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Abstract

A scheme for constructing orthogonal systems of bivariate polynomials in the Bernstein—-Bézier form over
triangular domains is formulated. The orthogonal basis functions have a hierarchical ordering by degree, facilitating
computation of least-squares approximations of increasing degree (with permanence of coefficients) until the
approximation error is subdued below a prescribed tolerance. The orthogonal polynomials reduce to the usual
Legendre polynomials along one edge of the domain triangle, and within each fixed degree are characterized by
vanishing Bernstein coefficients on successive rows parallel to that edge. Closed-form expressions and recursive
algorithms for computing the Bernstein coefficients of these orthogonal bivariate polynomials are derived, and their
application to surface smoothing problems is sketched. Finally, an extension of the scheme to the construction of
orthogonal bases for polynomials over higher-dimensional simplexes is also presented.
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1. Introduction

Orthogonal polynomials play a fundamental role in problems of least-squares approximation of
functions over finite domains (Davis, 1975). In the univariate case, the Legendre polynomials are
easily constructed by a simple recurrence relation. They also possess elegant Bernstein representations,
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and the transformation between Legendre and Bernstein forms is comparatively well-conditioned
(Farouki, 2000b). The Bernstein form of a polynomial over a finite domain is advantageous for
practical computations, on account of its intrinsic numerical stability (Farouki and Goodman, 1996;
Farouki and Rajan, 1987) and the geometrical insight and elegant algorithms it entails (Farin, 1986,
1993).

In the bivariate (or multivariate) context, the construction of orthogonal polynomials in Bernstein form
over fundamental (i.e., simplex) domains is more challenging. For example, to facilitate approximation
by polynomials of successively higher degree, until a desired tolerance is attained, a systematic degree
ordering must be imposed on the orthogonal basis functions. This is, in general, incompatible with
the symmetry properties and simple recursive definitions that characterize the univariate Legendre
polynomials.

Although multivariate orthogonal polynomials were introduced quite early, most of the developments
in this field have occurred recently. Standard texts on orthogonal polynomials focus on the univariate case
(Askey, 1975; Szeg6, 1975). Orthogonal polynomials on the simplex (namely, Rodrigues’ formula and
orthogonalized monomials as a biorthogonal system) were given by Appell and Kampé de Fériet (1926).
Jackson (1936) discussed formal properties of orthogonal systems in two variables, and Koornwinder
(1975, 1976) gave bivariate analogs of the Jacobi polynomials; see also (Bertran, 1975; Krall and Sheffer,
1967). More recently, Kowalski (1982a, 1982b) and Xu (1993a, 1993b, 1994a, 1994b, 1994c) discuss
some fundamental properties of multivariate orthogonal systems, including recurrence relations. Detailed
constructions of orthogonal systems for particular domain geometries have received less attention—
a system for hexagonal domains has been described by Dunkl (1987), while Sauer (1994) gives a
biorthogonal system (for a singular weight function) over triangles.

In this paper, we propose a particular approach to constructing systems of bivariate orthogonal
polynomials in Bernstein form over triangular domains. The distinguishing properties of these
polynomials are: (i) they coincide with the univariate Legendre polynomials along one edge of the
domain triangle; and (i) their “Bernstein—Bézier control nets” exhibit successive sequences of vanishing
coefficients on rows parallel to this edge. Closed-form expressions for the Bernstein coefficients of these
orthogonal bivariate polynomials are derived, together with a recursive scheme for their generation.
Moreover, the method may be generalized in a natural manner to allow the construction of systems
of orthogonald-variate polynomials ovef-simplex domains.

It should be emphasized that the orthogonal bases described herein are not new (see references
cited above). The contribution of this paper, however, is to give explicit constructions of these bases
in Bernstein form, so as to take full advantage of the numerical stability, simple recursive algorithms,
degree ordering, and geometrical insights associated with the Bernstein form.

Our plan for this paper is as follows. In Section 2 we outline some basic features of the univariate
Legendre polynomials, and their Bernstein representations, that are required subsequently. After
reviewing barycentric coordinates, the Bernstein basis, and integration over triangular domains in
Section 3, we describe the construction of a degree-ordered orthogonal system of polynomials over
such domains, and derive formulae and recursive algorithms for computing their Bernstein coefficients.
In Section 4 we sketch an application of the orthogonal basis to surface smoothing problems, under
linear interpolation constraints. The scheme is then generalized in Section 5 to furnish constructions for
orthogonal polynomial bases ovérdimensional simplexes. Finally, we briefly discuss further possible
extensions and generalizations of the orthogonal basis scheme in Section 6, and offer some concluding
remarks in Section 7.
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2. Theunivariate case

To emphasize symmetry properties, the univariate Legendre polynomials are traditionally defined on
the interval[—1, +1]. For our purposes, however, it is more convenient to [@s&]. The Legendre
polynomialsLo(u), L1(u), ... 0onu € [0, 1] can be generated through the recurrence

(r+DLa(u) =(2r +1)(2u — 1L, (u) —rL,1(u) 1)
forr =1,2,..., commencing withLo(ux) =1 and L,(«) = 2u — 1. Successive polynomials are then
Lo(u) =6u® —6u + 1, L3(u) = 20u® — 30u® + 12 — 1, etc. The orthogonality of these polynomials is
expressed by the relation

1 L
if r =s,

L,(u)Ly(u)du =] 2+1 2
0/ (u) L (u)du {0 frats 2

which allows us to sequentially compute the Legendre coefficients
1
£, =(2r+1)/L,(u)f(u)du forr=0,...,n
0

of the degreea least-squares polynomial approximant

Py =) &L (w). 3)
r=0
to a given integrable functioyi (#) on the intervak € [0, 1].
As an alternative to the recurrence relation (1), the Legendre polynomials may be defined through
Rodrigues’ formula

1 d}’ 2 r
Lr(u)zr_!du’(u —u) forr=0,1,.... 4)
This can be used to express(x) in terms of the univariate Bernstein basis
r ..
bl (u) = (_)(1— w)'u' fori=0,...,r
l
Lemma 1. The Legendre polynomidl, (u) has the Bernstein representation

L= (-1 (:)b (w). (5)
i=0

Proof. We write (u? — u)" = (—1)"(1 — u)"u” and invoke Leibniz’s rule:

(_1)r a . (_1)r r r di . dr—i
- A—u)u" = Z(l)w(l—u)

.
-1
du” rl 4 du"—i
i=0

(=" (7 r! . Ll L (N,
oo Z(l’)(r—i)!(_l)(l_u) i :Z(—D*(i)bi(u). =

i=0 i=0
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Note the elegant simplicity of (5)—the Bernstein coefficientsLpfu) are simply the sequence of
binomial coefficients of order, taken with alternating signs (beginning with-&™or “ —" according to
whetherr is even or odd). We may also wish to express all the Legendre polynohyals, ..., L, (1)
of degree< n in the Bernstein basis of fixed degreeThis can be accomplished Iy — r)-fold “degree
elevation” (Farouki and Rajan, 1988) bf («), giving

L.(u) = E Y "bl(u) forr=0,....,n—1, (6)
i=0
where
n n\ 1 minﬁ,:r) ( 1)r+k r\(r\(n—r fori =0 )
= — 1=0,...,n.
i i , IAVIACEY”
k=max0,i+r—n)

The Legendre polynomials (5) may be considered to arise from application of the Gram—-Schmidt
orthogonalization process (Hoffman and Kunze, 1971) to the set of monomialg?l. ... Starting
with Lo(x) = 1, we definé
L(w)=u"— Zfo é(u)duL-(u) forr=12,....
i=0 0 (u)d
In other words, we obtaid, («) by subtracting fromu” its “projections” onto each of the lower-order
Legendre polynomiald.q(u), ..., L,_1(u).

3. Orthogonal polynomialson triangles

One way of constructing a set of bivariate orthogonal polynomials is to framsor products
of the Legendre polynomiald,,;(u,v) = L,(u)L,(v). This is appropriate whenever the unit square
(u, v) €[0,1] x [0, 1] is the domain of interest. However, the construction of an orthogonal basis over a
triangular (simplicial) domain is a more challenging and fundamental problem. Before embarking upon
this, we need to review basic concepts concerning barycentric coordinates and the Bernstein polynomial
basis over triangular domains.

3.1. Barycentric coordinates

Let T be areference trianglén the plane, defined by verticgg = (x, y) for k =1, 2, 3. If these
vertices are not collinear, the determinant

1 1 1
A= X1 X2 X3 (8)

yir Y2 )3
is positive if the vertices are labelled in a counter-clockwise sensel drat aread = %A. If Ty, T, T3
are the triangles subtendedpat (x, y) by the sides of", their (signed) areas ave, = %Al, Ay = %Az,

1 Note that this gives a different normalization fbr («) than the formulae (4) and (5).
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Az = %Ag, where A, is obtained fromA by replacing the elements 4, y, by 1, x, y. We may then
write p = up;1 + vp2 + wps, the barycentric coordinatds, v, w) of p with respect tal' being defined
by the area-ratios

Ar Ay A

u=—, V= —, w , 9)
A A A
which evidently satisfy the normalization condition
u+v+w=1 (20)

3.2. Bernstein bases over triangles

To construct a basis for bivariate polynomials of degremver T', we raise the left-hand side of (10)
to thenth power and perform a trinomial expansion:

u+v+w'"= Z

0<i, j,k<n
i+j+k=n

uviwt=1. (11)

The sum contain%(n + 1 (n + 2) linearly-independent polynomials, which define the Bernstein basis
for the spacdl, of degreen polynomials over the reference triandle It is convenient to introduce the
compact notatiorx = (i, j, k) to denote triples of non-negative integers, and we weite=i + j + k.

The Bernstein basis of degreeverT is thus denoted by

by(u,v,w) = —— ivjwk, loe| = n. (12)
iljlk!
Since these functions am®n-negativeover T, and form gpartition of unity, any degreer polynomial
P(u,v,w)= )" cabl(u, v, w) (13)
|a|=n

with Bernstein coefficientse, satisfies theconvex hull propertyover 7', namely mify—, c, <
P(u,v, w) < MaXq—, cy- We will also have occasion to use tkegree elevatioralgorithm for the
Bernstein representation (13). Multiplying both sides by & + v + w, we may write

P, v,wy= Y b u,v,w),
|a|=n+1
where the degree-elevated coefficiejtsare given by
o iCi—1jk+ jCij—1k +KCijr-1
ijk n4 1
Of course, this can be repeated to raise the degree to anyvaluEurther details on the Bernstein form
over triangular domains may be found in (Farin, 1986).

fori+j+k=n+1

3.3. Integration over triangular domains

Consider two pairs of neighboring lines, parallel to the sides 0 andv = 0 of T. If these lines
correspond to fixed values, u + du and v, v + dv of the barycentric coordinates, they delineate a
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parallelogram of area4l= Adudv. Thus, the integral of a functiorf (u, v, w) of the barycentric
coordinates oveF can be expressed as

v=1 u=1—v
f f(u,v,w)dA:Af / fu,v,1—u—v)dudv. (14)
T v=0 u=0

Of course, we could also formulate (14) as a double integral ovand w, or w and u, by using
u+v+w=1

Lemma 2. For all || =n, the Bernstein basis functions @hsatisfy
A

//bg(u,v,w)dAzm (15)
T

Proof. Substituting the expansion af* = (1 — u — v)* into (12) allows the integral to be evaluated; the
result (15) then follows from some well-known binomial-coefficient identities.

Given two bivariate polynomialg (u, v, w) andg (u, v, w), we now define theimner product(p, g)
overT by

( _1 dA
p,q>—2fqu ,
T

and when(p, g) = 0 we say thaip andg areorthogonal(and we writep 1 ¢). Thenorm of a single
polynomial p(u, v, w) is defined by

Ipll=~/{p, p)-

3.4. Orthogonal bases on triangular domains

We wish to construct a basis of linearly independent and mutually orthogonal polynomials in
the barycentric coordinate@:, v, w) over T. For polynomials of maximum degreg there must be
2(n + 1)(n + 2) basis functions.
For convenience in computing least-squares approximants of successively higher degree, we want
these basis functions to exhibit a hierarchical ordering:
1 constant basis functiohg o,
2 linear basis functionf o, L1 1,
3 quadratic basis functions, o, L, 1, L2 .2, (16)

n+1 degree: basis functiond., o, ..., L,.,.

The least-squares degregsolynomial approximationP, (u, v, w) to a given functionf (u, v, w) over
the domainT’, that minimizes

£2 = ff[f(u, v, w) — F(u,v,w)] dA
T
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over degreer polynomialsF (u, v, w), can then be simply “written down” as

nor . L.
Pn(u, vsw):ZZZr,iLr,i(usv, w)s with Zr,i:M

r=0 i=0 <Lr,ia Lr,i)
We note that an orthogonal basis of the form (16) cannot be uniqué— [L,.0, ..., Ly,..]" is @
vector containing the degree basis functions, and is any orthogonalm + 1) x (m + 1) matrix, we
can always replace those functions in (16) by the polynondigls= M L,, = [Ly.o. ..., L] Without

compromising orthogonality of the system (Jackson, 1936; Kowalski, 1982a).

We can, in principle, employ the Gram-Schmidt process to construct the orthogonal basis (16).
However, Gram-Schmidt orthogonalization is a very cumbersome approach, since the introduction of
each basis function requires the evaluation of many integrals. Instead, we desire either a recursion relation
analogous to (1) for the univariate case, or a closed-form expression for the basis functions, similar to the
Bernstein form (5).

Appell and Kampé de Fériet (1926) and Sauer (1994) have disch&stiibgonalsystems (for Jacobi
weight functions): these comprise two distinct bases such that, within each basis, members of different
degree are orthogonal, but those of the same degree are not. Regardless of degree, the members of eact
basis are orthogonal to all but the unique corresponding member of the other basis. Koornwinder (1975)
described a method for generating bivariate analogs of the Jacobi polynomials that are orthogonal on
a triangular domain; see also Xu (1994a). Since, on the triafigie{(x, y) | x, y > 0, x + y < 1}, the
integral of a functionf (x, y) can be re-written as

11
[/f@sde%H:/ijl—&émS%dm
S 00

a set of orthogonal bivariate polynomials 8ris defined by the products

Rﬁ“%a—nxa—m%(ly) 17)
— X

fork=0,...,r WherePk(“’ﬂ) are the Jacobi polynomials (Szeg0, 1975), orthogonal with respect to the
weightw(x) = (1 — x)*(1+ x)? onx € [—1, +1], and L, are the Legendre polynomials are [0, 1].

This approach to constructing a set of bivariate orthogonal polynomials goes back to Proriol (1957)—see
(Koornwinder, 1975). Szegd (1975) gives the following expression for the Jacobi polynomials

k
Pk(“’ﬁ)(ZX 1= Z (’Z—i_-jl) (k -i- ﬂ)(x — 1)ixk

i=0
which can be written in terms of the Bernstein basiscan[0, 1] as
k . (k+'a) (k+/$)
PP (20 — 1) =) (—1)H bk (), (18)
i=0 (z)
The result of Lemma 1, for example, corresponds to takirg 8 = 0 above. The system of orthogonal
bivariate polynomials that we shall construct below is equivalent to substituting (18)witB + 1 and
B =0into (17), and choosing= %(n + 1)(n + 2) for a basis of given total degreeon S. However, our
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approach is based on dirett initio construction in the Bernstein basis: it yields simple (and numerically
stable) recursive algorithms, and explicitly incorporates the desired degree-ordering (16) of the basis
functions.

Even degree-ordered orthogonal (and orthonormal) polynomials are far from being unique—if we
arrange all orthogonal polynomials of the same total degtesdy) in a degree-ordered basis into a
vector (of lengthn 4+ 1), and multiply this vector by any orthogoné& + 1) x (n + 1) matrix, we
obtain another vector of orthogonal polynomials of the same total degree. These freedoms enable us
to combine orthogonality (and even orthormality) with additional constraints on the polynomials, to
obtain a particular set of orthogonal polynomials that allows a stable and relatively simple recursive
construction of one specific orthogonal basis. However, we remark that there are several other ways of
choosing an orthogonal basis: for example, it is very common to choose those polynomials which are
orthogonal to all polynomials of lower degree, and have monomials as leading terms; see (Xu, 1993a,
1993b, 19944, 1994b, 1994c).

Our aim here is to give an explicit construction for the Bernstein form of an orthogonal basis for
bivariate polynomials over triangles, whose members are mutually orthogonal (with respect to a unit
weight function)}—whether they are of the same or different degrees. Moreover, we would like this basis
to exhibit a degree-ordering of the form (16), and to be as close an analog of the univariate Legendre
basis as possible, so that the Bernstein coefficients of the basis functions exhibit a structure making them
amenable to computation by recursive algorithms. It is not possible to incorporate all these attributes
without some sacrifice, however. Specifically, the orthogonal basis functions are asymmetric with respect
to the domain triangle, which may be of concern in applications concerned with data sets on large
triangulations (e.qg., fitting smooth functions to scattered data or finite-element analysis).

3.5. Degree-ordered orthogonal polynomials

To construct a simple closed-form representation of a degree-ordered system of orthogonal polynomi-
als on a given domain trianglE, it is advantageous to express these polynomials in Bernstein form. We
shall begin by showing that this form admits a useful characterization of the condition for any polynomial
of degreen to be orthogonal to all polynomials of degreen.

Now form > 1, consider the spaag, of degrees polynomials that are orthogonal to all polynomials
of degree< m overT:

Em = {PE nm | pJ—Hmfl}~

For any integrable functiorf (1, v, w) overT, we also define the operator
Si(F)=n+Dn+2) Y (f bl
la|=n

(note thatS, (1) = 1). It is shown in (Derriennic, 1985) that, far > m, L,, is an eigenspace of the
operatorsS, corresponding to the single eigenvalue
(n+2)!n!
Amon = .
m+m+2)!(n—m))
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Lemma3.Letp=>3",_, cub, € Ly andg =3 ,,_, duby, € IT, Withm < n. Then we have

~ (n))? .
(Pt = s 2 — 2 e

|a|=n
Proof. Sincep is an eigenfunction of, with eigenvaluer,, ,, we have

Su(p) =+ D) +2) Y (p. BB = dnnP = D Cabl.
lot|=n |a|=n
ldentifying coefficients of the basis functioh$ in the above sums, we obtain
AmnCa (n)%c,
m+D(n+2  @n+m+2)!(n—m)!
for all @] =n. Hence, we have

(p. b)) =

0 (n!)?
(p.q)= Zd“<p’ba>=(n+m+2)z(n_m)zlz Cady. O

lee]=n a|=n

Lemmad.Letp=>3_, _, c.b, € I1,. Then we have

PEL, & Y cady=0 forallg="y dyb}ell, .

lee]=n lee|=n

Proof. Letp =3}, _, caby € L,. Then(p,q) =0foranyg =3, _, dob), € IT,_1, and hence we have
Y ia|=n Cado = 0 by Lemma 3.

Conversely, supposp = > ,,_, c.b), € I1, satisfiesy_, _, cod, = 0 for everyg =3 _,,_, duby, €
M,1. Letr =3, _, kb, € I1,_1 be the projection ofp onto IT,_; so thatp —r L IT, 4, i.e.,
p —r € L,. Then, by the first part of the proof, we haye,,_,(c. — ka)k, = 0. Since, by supposition,
we also have)_, _, cake =0, we deduce tha}t_,_, kZ = 0. Hencek, = O for |o| = n, which implies
thatr=0andpe L,. O

3.6. Construction of the orthogonal basis

With n > 1, we now construct polynomialg, , («, v, w) € £,, r =0, ...,n, such that?, , L P, , for
r #s. Thus, choosing? o = 1, the polynomials

P,,(u,v,w) forO<r<nandn=0,12,...

constitute a degree-ordered orthogonal sequendé dime basic idea in this construction is to makge
coincide with the univariate Legendre polynomial (5) of degredong one edge df' (conventionally,

the edgew = 0), and to make its variation along each chord parallel to that edge a scaled version of this
Legendre polynomial. The variation &, . with w can then be arranged so as to ensure its orthogonality
on T with everypolynomial of degree< n, and with the other basis polynomiak ; of degreen for

S FET.
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Consider the bivariate polynomials defined by

. (r — (n+r+1
Pnr s Uy = _1l . br 9 _1] . b’?_r N 19
(v, w) Z( >(l)t<”>,2< )( j )j(wu+v) (19)
i=0 j=0
forr=0,...,nandn =0,1, 2, ..., where we write
bl (s, 1) = (r_>s"t"" fori =0,...,r
l
Noting that

bf(u,v):(r.)< u )’( v )r_lzbl.’( u ):b,.’( u >’ (20)
(u+v)" i/ \u+v u—+v u—+v 1—w

we may write
Pn,r(u’ v,w)=1L, (L> 1- w)rQn,r(w) (21)
1—w

forr=0,...,n, where

— An+r+1\ ,_,
Gn.r (W) = Z(—l)f( . )b,. (w)

— J
J

and L, is the rth univariate Legendre polynomial (5). Note that expression (21) has the same basic

structure as (17).

We shall first verify that the polynomialg, , (u, v, w), r =0, ..., n, are orthogonal to all polynomials
of degree< n over the domain trianglé&'.

Lemma5.Forr =0,...,nandi =0,...,n—r—1,¢,,(w) is orthogonal ta(1—w)?* "+ onw < [0, 1],
and hence
1

[ anrp)@-wiaw=o (22)
0
for every polynomiap(w) of degree<n —r — 1.

Proof. Using the resulgfol(l —0)'t’dt =rls!/(r +5 + 1)!, we have

1
f Qnr(w)(l - w)2r+i+l dw
0

n—r 1
:Z(_l)j<n+r:+l)<n_.r>‘/\wj(1_w)n+r+i—j+ldw
j=0 0

J J

LS )

:n+r+z+2 (”+”"'."'+1) - n+r+i+2(n+r+i+l)'

j=0 J n—r
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In the last step we use identity (7.1) from (Gould, 1972). Since the binomial coeff(%iierr)tvanishes
for0O<i<mn—r—2land1ll—w,...,(1—w)" "~ form a basis for polynomials of degreen —r — 1,
we obtain the relation (22). O

Theorem 1. Forn > 1and0 < r < n, we haveP, , (u, v, w) € L,.

Proof. Consider the polynomials defined by

u
s,m\U, U, :Ls .
Qs.m(u, v, w) (1

)(1 _ w)mwn—m—l
fors=0,...,mandm =0,...,n — 1, whose span includes

p(L>(1 —w)"w" ™t form=0,...,n—1,

1—-w

for any polynomialp of degree< m, and hence also
I\1-—w

bm ( u >(1 o w)mwn—m—l — bijn (l/i, U)wn—m—l

for j=0,...,mandm =0,...,n — 1. Since the latter polynomials span all@f,_,, we need to show
that

// Pn,r(us v’ w)QS,m(u’ vy w) dA = 0
T

fors=0,...,mandm =0, ...,n — 1. Now for suitable functions (u, w),

11-w 11
//f(L,w)dA=Af/ f(L,w)dudsz/ff(z,w)(l—w)dzdw,
1—-w 1—w
T 0 0 00
on making the substitution=u/(1 — w). Thus,

f[ Py, (u, v, w)Qy m(u, v, w)dA
T

11
A f f Ly (1) (L= WY gy () Ly (1) (L — w)" "L clr
00
1

1

a [ LoLwd [ g, ia-wr .
0 0
Whenm < r, we haves < r, and the first integral vanishes. Hence, it suffices to show that

1
f qn,r(w)wn_m_l(l _ w)r+in+l dw=0
0
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for r <m <n — 1 or, equivalently, that
1

/Qn,r(w)p(w)(l — w)2r+l dw =0
0
for each polynomiap (w) of degree< n — r — 1, which holds by Lemma 5. O

Finally, we show that the polynomial, , («, v, w) of any eiven degree are all mutually orthogonal
to each other.

Theorem 2. For r # s, we haveP, , (u, v, w) L P, s(u, v, w).
Proof. Forr # s, invoking (2) gives

// Pn,r(us v’ w)})n,s(u; v’ w) dA
T

11l1-w
=A / / Lr (L) Ls (L> (1 - w)H—SQn,r (w)Qns(w) du dw
1—w 1—w
0 0
1 1
=A f L, (t)Ly(1) de / Gy (WG s W)L —w) T Hdw=0. O
0 0

Hence, the bivariate polynomials
P,,(u,v,w) forr=0,...,nandn=0,1,2,... (23)

defined by (19) or (21) constitute an orthogonal system, ordered by degree, over the domainftiangle
Since this system is, in fact, a particular case (expressed in Bernstein form) of the known system (17),
Theorems 1 and 2 are consequences of the fact that the latter forms an orthogonal basis.

3.7. Bernstein form of the orthogonal polynomials

For practical computations, the Bernstein—Bézier form
Py, v, w) =Y @ bl (u, v, w)

||=n

of the orthogonal polynomials (23) is very useful. We shall now derive closed-form expressions for the
Bernstein coefficients]” and formulate a recursion relation that allows us to efficiently compute them.
Clearly, since (19) is of maximum degree- r in w, we must have

afj’,: =0 fork>n-—r. (24)
Otherwise, for 6< k < n — r, the remaining coefficients are determined from (19) by the requirement

n,rn n+r+1 n—r . i r r
Z aifkbijk(u,v,w)=( L )bk (w,u—i_v);(_l)H (i)bi(u,v).

i+j=n—k



R.T. Farouki et al. / Computer Aided Geometric Design 20 (2003) 209-230 221

Comparing powers aofb on both sides, we have

—k

Z l]k( )b;’k(u, v)

=0

1\ (n — . :
e () Yo e (e
k+r n+r+1 n—r = ron—k 1 n—k
=(-1) ( ; )( L )Zy,» b (u, v),

i=0
where we make use of (20) and (6) in the last step. Hence, we obtain

(n+r+1) (n r)
= (=Dt k Dk Lk for0<k<n—r, (25)
()
whereyl."””‘ are the coefficients of the degred-egendre polynomial (5) in the Bernstein basis of degree
n — k, as defined by expression (7).
We now derive a recurrence relation for the coefficie:l‘.?}; of P, ,(u, v, w). Applying Lemma 3 with

q=P,,(u,v,w)andp = bl"]kl(u, v, w), i.e.,

-1 . .
pu,v,w) = uu’v’wk
iljlk!
i+1 Jj+1 k+1
T bi,j kv, w)+ bn;+lk(” v, w) + —— bn/k+1(” v, w),

ljk

wherei + j +k =n — 1, yields

G+ Day 0+ G+ Da7, + &+ Daj,,, =0, (26)
and since we know from (25) that
a_io=CED"yM" fori=0,...,n, (27)

we can use (26) to generatg,f recursively ork. Note also that the familiar (univariate) degree elevation
algorithm (Farouki and Rajan, 1988),

i . .
ylt = —yrnty (1——) 71 fori=0,....n,
n

can be used to deriveg™" recursively from

=1 () fri=0r
l

Fig. 1 shows the Bernstein coefficients computed from (24) and (25), or (26) and (27), for the cases
n < 3. Note that these coefficients are symmetric (evJeand antisymmetric (odd) with respect to the
i andj indices:

aiy =(=D'aj;, fori+j+k=n. (28)
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Fig. 1. Bernstein coefficients of the linea@Py g, P1,1), quadratic (P20, P21, P22), and cubic (P30, P31, P32, P33)
orthogonal basis functions (in the caseR¥ 1 the coefficients have been scaled by a factor of 3 to give integer values). The
constant basis function (not shown here) is simpyp = 1. Note the symmetry/antisymmetry properties of the coefficients, as
expressed by (28).

4. Application to surface smoothing

To illustrate the utility of the orthogonal bivariate basis, we briefly sketch its application to a surface
“smoothing” problem. Consider a triangular surface patch of total deljresxpressed in terms of both
the standard Bernstein basis and the orthogonal basis over the domain tfiangle

N n
r(l/t, v, LU) = Z pabé{v(”, v, LU) = Z an,rpn,r(u’ v, w) (29)

|la|=N n=0 r=0

Once the quantities]” in Section 3.7 are computed, the linear relationship betwee@(ﬂvielr D(N+2)
control pointsp, and vector coefficients,, , is known.

We assume tha¥ linear interpolation constraints have been prescribed for the surface: if the boundary
curves are specified, for instance, this amountsNo(@ector) constraints. These linear constraints are
written in the form

N n
Fy(Goo---Qv) =) _ D G, Uu,=0, s=1...M (30)

n=0 r=0

for suitable coefficients; ,. The freedoms remaining after satisfaction of the interpolation constraints
will be used to minimize a “surface smoothness” integral, typically (Kolb et al., 1995) of the form

J(qo,o...qN,N)=f/ll/(r(u,v,w))dA, (31)
T



R.T. Farouki et al. / Computer Aided Geometric Design 20 (2003) 209-230 223

the functional¥ being quadratic irr(u, v, w) and its derivatives. Introducing Lagrange multipliers
A1, ..., Ay the necessary conditions for minimization of (31) are obtained by equating to zero the
derivatives of

M
J(oo---An.N) + ZMFS (do,0---qn.N)
s=1
with respect toggo...0n, y. Substituting the second expression from (29) in (31) we find that, by
orthogonality of the basis functions, a single non-zero term remains when we take the derivative
with respect tog, .—namely, that which contains the square ®f, («, v, w). Denoting the resulting
coefficient ofg, . by C, , we thus obtain a sparse linear system of (vector) equations
M
Corlnr+ Y 4G, =0 forr=0,...,n,n=0,...,N. (32)
s=1
Together with Egs. (30), this system is easily solved #@r..., Ay and goo...qy y to Obtain the
“smoothest” surface—according to the chosen functional (31)—that satisfies the interpolation conditions.
The smoothness can be further improved by increasing the surface @dégré29), resulting in a simple
augmentation of the linear system defined by (30) and (32).

5. Themultivariate case

We now extend the orthogonal basis construction for bivariate polynomials over triangular domains to
the case of multivariate polynomials déhvariables over @-dimensional simplex, fo# > 2. Again, we
emphasize that the bases presented here are known (Dunkl and Xu, 2001; Koornwinder and Schwartz,
1997) and our contribution is thus to give explicit constructions of their Bernstein forms. For this purpose,
we first recall some notations for multivariate polynomials in Bernstein form.

In barycentric coordinates, thedimensional unit simplex is given by

d
T, = {u:(uo,...,ud): uj >0, Zujzl
j=0
and theBernstein basi$or polynomials of degree overT, is defined by

n ny o n! ao g

ba(u)z(a)u =muo ceuyt, (33)
where

o= (ag,...,as) eNG™t and |a|=ag+ -+ ag=n.

Any polynomial P of degree: at most can be written in the Bernstein—Bézier representation
Pu) =) pubi(u). (34)

|a|=n
The vectorp = (p,: |a| =n) contains théBernstein coefficientsf P. We denote the set of all Bernstein
coefficients of a given degreeby

P, := {(pat lal =n): po €R, |a| =n}.
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As in Section 3, we denote b#f, the space of all polynomials of degreen over T,, and byL, the
space of polynomials of degreethat are orthogonal to every polynomial of degree overT,. Eq. (34)
defines an isomorphism between polynomilg I7, and coefficienty € P,. When we use upper- and
lower-case letters henceforth, we assume they are connected by (34).

We first seek a generalization of Lemma 3. For that purpose, we recaBdhestein—Durrmeyer
operatorV, 'C(Td) — II, defined by

Vnf = Z (1, b: by = ) Z<f’bg)b2

n!
lee|=n lee|=n

The following result has been proved in (Derriennic, 1985, Theorem I1.1):

Theorem 3. The spaceC,, is an eigenspace df, with the eigenvalue
(n+d)n!
A =13 (n+m+d)(n—m)!
0 m>n.

m<n,

We also recall thelegree elevatiooperatorr : P, — P, 1, which satisfies

P)= Y (Rp)aby™w),

|o|=n+1
where
d Ol
Rp:(; +1pa & |Ol|—l’l+1) (35)

ande; for j =0,...,n denote the canonical unit multi-indices—i.eq,= (1,0,0,...,0), &1 = (0, 1,
0,...,0),...,etc.
Consider now the inner produg¢t, -),, : P, x P, — R defined by

= Z Paqa- (36)

la|=n
Lemma6. Let P € £,, and Q € IT, have Bernstein coefficiengse P,, andgq < P, respectively, where
m < n.Then

n !)‘m,n

(n+d)!

(P,Q)= (R"™p.q),. (37)

Proof. By the definition of the degree elevation operator and Theorem 3, we obtain

> (R""p) ba=P= xl V,P = (n + )l > (P.bib

m,n n U\mn

lee|=n lee|=n

and by comparing coefficients we find that
d
R"™™p = ((”+ )! (P,b]): |al —n)

n
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Hence, we have

n n )‘m n n m n')‘mﬁ n—m
(P, Q)= Z P, b an( +d)‘ p)a= (n+d)!<R p,q)n. O

||=n ||=n
Now if we take Bernstein coefficienjse P, 1 andq € P, we can apply degree elevation to compute

(Rp.q)n=(p.R'q),_,

whereR’, the formal adjoint ofR, is defined by

Z Pa Rq ZQQ(Rp)a— ZQQZajpa 8] - Z ZQO{+81 Pa>

la|=n—1 la|=n la|=n la|=n—1 j=0
that is,
L aj+1
R[q:(z ]l’l Ga+te; |O{|:l’l—1>. (38)
j=0

Note that the linear operat®’ is adegree reductiomperator. MoreoverR’ can be used to characterize
the spaceC, as follows:

Lemma7. For P e IT, with Bernstein coefficients € IP,,, we have

Pel, & Rp=0.

Proof. To prove necessity, assume thiak £, has Bernstein coefficiens € P, and note that, for any
Q e IT,_, with Bernstein coefficientg € P,_1, Lemma 6 yields

I I
B, Rg)y = ——

= R' .
(l’l —|—d)‘ ’ (n +d)‘< p’q)n—l
Specifically, choosing the polynomiaf3 = g for eacha € N§ ™ with |«| =» — 1, we obtainR’ p =0.
Conversely, assume th&t p = 0. From (38) we observe this implies, foe=0, ..., n — 1 anda € N¢
with |&| =n — k — 1, that

0=(P, Q)=

d—=1 A

aj+1 n—k .
Pty =— ) === Plate ) = — (R Pr) (39)
k1 T k+1 é
wherepy = (p@a.x: 1@l =n —k). Thatis,
n—k
5, . — R'D 40
Di+1 ] Pk- (40)

In other words, the condition®’p = 0 and the valuep ;o) for & € N¢ with |&| = n, determinep
completely. In particular,

-1
dim{p e P,: R'p =0} < (n;i,—d 1 >=dim£n.
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However, by what we proved before, we also know that

Ly~ {pePn: > pab, e.cn} c{pePs: R'p=0}.
|a|=n
and since the dimensions of the above two finite-dimensional vector spaces coincide, they must be
identical. O

Moreover, Eqg. (39) has another immediate consequence:

Corollary 1. For any given(d — 1)-variate polynomial P € I, there exists a uniqueé-variate
polynomial P € £,, such that

P@)=P@@,0 forieT, ;.

Proof. We observe tha = P(-,0) is equivalent top.0) = pa for eaché e NJ with |&| = n, and
by (39), which is in turn equivalent t&8 € £,, this definegp uniquely. O

This corollary shows that our construction agrees with the “standard” theory (Askey, 1975) of
orthogonal polynomials. Univariate orthogonal polynomials are often not normalized tariegeal
1, but rather in such a way that the value at one end of the integration interval is 1 (which is the only
orthogonal polynomial in zero variables). This normalization ensures that the orthogonal polynomials
possess rational coefficients. Our construction extends this mode of normalization by demanding mutual
orthogonality for all polynomials, and that the restriction of any orthogonal polynomiahariables to
one face of the simpleX;, is again an orthogonal polynomial éih— 1 variables.

The next result—which shows that, for orthogonal polynomiglsis “almost” an inverse oR—wiill
be crucial for what follows.

Lemma8. Let P € £, have Bernstein coefficienjse P,,, and letj, k € N satisfyj < k. Then

(R R*p =, jx R*/ p, (41)
where
n+d+k)! 4k — ) dpijn
n+d+k—j) (+5!  Jopen

Mn,jk =

Proof. Choose Bernstein coefficientgy) for y € Nd with |y | < n, so that the associated polynomials
P,=Y" pu(y)b]
|a|=n

form an orthonormal basis fdi,. Then by Lemma 6 we have, fop| =n and|n| < n,

(R p (), (RY) REp (), pyy = (R p (), REP (1)), 4
d+k)!
- HdER b p
(n 4+ k) Ak )
_ (n+d+k)!
T D) Mk
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On the other hand, another application of Lemma 6 also yields
n+k—j+d)

(n + k — j)”‘n+k—j,n e

and since the vecto®" " p, |n| < n, are a basis foP,, we conclude that
(n+d+k)‘ (n+k_])‘ )\n+k—j,n

m+d+k—j) 4k  Aukn

which proves the lemma. O

(Rn+k—j—|'7|p(;7), Rk_jP(V))kaj -

R p(y),

(R Rep(y) =

We now describe a method to constrdetariate orthogonal polynomial8? € I1,, for & € Nd, which
satisfy

f P (u)Pg (u) du = Ko84p  for o, B € NG,
Td
whereK, > 0 for o € Ng. This method will be recursive with respectdpwhere the cases = 1 and

2 have already been dealt with. Letd, @) € P, denote the Bernstein coefficients of these orthogonal
polynomials, i.e.,

Pi=>" psd.a)by'. aeNg.
|Bl=let]

With eacha € N4, we associate af = («, . .., @4_1) € Ng~* and, following Corollary 1, we “initialize”
the polynomialP? so that

d _ pd-1

POt {ud:o - P& :

Clearly, the construction will work as described in (40), that is, we set

Po(d, ) := R pd — 1, &), (42)

R n—k .

pk+1(d’a):=_mR[pk(d’a)s k=0,,|0{|—1 (43)
Hence, fork =0, ..., n, we have

k .
. n—j+1 N .
Pr(d, o) = (—1)"(1_[ +) (R")'R*p(d — 1.4). (44)
j=1

This construction has an appealing geometric interpretation: the initializing equation (42) ensulgs that
coincides withPéj’*1 on the face, 1 = 0 of the simplex?,, 1, while the second equation (43) guarantees
that R’ p(d, «) = 0, which in turn means thak? € £,,;. Moreover, Eq. (44) and Lemma 8 imply, for
k:O,...,ocd,that

k .
R n—j+1 o N
p(d, o) = (—1)’<(| |—j. )mm,k,adR K pd —1,@). (45)

j=1
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In particular,

k- j+1
pAOld(ds a) = (_1)Old (1_[ f)ﬂl&l,ad,adp(d - 15 &),

j=1
and sinceP{ "' € L, and henceR p(d — 1, &) = 0, it follows that
pid,a)=0 fork=oay+1,...,n. (46)
We are now ready to show that this construction gives an orthogonal basis.

Theorem 4. The polynomialsP?, |«| = n, with Bernstein coefficients(d, «) defined by42) and (43),
form an orthogonal basis fof,,, n € N.

Proof. The proof proceeds by induction eh the caseal = 1 being trivial. Ford > 1 we first remark
that, by construction, we have? € £,,|, so all we have to show is thar?, Pg’) = 0 whenevew #
and|«| =|8].
Suppose now, B € NJ are such thal| = |8] anda # B. Note this also implies thak # 8, since if

& = B and|a| = |B], then

aq = la| — & = |B] — 1Bl = Ba
and thereforexr = 8. Furthermore, we can assume without loss of generalityothat 8,. Then, by (46),
we have

(pr(d, o), pxd.B)) =0 fork=ay+1,....n. (47)

On the other hand, when< «, we first note that this implies — k > ||, and hence.,_ ;s > 0. Taking
this into account, we obtain from (45) and Lemma 6 that

(ﬁk(d5 a)’ ﬁk(d’ IB))n,k

k . 2
n—j+1 o . 3 N
= (l_[ ] ) /"L|&|vkyad/"L|/§|,k,ﬂd<R ¢ kp(d - 1’ O{), Rﬁd kp(d - 1’ 'B))n—k

j=1
k . 2
n—j+1 n—k+d=1", ;1 .1
= (l_[_ X ) M|&|,k,adﬂ|/§|’k,ﬁd (I’l—k)‘)y el <P& y P/§ ):O (48)
j=1 n—k,|&

Thus, (47) and (48) yield
(pe(d. o), pi(d, B)),_, =0 fork=0,....n
and, consequently,

n

(pd. @), pd, B)), = (px(d, ), pe(d, B)),_, =0. (49)

k=0
But (49), the fact thaP?, Pg’ € L,, and a final application of Lemma 6 yield

n,n
(P P) = G i@ @), p@. B), =0,

which proves orthogonality. O
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6. Other extensions and generalizations

Our construction of orthogonal bases for triangular and higher-dimensional simplex domains are
just preliminary results, and many other aspects of this problem deserve further investigation. We have
emphasized the importance of the degree ordering (16) of the basis functions, for example, in applications
where least-squares approximants of increasing degree are to be computed. As noted in Section 1, this
ordering precludes orthogonal bases that have symmetry (or antisymmetry) with respect to the domain
triangle or simplex.

For some applications, an orthogonal basis that comprises homogeneous polynomials of fixed total
degreé n may be preferred, and in this context we expect that a greater degree of symmetry and
structure in the Bernstein representations of the orthogonal basis functions will become apparent. This
consideration is not merely of aesthetic interest: it may also influence stability considerations—see, for
example, (Farouki, 2000b) in the univariate case.

Finally, we mention the problem of constructing orthogonal bases under prescribed boundary con-
straints. Least-squares polynomial approximations of given functions over bounded domains do not, in
general, match values of the given function on the domain boundary. Hence, piecewise least-squares ap-
proximants computed using standard orthogonal bases do not exhibif&eentinuity (Farouki, 2000a;
Lachance, 1988)—this is usually unacceptable. In the univariate case, the classical orthogonal (e.g.,
Chebyshev or Legendre) polynomials can be modified to yield best approximants that are constrained
to match function values and derivatives to a prescribed order at the ends of the approximation interval.
Such an adaptation should also be possible for our bivariate (and multivariate) systems of orthogonal
polynomials over simplexes. However, a detailed investigation of this problem exceeds our current goals.

7. Closure

We have described a scheme to construct a degree-ordered orthogonal basis for polynomials in
the barycentric coordinates over any triangular donf&inAlthough the basis coincides with known
orthogonal systems over triangles, its construction in the Bernstein form offers numerically-stable
algorithms that allow the coefficients to be computed by either closed-form expressions or simple
recursion relations. The coefficients exhibit an intuitive structure, closely related to the behavior of the
univariate Legendre polynomials. The scheme also admits a natural generalization to the construction of
orthogonal bases over simplexes in an arbitrary number of dimensions. We expect that these orthogonal
bases will find diverse applications in problems concerned with the approximation or interpolation of
bivariate and multivariate data.
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