogous to the many elegant properties and applications of box
splines.

§2. The Spline Space

For m > 1, let vg, ..., v, be pairwise linearly independent vectors in 7ZZ*. We
denote by M = M(vg, ..., vy) the set of lines

{k+tv,:tcR}, kecZ* j=0,...,m,

1.e. all lines through points of the integer lattice in the directions of vg, ..., vpm.
By a spline function of degree n over M we mean a function f : R* — R which
coincides with a polynomial of degree n on any open region which is bounded
by, but not intersected by, lines in M. (Note that this does not involve the
values of f on the set M itself, which is of course of measure zero.)

We now consider the jump of a spline function f across a line in M. For
any vector v = (vy,vz2) in R?, we define vt := (—v2,v1). Now for any point
z € R? we define

em) = 1 ; o, , nt e . nt
flz;v) = hh_f(l)l_F El_l)Iél_{_(f(JL + hv+ev™) — f(z + hv—ev)).
Roughly speaking, f(z;v) denotes the jump of f at x in crossing, in direction
vt the line segment {z 4 tv : ¢ > 0}.

As an example, take vg = (1,0), v1 = (0,1), v = (1,1), for which
M = M(vo,v1,v2) is called a type-1 triangulation. An example of a spline
function over M is the linear box spline By which is the unique continuous
spline function of degree 1 over M which satisfies

Bi(j) = bjo, j €7
It can be seen that with f equal to the partial derivative 0y By:
fO;01) =1, f(O;—vi)=—=1, f((1,0);v1) =—1, f((1,0); —v1) = 0.

Now take n > 0, r > 1 and pairwise linearly independent vectors vg, ...,
Uptr D 7Z*. We shall denote by S,, = Sn(vg, ..., Untr) the space of all func-
tions f with continuous Fourier transforms of form

P . E|a|=r—1 Pa<e—iu>ua

f(u) (tuvg) ... (Iuvp4r) , ueRY (2.1)

where for any multi-index oo € IN? of order |a| = r — 1, P, is a Laurent poly-
nomial with real coefficients, and for u,v € R?, uv denotes the scalar product
uvT. Without loss of generality, we may suppose that for j = 0,...,n+r, the
components of v; are co-prime.
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Theorem 1. A function f lies in S, if and only if it is a C"~! spline function

of degree n over M(vg,...,Un4r) with compact support such that any nth
order derivative D, f of f satisfies, for all + € R* \ Z?,

D, f(z;—vj) = =Dy, f(z;v5), 7=0,....,n+r. (2.2)

Since Dy, f in (2.2) is a piecewise constant, (2.2) states that the jump of
D, f across any line in M = M(vg,...,vn4+r) can change only at points of
72*. We shall see later that for many choices of vg, ..., vpqr, condition (2.2)
is automatically satisfied and so S, comprises all C"~! spline functions of
degree n over M with compact support.

The proof of Theorem 1 will be done by induction on n. In order to
establish this for n = 0, we shall need the following result. Although this is
a special case of Theorem 1 in [6], we include a proof of this simple case for
completeness. For v € IRZ, D, will denote the directional derivative v10; +
Ugaz.

Lemma 1. If f satisfies the conditions of Theorem 1 for n = 0, then

R e—iju r v Y )
JEZ?

TOLU
k=1 k

Proof: Let Q C IR? be a polygonal region with vertices Py, ..., Py,, described

counter-clockwise, and for j = 1,...,m, let w; denote a vector in the direction

from P; to Pjyy, where P,y = P;. Note that for j = 1,...,m, w]J-‘ is

normal to the edge P;Pj41, pointing into the region 2. Then for u, w in R?,
integration by parts gives
m

. 1 . 1 Pivi wlw .
/ e—zxu d:v — / Dw <_._e—zzu> d:v = Z/ J e—zzu dS(ZL'),
Q Q iwu iwu “— fp, lw;|

J=1

where the last integral denotes the line integral along the edge P;P;y;. Thus

. 1 m wJ-‘w . .
eI Jo — J e—szu . e—sz_Hu)
Q 20U 4 1w U
J=1

m e_iPJ-u w]J,—w ’LU]J-‘_]U)
:Z — g(Pj;w;) + - g(Pj; —wj-1) |,

= u 1w U WU

(2.4)

where g denotes the characteristic function of €2.

Now let f satisfy the conditions of Theorem 1 for n = 0. Since f is piece-
wise constant, applying (2.4) over each region bounded by but not intersected
by lines in M (vg, ...v,), and adding, gives

—vu T

—iru - € 1 f(U;Uk)-I-f(U;—Uk) 2
- flx)e dx = 1; — kzzjo(vk w) F— , u€eR%,

(2.5)
where V' denotes the set of vertices of M. By (2.2), f(v;vg) + f(v; —vg) =0,
k=0,...,r, except for v € Z?. Putting w = vy then gives (2.3). O
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Lemma 2. Theorem 1 holds for n = 0.

Proof: If f satisfies the conditions of Theorem 1, then (2.3) is satisfied, which
is of form (2.1). Thus f lies in Sp.

We now assume f lies in Sy and must show that f is a piecewise constant
function with compact support over M = M (vg, ..., v,) such that

flz; —v;) = —f(z;v), = €R*\Z*, j=0,...,r (2.6)

From (2.1), with n = 0, f may be written

) = N TN ik 2
=X i ew e
JEN k=1

for constants ajx, J € 7Z°, k =1,...,r, where N is a finite subset of ZZ°.

Since Sy 1s unchanged by replacing v; by —v;, any 0 < 7 < r, we
may order vg,...,v, so that vg,...,v., —vg,...,—v,,vg are in order clock-
wise. Choose a € 7ZZ% so that N lies in the interior of the sector bounded
by the line segments Lg := {a + tvg : t > 0} and My := {a + tv, : t > 0}.
Similarly choose 8 € ZZ? so that N lies in the interior of the sector bounded
by the line segments Ly := {8 —tvg : t > 0} and M, := {8 —tv, : t > 0}. Let
D denote the bounded open region bounded by Lo, My, Ly, M. Thus N lies
in D. Let V denote the set of vertices of M and write

(VALinD)\{B}={wi,...,wr}, VNM ND={z,...,2v}.

Now take y € N. We shall define a piecewise constant function ¢; on
the mesh M as follows. For k& = 1,...,r, let T} denote the intersection of
D with the sector bounded by the line segments {j + tvg—y : ¢ > 0} and
{j +tvg : t > 0}. We define ¢; to be a constant ¢ on Ty, k = 1,...r, and
zero elsewhere. Thus

ij(j;'Uk) = Ck — Ck+1, k= 0,...,r,

where ¢g = ¢,41 = 0. Now define ¢q,...,¢, so that ¢ = cpp1 + aji, kb =
1,...,r. Since ¢;(j;—vg) =0,k =0,...,r, we have

¢j(j;vk)+¢j(j;—vk>:ajk, k:].,...,?“. (2.8)
Moreover
di(v;vr) + dj(v;—vr) =0, veV, vé¢{jw,...wr,z1,...,zu}. (2.9)

Now let ¢ = EjeN ¢;. Then by (2.5) with w = vo,

—ivu

5 € - o(v;vr) + d(v; —vg
Pu) = Z o Z(U]i_vo> ( ) + 4 >, u € R?, (2.10)
(24

1 LU
k=1 k
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and by (2.7)-(2.9),

T —twgu T U —tzgu "
. e b e Em Cmk 9
—{—E —}—E E ., uelR® (2.11)
Iy v i, i,
I=1 O =1 "% =1 O j=y "7k
for some numbers by, ¢, L =1,....,. T, m=1,.... U, k=1...r

Take k, 1 < k < r. Since ¢ has compact support, ¢ 1s continuous, and
hence qb f is continuous. Putting « = Avi in (2.11) then shows that

T U
Z eIV by Z e" e, =0, A€ R. (2.12)

=1

First suppose 1 < k < r—1. Note that any line in M parallel to vj cannot
intersect both L1 N D and M; N D, except at 3. Thus wlv,ﬂ‘, [=1,...,T and
szulﬂ‘, m =1,...,U, are distinct. It follows from (2.12) that

b =0, 1=1,...T, cmr=0 m=1,...T.

Next take & = r. Since wle‘ [ =1,...,T are distinct and also distinct
from zmvt, m=1,...,U, it follows from (2.12) that

by =0, 1=1...,T.

Thus from (2.11),

u _ZZ u
A € mToc
=Y T ue R (2.13)
vy U,
m=1
Putting u = Avg in (2.13) gives
U —i Xz oT
Conr€ m Yo
§ ””J_— =0, MeR,
— Vg Uy
m=1
and since z,v5, m = 1...,U are distinct,

Cmr=0, m=1,...,U.

Thus f = ¢ almost everywhere. So f is a piecewise constant function
with compact support over M and it follows from (2.7) and (2.10) that (2.6)
is satisfied. O
Proof of Theorem 1: To complete the proof by induction we assume that
Theorem 1 holds for n = m — 1 > 0 and prove that it holds for n = m.

First take f in Sy, (vo,...,Vm+r). Then f is of form (2.1) with n = m.

So .
Z|a|=r—1 Pa(e_lu>ua

- - , U € R2.
(ZUUO> P (zuvm+r_1)

(Dopy, f) (u) =
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Thus Dy, f lies in Sy, _1(vo, ..., vmyr—1) and so, by our inductive hypothe-
sis, Dy, f is a C'™~=2 spline function of degree m — 1 with compact support
over M(vo,...,Um+4r—1) and hence over M(vo,...,Um4r). Similarly Dy, f is
a C™~? spline function of degree m — 1 over M(vg, ..., Um+,) With compact
support. Thus f is a C™~! spline function of degree m over M(vo, ..., Vmir),
and outside a compact set f is a polynomial. Since f 1s continuous, this
polynomial must vanish and so f has compact support.

Now take j, 0 < j < n+ r, and choose k with k # j. By our above
argument, D,, f lies in Spm—1(vo, ..., 0k, ..., Umtr), where 03 denotes that vy
is omitted. So by our inductive hypothesis,

Dm_lekf(.I;—Uj):—Dm_lekf(x;Uj), $¢Z27

where D,,,_q is any (m —1)th order derivative. Since Dy; Dy, —1 f is continuous
across any line in direction v;, and vy, and v; are linearly independent, it follows
that

Dmf(l',—’U]):—Dmf(lf,"U]), ngEZ,

for any mth order derivative D,,. Thus (2.2) is satisfied and f satisfies the
conditions of Theorem 1.

Next we assume that f satisfies the conditions of Theorem 1 for n = m
and prove that f is in Sy, (vo, ..., vm4r). Let g = D, . f. Then gis a cm—2
spline function of degree m — 1 over M(vg, ..., Upm4,) with compact support.
For any derivative Dy, of order m — 1, Dy,—19 = Dy, ,, D1 f, which is
continuous across any line in direction v,,4,. Thus g is a spline function over
M(vg,...,Vm4r—1). By (2.2) for n = m,

Dm_lem_I_Tf(x;—vj):—Dm_lem_I_Tf(:c;vj), ;EQZZ, 13=0,....,m+r,

and hence ¢ satisfies (2.2) for n = m — 1. So by our inductive hypothesis,
D,,,,, f liesin S(vo,...,0myr—1) and we can write

. Z|a|=r—1 P‘l(e_iu)ua

(1uvg) ... ((UVmr—1)

(iwomer) f(u) = §(u) u € R?,

for Laurent polynomials Py, |a| = r — 1. Thus f lies in Sy, (vo, ..., Upmtr).
So Theorem 1 holds for n = m and the inductive proof is complete. O
We complete this section by showing that condition (2.2) is automatically

satisfied if no more than n+1 lines in M (vg, ..., vn4,) intersect at points other
than 7Z°.
Lemma 3. For s > 1, suppose distinct lines ly,...1, in R? intersect in a

point. If n > s — 1 and ¢ is a C"~' spline function of degree n on the mesh
formed by ly,...,ls, then for any derivative D,, of order n, and 1 < j < s, the
Jjump of D, ¢ across l; is constant along [;.

Proof: The proof is by induction on s. For s = 1 the result is trivially true.
Suppose it is true for s = m > 1. Take n > m and lines Iy, ...l ;41 and ¢ as
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in the Lemma. For j =1,...,m+1, let v; be a vector in direction of [;. Then
since ¢ is continuous, D, ., ¢ is a C" 7% spline function of degree n —1 on the
mesh formed by Iy, ..., ln. So by our inductive hypothesis, for any derivative
D,y of order n — 1, and any 1 < j < m, the jump of Dy,_1D,,,,, ¢ across [;
is constant along [;. Also the jump of Dy —1D,,,,, ¢ across 41 is zero along
Im+1. Similarly the jump of Dy,_1D,, ¢ across [ is constant, 3 = 1,...,m+ 1.
Thus for any derivative D,, of order n, the jump of D, ¢ across [; is constant
along [, 7 =1,...,m 4+ 1. So the result holds for s = m + 1 and the proof is
complete. O
Theorem 1 and Lemma 3 immediately give the following.

Corollary 1. If at most n+1 lines in M(vg, ..., v,4,) intersect at points not
in 7Z°, then Sn(vo, ..., Unty) comprises all ™~ spline functions of degree n
over M(vo, ..., vntr) With compact support.

§3. Generators

From the definition of S;, = Syp(vo, ..., vn4r) in the previous section, or from
Theorem 1, we can see immediately that S, is shift-invariant, i.e.

fesnﬁf('_jdesna jEZZ,

and S, is refinable, i.e.

fESn:>f(§)€Sn-

We shall say that ¢ = (¢1,...,¢s) € S is a local generator of S, if every
element of S, is a finite linear combination of shifts (i.e. integer translates)
of the components of ¢, i.e. f € 5, if and only if

F=>" ¢(—75)el) (3.1)

JEZ?

for a sequence ¢ of r x 1 matrices ¢(j), j € 72%, where ¢ has finite support.
Equations such as (3.1) can be neatly written in terms of Fourier transforms.
For s,t € 72, s,t > 1, we shall denote by Lsy; the set of all s x ¢t matrices of
bivariate Laurent polynomials with real coefficients. Then (3.1) is equivalent
to

A ~

flu) = d(u)C(e™™), ueR? (3.2)
where C' € L, 1 is given by

Clz)= ) e(i)z), =e(C\{0})

jen?

We shall say that a matrix M in L,y, is invertible if M(z) is non-singular
for all z € C*, z # 0. Clearly this is equivalent to det M(z) = ez for some
keZ? c¢ccR,c#0. If Min Ly, is invertible, then it has an inverse M ™!
m Lyx,.
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Theorem 2. The space S, = Sy(vo,...,vn4,) has a local generator ¢ =
(¢1,-..,¢r). Moreover b = (1,...,%,) € S| is a local generator for S, if

and only if .
aM(e™")

feoN 2
Plu) = (tuvg) ... (z"u'un+r)7 u e R, (3-3)
where 1 = (u;_l,u;_zu% . ,u;_l) and M € L,y, satisfies
n+r
det M(z) = cz* H(l — 2%, z€(C\{0})?, (3.4)
7=0

for some k € 7Z*, ¢ € R, ¢ # 0.

For the proof of Theorem 2 we shall need the following.

Lemma 4. Ifv € ZZ* has co-prime components, then the Laurent polynomial
z¥ —1on (C\{0})? is irreducible.
Proof: Let v = (j,k). By replacing z; by 27! or 23 by z;!, if necessary,
we may assume j,k > 0. We shall suppose z” — 1 = p(z)q(z), z € C?, for
non-constant polynomials p, ¢, and reach a contradiction.

Take w € C\ {0} and let 2y = w*, 2z = w™7. Then p(w*, w™7)q(w*, w™7)
= 0 and so, without loss of generality,

plwk,w9) =0, we €\ {0},
Let

J k

p(z1,22):E E arsz1 25, 21,22 € C,

r=0 s=0

where a;; = 0. Then

7k
DY anw™ =0, we )\ {0

r=0 s=0

Since 7 and k are coprime, distinct terms in the above summation give different
powers of w, except for the terms agp and a;p. Thus a,y = 0, 0 < r < 7,
0 <s <k. Sop=0, which is a contradiction. O

Proof of Theorem 2: We shall first construct recursively for m = —1,....,n,
a matrix M,, in L,y, satisfying

m-+tr
det M (2) = [T (1 —2%), (3.5)
Jj=0

and for 7 =0,...,m+r,

&J\Jm(e_m) =0 when w€TR?, wv;=0. (3.6)
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For r = 1 this is satisfied by M,,(z) = H;n:-gl(l — z%) and so we may assume
r > 2.
First we define M_q. For j =0,...,r — 1, define

r—1
Pj(u) = H iuvg, u € R (3.7)
k=0,kj

Then Py, ..., P._; give a basis for the space H,_; of all homogeneous bivariate
polynomials of exact degree r — 1. Since the polynomials u;_l_]u%, =
0,...,r —1, also form a basis for H,_1, there is a constant non-singular r x r

matrix A with
wA = (Po(u),...,Pr_1(u)), ué€ R?. (3.8)

Then define
1—2% 0 --- 0
M_y(2) = (det A)7'A | P : ., ze(C\{o})”
0 e 0 1 i ZU’I’—l

(3.9)

Clearly M_, satsifies (3.5). Take 0 < j <r —1 and u € R? with uv; = 0.
Then by (3.9) and (3.8),

GM_q(e7™) = (det A)" (Po(u)(1 — ™), ..., Pr_y(u)(1 — e =1)) = 0,

since 1 — e~ "% = 0 and Pr(u) =0,k =0,...,r — 1, except for k = j. Thus
M_, satisfies (3.6).

We may now suppose that for some m, 0 < m < n, M,,_; has been
constructed satisfying (3.5) and (3.6). When wvy,4, = 0, then u = thJ,‘H_T for
some t € R and

aMm_l(e—iu) — tr—l(UJ_ )NMm—l (e—itvi‘l+w)

o . » (3.10)
=t q(e”")(p1(e™"), .. pr(e7)),
for univariate Laurent polynomials ¢, p1,..., pr, where py, ..., p, have no com-

mon factor.

Now it is well-known (see Theorem 6.21 of [11]) that if py,...,p, are
univariate poynomials with no common factor, then there is an r x r matrix
R of univariate polynomials with

detR(z) =1, z€C, (3.11)
[p1,...,pr]R=1[1,0,...,0]. (3.12)
Clearly this can be extended to the case of Laurent polynomials py,...,p.,

where R is now a matrix of Laurent polynomials.
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Now choose v € ZZ? with UTJ;L_I_TU = 1 and define

I -zt 0 - O

) 0 1 0 .

M (z) = Mm—1(2)R(z") : . : .|, z€(C\{0})"
0 .01

(3.13)
Clearly (3.5) is satisfied and (3.6) is satisfied for j = 0,...,m — 1 4+ r. If
UwOm+y = 0, then by (3.10),

0 0 0
~ —tu r—1 —1it —1t —1t —1it 1 0
aMpy(e7) =t" qle™" ) (pr(e™), ... pr(e7 ")) R(e™") : .
0 0 1
0 0 0
1 0 1 0
=t""q(e”"")(1,0,...,0) | . : .| =0,
0 0 1
(3.14)

by (3.12). Thus M, satisfies (3.5) and (3.6) and our recursive construction is
complete.
Now take m, —1 < m < n. We shall prove that if U,, in L, satisfies

ﬁUm(e_i”) =0 Yu € R? with uvj = 0 for some j, 0<j<m+r, (3.15)
then there i1s V in L, «; with
We prove this by induction on m. First take m = —1 and suppose U_;
satisfies (3.15). Take A as in (3.8) and for j =1,...,r, let ¢; € R" be defined
by () = 65, k=1,...,r. Thenfor 0 < j <r—1and uv; =0, (3.15) gives

0=alU_1(e™™) = G AATU_1(e™™) = Pj(u)e; A7 U_1 (™).

Thus when z% = 1, the jth row of A™'U_;(2) equals zero. Since 1 — 2%
is irreducible, by Lemima 4, it follows from the Hilbert Nullstellensatz that
the jth row of A7'U_;(2) must be divisible by 1 — 2%, j = 0,...,r — 1 (see
Chapter 1 of [5]). Hence for some V_y in Ly,

1 — zvo 0 Ca 0
AT 4 (z) = | Do : Voi(z), ze(C\{0})
0 A 0 1 — zVr—1

and hence by (3.9), U_; = (det A)M_;V_4, which proves the result.
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Now suppose that the result holds for m — 1, 0 < m < n. Take U,, in
L, 1 satisfying (3.15). It follows from our inductive hypothesis that

for some Vi,—1 in Lyx;1. By (3.11) det R = 1 and hence R™(2") is in L,
So we may write

Un(2) = M1 (2)R(z")W(z), =z € (C\ {0})%, (3.17)

for some W in L,«1. Now take u € IR? with UUm4r = 0. Then from (3.15)
and (3.17), with v = tv, .,

0= '&Um(e_iu)
= M1 (™" )R(e™ )W (™)
- tr_lq(e_”)(l, 0,... ,O)W(e_iu)

on recalling (3.10) and (3.14). Thus W(e_i“)Ll = 0 when uv;,4+, = 0 and
hence W(z)y,1 is divisible by 1 — z"=+r. So

1 20mtr 0 -en
0 10 )
Wi(z) = V(z), =z€(C\{0})", (3.18)
0 01

for some V in L, ;. From (3.17), (3.18) and (3.13) we have (3.16) and so the
result holds for m. So the inductive proof is complete.

We now define ¢ = (¢1,...,¢,) by

~ ﬂl\éfn(e_’“)

Plu) = (iuvg) ... (Tuvptr)’ e R (3.19)

By (3.6), q% 1s continuous and so the components of ¢ lie in S, by the definition
of S,,. We now show that ¢ 1s a local generator for 5,,. Take f in S,. Then

f(u) = Un(e™™) . u€R?, (3.20)

(tuvg) ... (1uvp4r)

where f is continuous and so U, in L,y satisfies (3.15) for m = n. So by

(3.16), U, = M,V for some V in L, and so by (3.19) and (3.20),
flw) =o(u)V(e™™), uweR”

Thus f is a finite linear combination of the shifts of the components of ¢. So
¢ 1s a local generator for S,,.
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Now take any ¢ = (¢1,...,%,) € S7. Then
b(u) = p(u)Ale™™), u e R?, (3.21)

for some A € Lyy,, and so ¢ satisfies (3.3) with
M = M,A. (3.22)

Suppose ¥ is a local generator for 5,. Then

~

H(u) =p(u)B(e™™), ueR?,
for some B € Ly, and so from (3.22),
M, =MB = M, AB.

Thus det AB = 1 and so A is invertible. Then (3.4) follows from (3.22) and
(3.5).

Conversely suppose that ¢ satisfies (3.4). From (3.22) we have det A =
cz¥ and so A is invertible. Then from (3.21),

~

dlu) = p(w)A™ e ™), ue R

So for any f € S, there is C' € L, «; with

A

f(u) = d)C(e™) = P A~ () C(e™), ue R,

and hence ¥ is a local generator for §,. O
For the case r = 1, Theorem 2 states that the function v is a local
generator for S, if and only if

) ce—iku H"‘H(l . e—iuvj>

D(u) = 1=0 ., uelR?,

(tuvg) ... (Iuvy41)

for some k € 7%, ¢ € R, ¢ # 0, which is equivalent to

Y =cBy(. — kl|vo, ..., vnt1),

i.e. 1 is a shift of a multiple of a box spline. For this reason we shall refer to
any local generator ¢ for S,(vo,...,vnyr) as a multi-box spline, extending the
terminology of [7] for the case r = 2.
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§4. Stability

Suppose that ¢ = (¢1,...,¢,) is a local generator for S, = Sy, (vo, ...,
Un+r). Then any function f in S, can be written in the form

F=3 o= j)el). (4.1)

JEZ?

for a sequence ¢ of r x 1 matrices ¢(j), j € 7Z*, where ¢ has finite support.
We shall say that ¢ is stable if the shifts of ¢ form a Riesz basis, i.e. the
representation (4.1) is stable in the sense that there are constants A, B > 0
so that for any f in Sy,

AY LGP <A <B Y leG)I”

JEZ? JEZ?

It follows from [10] that ¢ is stable if and only if no linear combination
of ¢1,..., ¢, has a real 2w-periodic zero on the Fourier domain, i.e. there do
not exist u € R? and non-zero ¢ € ZZ" with

~

o(u + 27Tj)cT =0, jeZZ’ (4.2)

Theorem 3. For the space S, = Sy(vo,...,Vntr), the following are equiva-
lent.

(a) There is a stable local generator ¢ = (¢1,...,¢r) of Sy.

very local generator ¢ = (¢pq,...,¢p,) of S, is stable.

(b) Every local generator ¢ = (¢1,...,¢r) of Sy is stabl

c most r lines in Vg, ..., Untr) Intersect except at points in .
At tr lines in M(vg, ..., Untr) int t pt at points in 72>
or each u € ™ ere are at most r vectors v; in {vg, ..., Vnir

d) F hu € R*\ 272, th t most tors vj i e Ung
with €'V = 1.

Proof: (a) = (b). Suppose ¢ = (¢1,...,¢,) is a stable local generator of S,,.
Let ¢ = (¢1,...,%¢,) be any local generator for S,,. Then

~ ~ ~

o(u) = ¢(7L>A(6_i”), L;(u) = ¢(7L>B(€_iu), u € R?,
for some A, B € L,«,. Thus
d(u) = d(u)B(e ™) A(e™™). u e R?,

So for any u € R?,

~
/

d(u+2mj) (I — Ble™™)A(e™™)) =0, jeZ’,

and since ¢ is stable, condition (4.2) shows that I — B(e™"")A(e~") = 0.
Thus B(e™"™") is non-singular for all u € R?.

Now suppose that for v € R?, ¢ € Z", ;/AJ(u +275)eT =0, for all j € 7Z2°.
Then

A

o(u + 27rj)B(e_i")cT =0, jez’
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By stability of ¢, B(e™™)eT = 0 and so ¢ = 0. Thus ¢ is stable. (Note that
this proof does not depend on the particular structure of S,, and so holds for
any shift-invariant space.)

(¢) & (d). Suppose that € R? lies in a line in M = M(vo,...,vntr)
parallel to v;, 0 < g <n4r,1e. x =k+tv;, k € 7%, t € R. Then .I’U]J-' € Z.
1 _
j
m € 7Z* with vaJ-‘ = and so (z —m)U]J-‘ = 0. Thus * —m = tv;, some t € R,
and so x lies on a line in M parallel to v;.

Now for u € R? €% = 1 if and only if wv; € 277 if and only if
ulvl € 2772 if and only if (27) 'u? lies on a line in M parallel to v;. It
follows that (¢) and (d) are equivalent.

Now let ¢ = (¢1,...,¢,) be the generator of S, constructed in the proof
of Theorem 2. We shall complete the proof of Theorem 3 by showing that (d)
holds if and only if ¢ is stable.

We recall that ¢ can be given by

Conversely suppose that z € R? satisfies zv [ € 7ZZ. Then we may choose

- P(u)D(e=")N(emiv)
P(u) = (1uo) . .. (iUuvny,)

where P = (Py,...,P._1), given by (3.7), D(z) = diag(l —z",..., 1 —2")
and N € L,y satisfies

n+r
det N(z) = [ (1 = 2%), =z€(C\{0})* (4.4)

j=r

We recall further that q; is defined recursively as q; = fn, where

1) = PEDE) - (1_e—wvo 1_> —

(tuvg) ... (fuvy—y vy IUVe—q
(4.5)
while for m = 0,...,n, for uvy,4, # 0,
l— e Wmtr 0 ... 0
Fnr (1) » 0 1 0 .-
() = Imt Y R i . ARG 4,
fm(u) Fr— R (e™™) : : : : (4.6)

for Ry, € L, satisfying det R,,(z) =1, z € (C \ {0})2.

First we assume that ¢ is stable and show that (d) holds. Suppose to
the contrary that (d) is false. Then, without loss of generality, we may choose
u € R*\2n7Z* with e™™% = 1,1 =0,...,r. Then from (4.4), det N(e™*) =0
and so we may choose non-zero ¢ € C" with N(e™™)cT = 0. Now for any
j €722, (4.3) gives

Sy + 2mj)e” = P+ 2mi) D )N (e 9)eT
i(y + 27Tj>U0 Ce Z(y + 27T.j>vn-|-r

, yeR: (4.7)
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Note that D(e™™) = 0 and N(e~"™)cT = 0, but at most one of the terms in
the denominator of (4.7) can vanish when y = u. Thus (4.2) holds and so ¢
1s not stable.

To finish we assume that (d) holds and prove that ¢ is stable, i.e. we
show that for any u € IR?, there is no non-zero ¢ € 7Z" satisfying (4.2).

First suppose that u ¢ 277Z*. We shall assume (4.2) holds for some non-
zero ¢ € 7ZZ" and reach a contradiction. By (d) we may assume, without loss of
generality, that e="™% £ 1, j =r,...,n+r. So from (4.4), det N(e™™) #£ 0.
Then d” := N(e7™)cT # 0 and by (4.2) and (4.3),

P(u+27j)D(e”™)d" =0, jeZ*
Thus the homogeneous polynomial P(-)D(e~")dT must be identically zero
and hence ‘
D(e~™)dT = 0. (4.8)

If for some k, 0 < k < r — 1, we have e = 1, then from (4.8), dx = 0.
We shall now take k&, 0 < k < r — 1, with e7™% = 1 and we shall also show
dr = 0, which will give the required contradiction.

Since uvy € 2772, we may choose j € Z* with

(u + 27j)vg = 0. (4.9)
Let D be a directional derivative with
D(yvr) =1, ye R (4.10)
Since the denominator of (4.3) vanishes at u + 277, (4.2) gives

0 = D(P(y)D(e™ )N (e™¥)c™)(u + 2r)

, - - (4.11)
= P(u + 27)D(D(e™ ¥ )N (e~ )< (u),

by (4.8). By (4.9), Pi(u + 2rj) =0, # k, and
r—1
Pi(u+2mj) = H i(u+2mj)v; #0.
1=0,1k

Then by (4.11), recalling that e™"%"* = 1,
0="D(1 — e " )(u)dy, = idy,

by (4.10). Thus d;, =0,k =0,...,r — 1, which contradicts d # 0.
Finally we take v € 2x7Z* and show that there is no non-zero ¢ € 72"
satisfying (4.2) (which in this case holds independently of (d)). Without loss

of generality we may suppose that v = 0.
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First note that from (4.6), for m =0,...,n,

1 — e_““’m+7‘

Fn ()1 = (Fm—1 (@) R (e7™)) . ueR? (4.12)

1UV gy

and so

fm(0)1 = (fm—1(0)Rm (1)1 (4.13)

Also from (4.6) we see that for f,, to be continuous we require that for m =

(Fme1(0)Rm(1)); =0, j=2,...,r (4.14)

Now from (4.5), f—1(0) # 0. Assume that for some m, 0 < m < n, frm—1(0)1 #
0. Since Ry, (1) is non-singular, fu,—1(0) Ry, (1) # 0. So from (4.13) and (4.14),
fm(0)1 # 0. So by induction,

fm(0)1 #0, m=-1,...,n. (4.15)

Now for 0 < m < n, let Rm(l) denote the matrix gained by deleting the
first row and column of R,,(1). We claim ﬁ’m(l) is non-singular. For suppose
(va,. 0. )Rm(1) = 0, i.e. (0,02,...,0,)Rm(1); =0, j =2,...,r. By (4.14),
recalling that Ry, (1) is non-singular, (0,v2,...,v,) = Afn—1(0), some X € C,
and by (4.15), A = 0. Thus Rm(l) is non-singular.

Take ¢ € 7ZZ" with é := (ca,...,¢,) # 0. Then for u € 27ZZ*, uv,y, # 0,
(4.6) gives

_ faa(w)

1UV g4y

qg(u)cT = fn(u)cT =

[

Ra(y)] ] = £t

1UV g4

where (da,...,d,)T = R,(1)¢" # 0. Continuing in this way we obtain for
u e 27, wo; 0,5 =r,...,n+r,

T
d(u)eT = — =1l , (4.16)
(tuvy) ... ((uvn4r)
where (e2,...€e,) # 0. Choose k, 2 < k < r, with ¢x # 0. Then from (4.5)
and (4.16), g%(27w,ﬂ‘_1)cT # 0 and so (4.2) is not satisfied.
If ¢ =(1,0,...,0), then qAb(O)cT = fn(0)1 # 0, by (4.15). Thus for any
non-zero ¢ € 72", (4.2) is not satisfied and the proof is complete. O
For the case r = 1, Theorem 3 states that the shifts of a box spline
By (.|vo, ..., vnt1) are stable if and only if no lines in M(vg, ..., vp41) intersect
except at points in ZZ?. In fact under this condition the shifts of B, satisfy
the stronger property of being locally linearly independent [3,9]. For r = 2,
Theorem 3 was proved in [7]. We shall now see that the maximum number
of vectors vg, . .., vp4r for which (c¢) of Theorem 3 can be satisfied is precisely
3r. For r = 1 we may choose, for example, {(1,0),(0,1),(1,1)}. The case
r = 2 is studied in some detail in [7] which gives, in particular, the choice

{<1’0>’ (0’ 1>’ (17 1)’ (1’ _1>’ (2’ 1)7 (1’ _2)}'
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Theorem 4. For fixed r > 1, the maximum value of n for which the condi-
tions of Theorem 3 can be satisfied is precisely 2r — 1.

Proof: Suppose that the conditions of Theorem 3 are satisfied. If the com-
ponents of v; are both odd, then ™% = 1 for u = (7,7). If (vj); is even
(respectively odd) and (v;)2 is odd (respectively even), then e™% = 1 for
u = (%,0) (respectively (0,7)). By condition (d), there are at most r vectors
v; of each of the above three types. Since the components of v; cannot both
be even, there are at most 3r vectors vj, i.e. n < 2r — 1.

It remains to show that for r > 1, there is a choice of 3r vectors vy, ...,
vgr—1 satisfying (d) of Theorem 3. For r = 1 and 2, we have already given
such a choice. We now assume that we have such a choice for r = s > 2,
and construct vectors vss, vsst1, Uss+2 S0 that vg,...,vss42 satsify (d) for
r = s+ 1. We note that in (d) we may assume that v is in [0,27)? \ {0} and
5= is rational.

Let {u;: 1 = 1,...,m} denote all points in [0,27)? \ {0} which satisfy
¢V = 1 for at least two choices of j in {0,...,3s — 1}. for [ = 1,...,m,
let u; = 2x( II_Z, T L), for integers P, i, Ry Wlth 0 < P,Q; < R;. We let
vgs = (N, N 4+ 1), vgs41 = (N +1,N), v3542 = (N — 1, N + 1), where N is
an even positive integer divisible by Ry, ..., R, and so that vs.4; and vy are
linearly independent, j = 0,1,2, £ =0,...,3s — 1. Clearly the components of
V3545 are coprime for 7 =0,1,2

Now take 1 <1 < m. Then

U3 = 27T—N + 27 @(N +1)=2nx g ,  (mod 277Z).
l

R R
Thus '3 = 1 only if Q; = 0. Similarly e'*¥s+1 = 1 only if P, = 0 and
e"vs:+2 = 1 only if P; = ;. Since at most one of these can occur, e"™% =1
for at most s + 1 choices of j in {0,...,3s + 2}.
We novv show that (d) holds for r = s+ 1 and v ¢ {u1,...,un}. Let 0 #
=27 ( ) for integers P,Q, R with 0 < P,@Q < R. Then eI = ],

R’ R
=0,1,2 if and only if
PN+ Q(N +1) € RZ, (4.17)
P(N +1)+ QN € RZ, (4.18)
P(N —-1)4+ Q(N +1) € RZL. (4.19)

Subtracting (4.19) from (4.17) shows that P € R7ZZ and hence P = 0. Then
subtracting (4.18) from (4.17) shows similarly that ) = 0, which contradicts
u # 0. Since e = 1 for at most one choice of j in {0,...,3s — 1}, we
see that ¢”™% = 1 for at most three choices of j in {0,...,3s + 2}. Since
s+1 > 3, (d) is satisfied for r = s+ 1, which completes the proof by induction.
O

While the construction in the above proof is useful for proving existence,
it may not give a very ‘good’ choice of the vectors {vg,...,vs,—1} satisfying
the conditions. For r = 3, a simple choice is

{(1’())’ (Ov 1)? (1v 1)? (1’ _1>’ (2’ 1)? (17 _2>7 (1’2>v (27 _1>7 (133)}3

which is not given by the construction in the above proof.
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§5. Symmetry

We see from Theorem 2 that a generator for S, = S, (vo,...,vntr) is by no
means unique. Indeed if ¢ = (¢1,...,¢,) is a local generator for S, then
Y = (¢1,...,%,) is also a local generator if and only if

~ ~

Y(u) = d(u)B(e™™), ueR?

where B in L,y is invertible. For r > 2, there is a large choice of such B and
hence a large choice of generators. We would therefore like to find generators
which have ‘good’ properties, and one such property is symmetry.

We shall say ¢ = (¢1,...,¢,) is symmetric if for j = 1,...,r, there is
C; € Z* and o = 1 or —1, such that

¢j(—x) = ojoi(z + Cj), z€R?, (5.1)

le. ¢; 1s even or odd about %Cj as 0j equals 1 or —1. We note that if

b;j = ¢j(. — k) for some k € 7ZZ*, then
O(—z) = 0jd(x + k + Cj) = 0;j(x + Cj), =R’

where C~’j = Cj + 2k. Thus by replacing ¢; by one of its shifts, there is no
loss of generality on assuming that C; € {0,1}%. Note that taking Fourier
transforms of (5.1) gives

$i(—u) = 0jeCid(u), ue R (5.2)

We conjecture that any space S, = Sn(vo,...,Vn4r) has a symmetric
local generator, but we have not proved this. What we now show is that any
such generator has certain restrictions on the choice of o, Cj in (5.1). This is
very useful in restricting the choice when we are looking for symmetric local
generators.

Theorem 5. If ¢ = (¢1,...,¢,) is a symmetric local generator of Sy, satis-
fying (5.1) for j = 1,...,r, then

r n—+r
ZC]' = Zz)j, mod 2722, (5.3)
j=1 j=0
and
o1 ... op = (1)t (5.4)
Proof: By Theorem 2,
A aM(e™")

u € R, (5.5)
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for M € L, satisfying (3.4). Thus

—u)=(—-1)" . .
o) =(-1) (tuvg) . .. (iuvn+r)’ weR (5:6)
From (5.2), (5.5) and (5.6) we have for u € R?,
oI M (e M) = (1) M(e™);, j=1,...,m (5.7)

Putting V = Z;Lior vj, (3.4) gives
det M(z7") = (=1)" T 12728 Vdet M(2), =z € (C\{0})%
and comparing with (5.7) gives, for C' = E;=1 C,
iuC (_1)721‘(_]_)n—f-r—f-leiu(Zk—}-V)7 = ]R,Z,

01...0.€ =

from which (5.3) and (5.4) follow. O

For r = 1, Theorem 5.1 shows that a box-spline B, (.|vg, ..., Un41) is even
about %Z?iol v;, as 1s well-known. We note that if n and r are even, then
from (5.4) we must have o; = —1 for some j, 1 < 5 <r, and so, in particular,

¢; cannot be a positive function.
We now consider other types of symmetries. Let T be a unitary 2 x 2
maftrix of real numbers, and suppose that

{UQT, . ,Un_H«T} == {tovo, . ,tn+rvn+,«}, (58)

where t; = 1 or —1, 7 = 0,...,n + r. Then from the definition (2.1), S,
is invariant under T, i.e. {f(-T) : f € Sp} = Sn, where f(-T)(z) = f(zT),
z € R?. Moreover from Thorem 2, if ¢ is a local generator of Sy, then so is
¢(-T'). We shall suppose that ¢ is symmetric under T in the sense that for a
permutation P of {1,...,r},

¢j(zT) = Tjdp(j)(z + aj), teRY j=1,...,r (5.9)

for a; € 777, T, =1or —1,7=1...,r. If P(j) = j, then we may assume, as
before, that a; € {0,1}%2. We note that the symmetry considered in Theorem

5 1s a special case of that above where T'= —1 and P = I. Now (uNT) gives a
basis for H,_; and so, as in the proof of Theorem 2, there is a non-singular
constant r X r matrix A with (uT) = aA.

Theorem 6. If ¢ = (¢1,...,¢,) is a local generator of S, satisfying (5.9),
then
T1...7 = (tg.. .tn_|_r)r_10(P) det A, (5.10)

where U(P) =1 or —1 as P is even or odd.
Proof: From (5.5) and (5.8),
ﬁA.M(e_i“T)

(tuvg) ... (1uvnyy)

S(T)=to...tntr , ueR” (5.11)
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From (5.9), (5.5) and (5.11) we have for u € R?,
e M (e " i p) = to - tap e AM (T )i Gk=1,...,r. (5.12)
Now from (3.4),
det J\J(e_i”T) =1t5... tn_|_re_i”t det M(e_i”),
for some [ € 7ZZ*, and comparing with (5.12) gives
T1...7v0(P) = (to... tn+,«)r+1 det Ae_i”m,

for some m € ZZ*, which gives (5.10). O

Henceforward we assume that T is symmetric, i.e. 7?2 = I. Then P? =T
and if P(j) = k # j we may, without loss of generality, choose ¢ to equal
¢;(-T), and thus 7; =7, = 1, a; = a = 0.

Now suppose that ¢ is symmetric under T, and ¢ is also symmetric (as

in (5.1)). Then if P(j) =k # j, = € R?,

¢r(—2) = ¢j(—2T) = 0;6;(«T + Cj) (5.13)
and
or(—z) = opdr(z + Cr) = ordj(2T + CT). (5.14)
Since (5.13) and (5.14) hold for all = € R?, and ¢; has compact support,
oj =0, C;=CT. (5.15)

Next suppose that P(j) = j. Then for any = € R?,
¢j(=2T) = 0j6;(xT + Cj)
= 0jdi((z + CT)T) (5.16)
= 0;7i9j(x + CiT + aj),

and
¢i((=2)T) = jbj(—z + a;) = 0;7;0;(x — aj + Cj). (5.17)
Thus
C’jT+2a]- :C]'. (518)
We now consider the case
0 1
7-[1 0
Here A;j = 0;p—j41, 1,7 =1,...,r, and so (5.10) becomes
Tt = (=170 De(PY(to . . tnyr) (5.19)

If P(j) =k # j, then (5.15) holds. If P(j) = j, then from (5.18), 2a; =
((Cj)1 — (C)2)(1,—1) and hence aj = 0 and C; = 0 or (1,1). Thus we have

a;j=0,9=1,...,r.
-1 0
T_[O 1}.

Finally consider the case
Here A;; = (—=1)"7%6; ;, 4,57 = 1,...,r, and so (5.10) again gives (5.19). Again
(5.15) holds if P(j) =k # j. If P(j) = 7, then from (5.18), a; = ((C,)1,0).
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§6. Examples
We shall illustrate the preceding work with three examples. Throughout we

—tu —iv

write z = e~ '™, w =¢

Example 1. Take n =0, r = 3 and
{vo,...,vs} ={(1,0),(0,1),(1,1),(1,-1)}.

The mesh M = M (vo, ...,vs) is called a type-2 triangulation. From Theorem 1,
So = So(vo, . ..,vs) comprises all piecewise constant functions f over M with
compact support such that at any point z = (j + %, k+ %), j1.k € 7, the jump
in f across the mesh lines {(j+¢,k+t):t € R} and {(j+t,k+1—1):t € R}
remains constant across .

A symmetric local generator ¢ = (¢1, @2, ¢3) of Sp is defined as follows.
The function ¢; is the characteristic function of [0,1]%, i.e. the box-spline on
M (vo,v1) given by

le(uav) = (1—=) —w)) u,v € R.

(1u)(1v)

The other functions are given by

qAbg(u,v) _ v(l—2)(1+w)—u(l —w)(l+=z) wveR,

uv(u — v)

¢A63(u,1)) = zq%z(—u,v) u,v € R.

Note that there is a local generator with smaller support, ¢ = (¢1,¢2, v¥3),
where g = %(@1 + ¢2) is the characteristic function of the triangle with
vertices (0,0), (1,0), (0,1) and 93 = %(@1 + ¢3) is the characteristic function
of the triangle with vertices (0,0), (1,0), (1,1). However the generator 1 is
not symmetric.

Since only two lines in M intersect other than in 7ZZ?, Theorem 3 shows
that ¢ is stable. Equation (5.1) is satisfied with o4y = 1, 0y = 03 = —1,

01202203:(1,1). For T = |:? é

] , we have

$i(T)=¢;, j=12, ¢3(T)=—¢s.

-1

For T = [ 0

(1)} , we have

$1(-T) = ¢1(. +(1,0)),  ¢2(T) = ¢3(. +(1,0)),
and thus (5.19) is satisfied with 7, =1, 7 =1,2,3, o(P) = —1.

Example 2. Take n =2, r = 2 and
{vo,...,va} ={(1,0),(0,1),(1,1),(2,1),(1,2)}.
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Since only two lines in M = M(vg, ..., vs) intersect other than in 7%, we see
from Corollary 1 that Sy = Sy(vo,...,vs) comprises all C! quadratic spline
functions over M with compact support.

A symmetric local generator of Sy is ¢ = (¢1, ¢2), where for u,v € R,

(2u + v)(w_l — zw)(l + 2_1) — (u + 20)(2_1 — Zw)(l + w_l)

¢1(u,0) = iuv(u 4 v)(2u + v)(u + 2v) ’

A _(w_l —zw)(zw—3w—}—3—z_1)

P2(u,v) = iuv(u 4 v)(u + 2v)

(2_1 —zw)(zw — 3z + 3 — w_l)
iwv(u 4 v)(2u + v)

By Theorem 3, ¢ is stable. Equation (5.1) is satisfied with oy = —1, 092 = 1,

Ci=0,Cy=(1,1). For T = |:(1) (1):|7 61(-T) = =1, ¢2(-T) = .

_|_

Example 3. Take n =3, r =4 and
{vo,...,vr} ={(1,0),(0,1),(1,1),(1,-1),(2,1),(1,2),(2,-1),(1,—2)}.

Since at most three lines in M = M(vg,...,v7) intersect other than in 7Z?,
we see from Corollary 1 that S3 = S3(vg,...,v7) comprises all C? cubic spline
functions over M with compact support.

A symmetric local generator of S3 is ¢ = (¢1, ¢2, ¢3, ¢a), defined as follows
for u,v € R. Letting f denote ¢ as in Example 2,

- flu,v) -

951(“,?1) = i(u _ U>, ¢2(U,U) = &1(—%”)7

A _(zw2 — l)(z_l + w_l) (zw — 2_1)
¢s(u,v) = uv(u + v)(u + 2v) uv(u +v)(2u 4+ v)
(2_1w2 —1)(z + w_l) (z_lw —z)

uv(u + v)(u — 2v) uv(u + v)(2u —'U)’

ba(u,v) = ds(v,u).
By Theorem 3, ¢ is stable. Equation (5.1) is satisfied witho; = 1,5 =1,...,4,
C;=C=0,C3 =(0,1), Cy = (1,0).
0 1

For T = 1 ol e have
qb](T) = ¢j7 .7 = 1727 ¢4(T) - ¢3(T)7
while for T = |:_01 (1):| , we have

d2 = $1(:T), ¢3(-T) =3, Ga(-T) = p3(. +(1,0)).
In both cases (5.19) 1s satisfied with
=1 j=1,...,4, o(P)=-1, tg...ty =—L.
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