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Abstract

A scheme for constructing orthogonal systems of bivariate polynomials in the Bernstein–Bézier form
triangular domains is formulated. The orthogonal basis functions have a hierarchical ordering by degree, fa
computation of least-squares approximations of increasing degree (with permanence of coefficients)
approximation error is subdued below a prescribed tolerance. The orthogonal polynomials reduce to t
Legendre polynomials along one edge of the domain triangle, and within each fixed degree are characte
vanishing Bernstein coefficients on successive rows parallel to that edge. Closed-form expressions and
algorithms for computing the Bernstein coefficients of these orthogonal bivariate polynomials are derived, a
application to surface smoothing problems is sketched. Finally, an extension of the scheme to the constr
orthogonal bases for polynomials over higher-dimensional simplexes is also presented.
 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Orthogonal polynomials play a fundamental role in problems of least-squares approxima
functions over finite domains (Davis, 1975). In the univariate case, the Legendre polynomia
easily constructed by a simple recurrence relation. They also possess elegant Bernstein repres
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and the transformation between Legendre and Bernstein forms is comparatively well-cond
(Farouki, 2000b). The Bernstein form of a polynomial over a finite domain is advantageou
practical computations, on account of its intrinsic numerical stability (Farouki and Goodman,
Farouki and Rajan, 1987) and the geometrical insight and elegant algorithms it entails (Farin
1993).

In the bivariate (or multivariate) context, the construction of orthogonal polynomials in Bernstein
over fundamental (i.e., simplex) domains is more challenging. For example, to facilitate approxi
by polynomials of successively higher degree, until a desired tolerance is attained, a systematic
ordering must be imposed on the orthogonal basis functions. This is, in general, incompatib
the symmetry properties and simple recursive definitions that characterize the univariate Le
polynomials.

Although multivariate orthogonal polynomials were introduced quite early, most of the develop
in this field have occurred recently. Standard texts on orthogonal polynomials focus on the univaria
(Askey, 1975; Szegö, 1975). Orthogonal polynomials on the simplex (namely, Rodrigues’ formu
orthogonalized monomials as a biorthogonal system) were given by Appell and Kampé de Fériet
Jackson (1936) discussed formal properties of orthogonal systems in two variables, and Koorn
(1975, 1976) gave bivariate analogs of the Jacobi polynomials; see also (Bertran, 1975; Krall and
1967). More recently, Kowalski (1982a, 1982b) and Xu (1993a, 1993b, 1994a, 1994b, 1994c)
some fundamental properties of multivariate orthogonal systems, including recurrence relations. D
constructions of orthogonal systems for particular domain geometries have received less atte
a system for hexagonal domains has been described by Dunkl (1987), while Sauer (1994)
biorthogonal system (for a singular weight function) over triangles.

In this paper, we propose a particular approach to constructing systems of bivariate orth
polynomials in Bernstein form over triangular domains. The distinguishing properties of
polynomials are: (i) they coincide with the univariate Legendre polynomials along one edge
domain triangle; and (ii) their “Bernstein–Bézier control nets” exhibit successive sequences of va
coefficients on rows parallel to this edge. Closed-form expressions for the Bernstein coefficients
orthogonal bivariate polynomials are derived, together with a recursive scheme for their gene
Moreover, the method may be generalized in a natural manner to allow the construction of s
of orthogonald-variate polynomials overd-simplex domains.

It should be emphasized that the orthogonal bases described herein are not new (see re
cited above). The contribution of this paper, however, is to give explicit constructions of these
in Bernstein form, so as to take full advantage of the numerical stability, simple recursive algor
degree ordering, and geometrical insights associated with the Bernstein form.

Our plan for this paper is as follows. In Section 2 we outline some basic features of the uni
Legendre polynomials, and their Bernstein representations, that are required subsequentl
reviewing barycentric coordinates, the Bernstein basis, and integration over triangular dom
Section 3, we describe the construction of a degree-ordered orthogonal system of polynomia
such domains, and derive formulae and recursive algorithms for computing their Bernstein coeffi
In Section 4 we sketch an application of the orthogonal basis to surface smoothing problems
linear interpolation constraints. The scheme is then generalized in Section 5 to furnish construct
orthogonal polynomial bases overd-dimensional simplexes. Finally, we briefly discuss further poss
extensions and generalizations of the orthogonal basis scheme in Section 6, and offer some co
remarks in Section 7.
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2. The univariate case

To emphasize symmetry properties, the univariate Legendre polynomials are traditionally defi
the interval[−1,+1]. For our purposes, however, it is more convenient to use[0,1]. The Legendre
polynomialsL0(u),L1(u), . . . onu ∈ [0,1] can be generated through the recurrence

(r + 1)Lr+1(u) = (2r + 1)(2u − 1)Lr(u) − rLr−1(u) (1)

for r = 1,2, . . . , commencing withL0(u) = 1 andL1(u) = 2u − 1. Successive polynomials are th
L2(u) = 6u2 − 6u + 1, L3(u) = 20u3 − 30u2 + 12u − 1, etc. The orthogonality of these polynomials
expressed by the relation

1∫
0

Lr(u)Ls(u)du =
{ 1

2r+1 if r = s,

0 if r �= s,
(2)

which allows us to sequentially compute the Legendre coefficients


r = (2r + 1)

1∫
0

Lr(u)f (u)du for r = 0, . . . , n

of the degreen least-squares polynomial approximant

Pn(u) =
n∑

r=0


rLr(u), (3)

to a given integrable functionf (u) on the intervalu ∈ [0,1].
As an alternative to the recurrence relation (1), the Legendre polynomials may be defined t

Rodrigues’ formula

Lr(u) = 1

r!
dr

dur

(
u2 − u

)r
for r = 0,1, . . . . (4)

This can be used to expressLr(u) in terms of the univariate Bernstein basis

br
i (u) =

(
r

i

)
(1− u)r−iui for i = 0, . . . , r.

Lemma 1. The Legendre polynomialLr(u) has the Bernstein representation

Lr(u) =
r∑

i=0

(−1)r+i

(
r

i

)
br
i (u). (5)

Proof. We write(u2 − u)r = (−1)r(1− u)rur and invoke Leibniz’s rule:

(−1)r

r!
dr

dur
(1− u)rur = (−1)r

r!
r∑

i=0

(
r

i

)
di

dui
(1− u)r

dr−i

dur−i
ur

= (−1)r

r!
r∑

i=0

(
r

i

)
r!

(r − i)! (−1)i(1− u)r−i r!
i!u

i =
r∑

i=0

(−1)r+i

(
r

i

)
br
i (u). ✷
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Note the elegant simplicity of (5)—the Bernstein coefficients ofLr(u) are simply the sequence
binomial coefficients of orderr , taken with alternating signs (beginning with a “+” or “ −” according to
whetherr is even or odd). We may also wish to express all the Legendre polynomialsL0(u), . . . ,Ln(u)

of degree� n in the Bernstein basis of fixed degreen. This can be accomplished by(n− r)-fold “degree
elevation” (Farouki and Rajan, 1988) ofLr(u), giving

Lr(u) =
n∑

i=0

γ
r,n
i bn

i (u) for r = 0, . . . , n− 1, (6)

where

γ
r,n
i =

(
n

i

)−1 min(i,r)∑
k=max(0,i+r−n)

(−1)r+k

(
r

k

)(
r

k

)(
n− r

i − k

)
for i = 0, . . . , n. (7)

The Legendre polynomials (5) may be considered to arise from application of the Gram–S
orthogonalization process (Hoffman and Kunze, 1971) to the set of monomials 1, u, u2, . . . . Starting
with L0(u) = 1, we define1

Lr(u) = ur −
r−1∑
i=0

∫ 1
0 urLi(u)du∫ 1

0 L2
i (u)du

Li(u) for r = 1,2, . . . .

In other words, we obtainLr(u) by subtracting fromur its “projections” onto each of the lower-ord
Legendre polynomials,L0(u), . . . ,Lr−1(u).

3. Orthogonal polynomials on triangles

One way of constructing a set of bivariate orthogonal polynomials is to formtensor products
of the Legendre polynomials,Lrs(u, v) = Lr(u)Ls(v). This is appropriate whenever the unit squ
(u, v) ∈ [0,1] × [0,1] is the domain of interest. However, the construction of an orthogonal basis o
triangular (simplicial) domain is a more challenging and fundamental problem. Before embarking
this, we need to review basic concepts concerning barycentric coordinates and the Bernstein po
basis over triangular domains.

3.1. Barycentric coordinates

Let T be areference trianglein the plane, defined by verticespk = (xk, yk) for k = 1,2,3. If these
vertices are not collinear, the determinant

∆ =
∣∣∣∣∣∣

1 1 1
x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣ (8)

is positive if the vertices are labelled in a counter-clockwise sense, andT has areaA = 1
2∆. If T1, T2, T3

are the triangles subtended atp = (x, y) by the sides ofT , their (signed) areas areA1 = 1
2∆1, A2 = 1

2∆2,

1 Note that this gives a different normalization forLr(u) than the formulae (4) and (5).
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2∆3, where∆k is obtained from∆ by replacing the elements 1, xk, yk by 1, x, y. We may then

write p = up1 + vp2 + wp3, the barycentric coordinates(u, v,w) of p with respect toT being defined
by the area-ratios

u = ∆1

∆
, v = ∆2

∆
, w = ∆3

∆
, (9)

which evidently satisfy the normalization condition

u+ v +w = 1. (10)

3.2. Bernstein bases over triangles

To construct a basis for bivariate polynomials of degreen overT , we raise the left-hand side of (1
to thenth power and perform a trinomial expansion:

(u+ v +w)n =
∑

0�i,j,k�n
i+j+k=n

n!
i!j !k!u

ivjwk = 1. (11)

The sum contains12(n + 1)(n + 2) linearly-independent polynomials, which define the Bernstein b
for the spaceΠn of degree-n polynomials over the reference triangleT . It is convenient to introduce th
compact notationα = (i, j, k) to denote triples of non-negative integers, and we write|α| = i + j + k.
The Bernstein basis of degreen overT is thus denoted by

bn
α(u, v,w) = n!

i!j !k!u
ivjwk, |α| = n. (12)

Since these functions arenon-negativeoverT , and form apartition of unity, any degree-n polynomial

P(u, v,w) =
∑
|α|=n

cαb
n
α(u, v,w) (13)

with Bernstein coefficientscα satisfies theconvex hull propertyover T , namely min|α|=n cα �
P(u, v,w) � max|α|=n cα . We will also have occasion to use thedegree elevationalgorithm for the
Bernstein representation (13). Multiplying both sides by 1= u+ v + w, we may write

P(u, v,w) =
∑

|α|=n+1

c′
αb

n+1
α (u, v,w),

where the degree-elevated coefficientsc′
α are given by

c′
ijk = ici−1,j,k + jci,j−1,k + kci,j,k−1

n+ 1
for i + j + k = n + 1.

Of course, this can be repeated to raise the degree to any value> n. Further details on the Bernstein for
over triangular domains may be found in (Farin, 1986).

3.3. Integration over triangular domains

Consider two pairs of neighboring lines, parallel to the sidesu = 0 andv = 0 of T . If these lines
correspond to fixed valuesu,u + du and v, v + dv of the barycentric coordinates, they delineat
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parallelogram of area dA = ∆dudv. Thus, the integral of a functionf (u, v,w) of the barycentric
coordinates overT can be expressed as∫ ∫

T

f (u, v,w)dA = ∆

v=1∫
v=0

u=1−v∫
u=0

f (u, v,1− u− v)dudv. (14)

Of course, we could also formulate (14) as a double integral overv and w, or w and u, by using
u+ v +w = 1.

Lemma 2. For all |α| = n, the Bernstein basis functions onT satisfy∫ ∫
T

bn
α(u, v,w)dA = ∆

(n+ 1)(n + 2)
. (15)

Proof. Substituting the expansion ofwk = (1− u− v)k into (12) allows the integral to be evaluated; t
result (15) then follows from some well-known binomial-coefficient identities.✷

Given two bivariate polynomialsp(u, v,w) andq(u, v,w), we now define theirinner product〈p,q〉
overT by

〈p,q〉 = 1

∆

∫ ∫
T

pq dA,

and when〈p,q〉 = 0 we say thatp andq areorthogonal(and we writep ⊥ q). Thenorm of a single
polynomialp(u, v,w) is defined by

‖p‖ =√〈p,p〉.
3.4. Orthogonal bases on triangular domains

We wish to construct a basis of linearly independent and mutually orthogonal polynomi
the barycentric coordinates(u, v,w) over T . For polynomials of maximum degreen, there must be
1
2(n+ 1)(n+ 2) basis functions.

For convenience in computing least-squares approximants of successively higher degree,
these basis functions to exhibit a hierarchical ordering:

1 constant basis functionL0,0,

2 linear basis functionsL1,0,L1,1,

3 quadratic basis functionsL2,0,L2,1,L2,2,

· · · · · ·
n+ 1 degreen basis functionsLn,0, . . . ,Ln,n.

(16)

The least-squares degree-n polynomial approximationPn(u, v,w) to a given functionf (u, v,w) over
the domainT , that minimizes

ε2 =
∫ ∫
T

[
f (u, v,w)−F(u, v,w)

]2
dA
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over degree-n polynomialsF(u, v,w), can then be simply “written down” as

Pn(u, v,w)=
n∑

r=0

r∑
i=0


r,iLr,i(u, v,w), with 
r,i = 〈Lr,i, f 〉
〈Lr,i,Lr,i〉 .

We note that an orthogonal basis of the form (16) cannot be unique—ifLm = [Lm,0, . . . ,Lm,m]T is a
vector containing the degreem basis functions, andM is any orthogonal(m + 1) × (m + 1) matrix, we
can always replace those functions in (16) by the polynomialsL̃m = MLm = [L̃m,0, . . . , L̃m,m] without
compromising orthogonality of the system (Jackson, 1936; Kowalski, 1982a).

We can, in principle, employ the Gram–Schmidt process to construct the orthogonal basi
However, Gram–Schmidt orthogonalization is a very cumbersome approach, since the introdu
each basis function requires the evaluation of many integrals. Instead, we desire either a recursion
analogous to (1) for the univariate case, or a closed-form expression for the basis functions, simila
Bernstein form (5).

Appell and Kampé de Fériet (1926) and Sauer (1994) have discussedbiorthogonalsystems (for Jacob
weight functions): these comprise two distinct bases such that, within each basis, members of d
degree are orthogonal, but those of the same degree are not. Regardless of degree, the membe
basis are orthogonal to all but the unique corresponding member of the other basis. Koornwinde
described a method for generating bivariate analogs of the Jacobi polynomials that are orthog
a triangular domain; see also Xu (1994a). Since, on the triangleS = {(x, y) | x, y � 0, x + y � 1}, the
integral of a functionf (x, y) can be re-written as∫ ∫

S

f (x, y)dx dy =
1∫

0

1∫
0

f (1− ξ, ξη)ξ dξ dη,

a set of orthogonal bivariate polynomials onS is defined by the products

P
(2k+1,0)
r−k (2x − 1) × (1− x)kLk

(
y

1− x

)
(17)

for k = 0, . . . , r whereP (α,β)

k are the Jacobi polynomials (Szegö, 1975), orthogonal with respect t
weightw(x) = (1 − x)α(1 + x)β on x ∈ [−1,+1], andLk are the Legendre polynomials onx ∈ [0,1].
This approach to constructing a set of bivariate orthogonal polynomials goes back to Proriol (1957
(Koornwinder, 1975). Szegö (1975) gives the following expression for the Jacobi polynomials

P
(α,β)

k (2x − 1) =
k∑

i=0

(
k + α

k − i

)(
k + β

i

)
(x − 1)ixk−i ,

which can be written in terms of the Bernstein basis onx ∈ [0,1] as

P
(α,β)

k (2x − 1) =
k∑

i=0

(−1)k+i

(
k+α

i

)(
k+β

k−i

)(
k

i

) bk
i (x). (18)

The result of Lemma 1, for example, corresponds to takingα = β = 0 above. The system of orthogon
bivariate polynomials that we shall construct below is equivalent to substituting (18) withα = 2k+1 and
β = 0 into (17), and choosingr = 1

2(n+ 1)(n+ 2) for a basis of given total degreen onS. However, our
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approach is based on directab initio construction in the Bernstein basis: it yields simple (and numeric
stable) recursive algorithms, and explicitly incorporates the desired degree-ordering (16) of th
functions.

Even degree-ordered orthogonal (and orthonormal) polynomials are far from being unique—
arrange all orthogonal polynomials of the same total degree (n, say) in a degree-ordered basis into
vector (of lengthn + 1), and multiply this vector by any orthogonal(n + 1) × (n + 1) matrix, we
obtain another vector of orthogonal polynomials of the same total degree. These freedoms en
to combine orthogonality (and even orthormality) with additional constraints on the polynomia
obtain a particular set of orthogonal polynomials that allows a stable and relatively simple rec
construction of one specific orthogonal basis. However, we remark that there are several other
choosing an orthogonal basis: for example, it is very common to choose those polynomials wh
orthogonal to all polynomials of lower degree, and have monomials as leading terms; see (Xu,
1993b, 1994a, 1994b, 1994c).

Our aim here is to give an explicit construction for the Bernstein form of an orthogonal bas
bivariate polynomials over triangles, whose members are mutually orthogonal (with respect to
weight function)—whether they are of the same or different degrees. Moreover, we would like thi
to exhibit a degree-ordering of the form (16), and to be as close an analog of the univariate Le
basis as possible, so that the Bernstein coefficients of the basis functions exhibit a structure mak
amenable to computation by recursive algorithms. It is not possible to incorporate all these at
without some sacrifice, however. Specifically, the orthogonal basis functions are asymmetric with
to the domain triangle, which may be of concern in applications concerned with data sets o
triangulations (e.g., fitting smooth functions to scattered data or finite-element analysis).

3.5. Degree-ordered orthogonal polynomials

To construct a simple closed-form representation of a degree-ordered system of orthogonal po
als on a given domain triangleT , it is advantageous to express these polynomials in Bernstein form
shall begin by showing that this form admits a useful characterization of the condition for any polyn
of degreen to be orthogonal to all polynomials of degree< n.

Now form � 1, consider the spaceLm of degree-m polynomials that are orthogonal to all polynomia
of degree<m overT :

Lm = {p ∈ Πm | p ⊥ Πm−1}.
For any integrable functionf (u, v,w) overT , we also define the operator

Sn(f ) = (n+ 1)(n + 2)
∑
|α|=n

〈
f, bn

α

〉
bn
α

(note thatSn(1) = 1). It is shown in (Derriennic, 1985) that, forn � m, Lm is an eigenspace of th
operatorSn corresponding to the single eigenvalue

λm,n = (n+ 2)!n!
(n+ m+ 2)!(n− m)! .
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Lemma 3. Letp = |α|=n cαb
n
α ∈ Lm andq = |α|=n dαb

n
α ∈ Πn with m � n. Then we have

〈p,q〉 = (n!)2

(n +m + 2)!(n − m)!
∑
|α|=n

cαdα.

Proof. Sincep is an eigenfunction ofSn with eigenvalueλm,n, we have

Sn(p) = (n+ 1)(n+ 2)
∑
|α|=n

〈
p,bn

α

〉
bn
α = λm,np = λm,n

∑
|α|=n

cαb
n
α.

Identifying coefficients of the basis functionsbn
α in the above sums, we obtain〈

p,bn
α

〉= λm,ncα

(n+ 1)(n + 2)
= (n!)2cα

(n+m + 2)!(n− m)!
for all |α| = n. Hence, we have

〈p,q〉 =
∑
|α|=n

dα
〈
p,bn

α

〉= (n!)2

(n +m + 2)!(n − m)!
∑
|α|=n

cαdα. ✷

Lemma 4. Letp =∑
|α|=n cαb

n
α ∈ Πn. Then we have

p ∈Ln ⇔
∑
|α|=n

cαdα = 0 for all q =
∑
|α|=n

dαb
n
α ∈ Πn−1.

Proof. Letp =∑
|α|=n cαb

n
α ∈ Ln. Then〈p,q〉 = 0 for anyq =∑

|α|=n dαb
n
α ∈ Πn−1, and hence we hav∑

|α|=n cαdα = 0 by Lemma 3.
Conversely, supposep = ∑

|α|=n cαb
n
α ∈ Πn satisfies

∑
|α|=n cαdα = 0 for everyq = ∑

|α|=n dαb
n
α ∈

Πn−1. Let r = ∑
|α|=n kαb

n
α ∈ Πn−1 be the projection ofp onto Πn−1 so thatp − r ⊥ Πn−1, i.e.,

p − r ∈ Ln. Then, by the first part of the proof, we have
∑

|α|=n(cα − kα)kα = 0. Since, by supposition
we also have

∑
|α|=n cαkα = 0, we deduce that

∑
|α|=n k

2
α = 0. Hence,kα = 0 for |α| = n, which implies

thatr ≡ 0 andp ∈ Ln. ✷
3.6. Construction of the orthogonal basis

With n � 1, we now construct polynomialsPn,r (u, v,w) ∈Ln, r = 0, . . . , n, such thatPn,r ⊥ Pn,s for
r �= s. Thus, choosingP0,0 = 1, the polynomials

Pn,r (u, v,w) for 0� r � n andn = 0,1,2, . . .

constitute a degree-ordered orthogonal sequence onT . The basic idea in this construction is to makePn,r

coincide with the univariate Legendre polynomial (5) of degreer along one edge ofT (conventionally,
the edgew = 0), and to make its variation along each chord parallel to that edge a scaled version
Legendre polynomial. The variation ofPn,r with w can then be arranged so as to ensure its orthogon
on T with everypolynomial of degree< n, and with the other basis polynomialsPn,s of degreen for
s �= r .
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Consider the bivariate polynomials defined by

Pn,r (u, v,w) =
r∑

i=0

(−1)i
(
r

i

)
br
i (u, v)

n−r∑
j=0

(−1)j
(
n+ r + 1

j

)
bn−r
j (w,u+ v) (19)

for r = 0, . . . , n andn = 0,1,2, . . . , where we write

br
i (s, t) :=

(
r

i

)
si t r−i for i = 0, . . . , r.

Noting that

br
i (u, v)

(u+ v)r
=
(
r

i

)(
u

u+ v

)i(
v

u+ v

)r−i

= br
i

(
u

u+ v

)
= br

i

(
u

1−w

)
, (20)

we may write

Pn,r (u, v,w) = Lr

(
u

1−w

)
(1− w)rqn,r (w) (21)

for r = 0, . . . , n, where

qn,r (w) =
n−r∑
j=0

(−1)j
(
n+ r + 1

j

)
bn−r
j (w)

and Lr is the r th univariate Legendre polynomial (5). Note that expression (21) has the same
structure as (17).

We shall first verify that the polynomialsPn,r (u, v,w), r = 0, . . . , n, are orthogonal to all polynomial
of degree< n over the domain triangleT .

Lemma 5. For r = 0, . . . , n andi = 0, . . . , n−r−1, qn,r (w) is orthogonal to(1−w)2r+i+1 onw ∈ [0,1],
and hence

1∫
0

qn,r (w)p(w)(1−w)2r+1 dw = 0 (22)

for every polynomialp(w) of degree� n− r − 1.

Proof. Using the result
∫ 1

0 (1− t)r t sdt = r!s!/(r + s + 1)!, we have

1∫
0

qn,r (w)(1−w)2r+i+1 dw

=
n−r∑
j=0

(−1)j
(
n+ r + 1

j

)(
n− r

j

) 1∫
0

wj(1− w)n+r+i−j+1 dw

= 1

n + r + i + 2

n−r∑
j=0

(−1)j
(
n+r+1

j

)(
n−r

j

)(
n+r+i+1

j

) = 1

n+ r + i + 2

(
i

n−r

)(
n+r+i+1

n−r

) .
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In the last step we use identity (7.1) from (Gould, 1972). Since the binomial coefficienti

n−r
vanishes

for 0� i � n− r −1 and 1,1−w, . . . , (1−w)n−r−1 form a basis for polynomials of degree� n− r −1,
we obtain the relation (22). ✷
Theorem 1. For n � 1 and0 � r � n, we havePn,r (u, v,w) ∈Ln.

Proof. Consider the polynomials defined by

Qs,m(u, v,w) = Ls

(
u

1−w

)
(1− w)mwn−m−1

for s = 0, . . . ,m andm = 0, . . . , n− 1, whose span includes

p

(
u

1−w

)
(1− w)mwn−m−1 for m = 0, . . . , n− 1,

for any polynomialp of degree� m, and hence also

bm
j

(
u

1−w

)
(1− w)mwn−m−1 = bm

j (u, v)w
n−m−1

for j = 0, . . . ,m andm = 0, . . . , n − 1. Since the latter polynomials span all ofΠn−1, we need to show
that ∫ ∫

T

Pn,r (u, v,w)Qs,m(u, v,w)dA = 0

for s = 0, . . . ,m andm = 0, . . . , n− 1. Now for suitable functionsf (u,w),∫ ∫
T

f

(
u

1− w
,w

)
dA = ∆

1∫
0

1−w∫
0

f

(
u

1− w
,w

)
dudw = ∆

1∫
0

1∫
0

f (t,w)(1− w)dt dw,

on making the substitutiont = u/(1−w). Thus,∫ ∫
T

Pn,r (u, v,w)Qs,m(u, v,w)dA

= ∆

1∫
0

1∫
0

Lr(t)(1−w)rqn,r (w)Ls(t)(1−w)m+1wn−m−1 dt dw

= ∆

1∫
0

Lr(t)Ls(t)dt

1∫
0

qn,r (w)wn−m−1(1− w)r+m+1 dw.

Whenm< r , we haves < r , and the first integral vanishes. Hence, it suffices to show that

1∫
0

qn,r (w)wn−m−1(1− w)r+m+1 dw = 0
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for r � m � n− 1 or, equivalently, that
1∫

0

qn,r (w)p(w)(1−w)2r+1 dw = 0

for each polynomialp(w) of degree� n − r − 1, which holds by Lemma 5. ✷
Finally, we show that the polynomialsPn,r (u, v,w) of any eiven degreen are all mutually orthogona

to each other.

Theorem 2. For r �= s, we havePn,r (u, v,w) ⊥ Pn,s(u, v,w).

Proof. For r �= s, invoking (2) gives∫ ∫
T

Pn,r (u, v,w)Pn,s(u, v,w)dA

= ∆

1∫
0

1−w∫
0

Lr

(
u

1− w

)
Ls

(
u

1− w

)
(1−w)r+sqn,r (w)qn,s(w)dudw

= ∆

1∫
0

Lr(t)Ls(t)dt

1∫
0

qn,r (w)qn,s(w)(1− w)r+s+1 dw = 0. ✷

Hence, the bivariate polynomials

Pn,r (u, v,w) for r = 0, . . . , n andn = 0,1,2, . . . (23)

defined by (19) or (21) constitute an orthogonal system, ordered by degree, over the domain triaT .
Since this system is, in fact, a particular case (expressed in Bernstein form) of the known syste
Theorems 1 and 2 are consequences of the fact that the latter forms an orthogonal basis.

3.7. Bernstein form of the orthogonal polynomials

For practical computations, the Bernstein–Bézier form

Pn,r (u, v,w) =
∑
|α|=n

an,r
α bn

α(u, v,w)

of the orthogonal polynomials (23) is very useful. We shall now derive closed-form expressions
Bernstein coefficientsan,r

α and formulate a recursion relation that allows us to efficiently compute th
Clearly, since (19) is of maximum degreen− r in w, we must have

a
n,r
ijk = 0 for k > n− r. (24)

Otherwise, for 0� k � n − r , the remaining coefficients are determined from (19) by the requireme∑
i+j=n−k

a
n,r
ijk b

n
ijk(u, v,w) =

(
n + r + 1

k

)
bn−r
k (w,u+ v)

r∑
i=0

(−1)k+i

(
r

i

)
br
i (u, v).
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Comparing powers ofw on both sides, we have

n−k∑
i=0

a
n,r
ijk

(
n

k

)
bn−k
i (u, v)

= (−1)k+r

(
n+ r + 1

k

)(
n− r

k

)
(u+ v)n−r−k

r∑
i=0

(−1)r+i

(
r

i

)
br
i (u, v)

= (−1)k+r

(
n+ r + 1

k

)(
n− r

k

) n−k∑
i=0

γ
r,n−k
i bn−k

i (u, v),

where we make use of (20) and (6) in the last step. Hence, we obtain

a
n,r
ijk = (−1)k+r

(
n+r+1

k

)(
n−r

k

)(
n

k

) γ
r,n−k
i for 0 � k � n− r, (25)

whereγ r,n−k
i are the coefficients of the degree-r Legendre polynomial (5) in the Bernstein basis of deg

n − k, as defined by expression (7).
We now derive a recurrence relation for the coefficientsa

n,r
ijk of Pn,r (u, v,w). Applying Lemma 3 with

q = Pn,r (u, v,w) andp = bn−1
ijk (u, v,w), i.e.,

p(u, v,w) = (n− 1)!
i!j !k! uivjwk

= i + 1

n
bn
i+1,j,k(u, v,w)+ j + 1

n
bn
i,j+1,k(u, v,w)+ k + 1

n
bn
i,j,k+1(u, v,w),

wherei + j + k = n− 1, yields

(i + 1)an,r
i+1,j,k + (j + 1)an,r

i,j+1,k + (k + 1)an,r
i,j,k+1 = 0, (26)

and since we know from (25) that

a
n,r
i,n−i,0 = (−1)rγ r,n

i for i = 0, . . . , n, (27)

we can use (26) to generatean,r
ijk recursively onk. Note also that the familiar (univariate) degree eleva

algorithm (Farouki and Rajan, 1988),

γ
r,n
i = i

n
γ

r,n−1
i−1 +

(
1− i

n

)
γ

r,n−1
i for i = 0, . . . , n,

can be used to deriveγ r,n
i recursively from

γ
r,r
i = (−1)r+i

(
r

i

)
for i = 0, . . . , r.

Fig. 1 shows the Bernstein coefficients computed from (24) and (25), or (26) and (27), for the
n � 3. Note that these coefficients are symmetric (evenr) and antisymmetric (oddr) with respect to the
i andj indices:

a
n,r
ijk = (−1)ran,r

jik for i + j + k = n. (28)
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Fig. 1. Bernstein coefficients of the linear(P1,0,P1,1), quadratic (P2,0,P2,1,P2,2), and cubic (P3,0,P3,1,P3,2,P3,3)

orthogonal basis functions (in the case ofP3,1 the coefficients have been scaled by a factor of 3 to give integer values)
constant basis function (not shown here) is simplyP0,0 = 1. Note the symmetry/antisymmetry properties of the coefficient
expressed by (28).

4. Application to surface smoothing

To illustrate the utility of the orthogonal bivariate basis, we briefly sketch its application to a su
“smoothing” problem. Consider a triangular surface patch of total degreeN , expressed in terms of bo
the standard Bernstein basis and the orthogonal basis over the domain triangleT ,

r(u, v,w) =
∑

|α|=N

pαb
N
α (u, v,w) =

N∑
n=0

n∑
r=0

qn,rPn,r (u, v,w). (29)

Once the quantitiesan,r
α in Section 3.7 are computed, the linear relationship between the1

2(N +1)(N +2)
control pointspα and vector coefficientsqn,r is known.

We assume thatM linear interpolation constraints have been prescribed for the surface: if the bou
curves are specified, for instance, this amounts to 3N (vector) constraints. These linear constraints
written in the form

Fs(q0,0 . . .qN,N) =
N∑

n=0

n∑
r=0

csn,r · qn,r = 0, s = 1, . . . ,M (30)

for suitable coefficientscsn,r . The freedoms remaining after satisfaction of the interpolation constr
will be used to minimize a “surface smoothness” integral, typically (Kolb et al., 1995) of the form

J (q0,0 . . .qN,N) =
∫ ∫
T

Ψ
(
r(u, v,w)

)
dA, (31)
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the functionalΨ being quadratic inr(u, v,w) and its derivatives. Introducing Lagrange multiplie
λ1, . . . , λM the necessary conditions for minimization of (31) are obtained by equating to ze
derivatives of

J (q0,0 . . .qN,N)+
M∑
s=1

λsFs(q0,0 . . .qN,N )

with respect toq0,0 . . .qN,N . Substituting the second expression from (29) in (31) we find that
orthogonality of the basis functions, a single non-zero term remains when we take the de
with respect toqn,r—namely, that which contains the square ofPn,r (u, v,w). Denoting the resulting
coefficient ofqn,r by Cn,r we thus obtain a sparse linear system of (vector) equations

Cn,rqn,r +
M∑
s=1

λscsn,r = 0 for r = 0, . . . , n, n = 0, . . . ,N. (32)

Together with Eqs. (30), this system is easily solved forλ1, . . . , λM and q0,0 . . .qN,N to obtain the
“smoothest” surface—according to the chosen functional (31)—that satisfies the interpolation con
The smoothness can be further improved by increasing the surface degreeN in (29), resulting in a simple
augmentation of the linear system defined by (30) and (32).

5. The multivariate case

We now extend the orthogonal basis construction for bivariate polynomials over triangular dom
the case of multivariate polynomials ind variables over ad-dimensional simplex, ford > 2. Again, we
emphasize that the bases presented here are known (Dunkl and Xu, 2001; Koornwinder and S
1997) and our contribution is thus to give explicit constructions of their Bernstein forms. For this pu
we first recall some notations for multivariate polynomials in Bernstein form.

In barycentric coordinates, thed-dimensional unit simplex is given by

Td =
{
u = (u0, . . . , ud): uj � 0,

d∑
j=0

uj = 1

}
and theBernstein basisfor polynomials of degreen overTd is defined by

bn
α(u) =

(
n

α

)
uα = n!

α0! · · ·αd !u
α0
0 · · ·uαd

d , (33)

where

α = (α0, . . . , αd) ∈ N
d+1
0 and |α| = α0 + · · · + αd = n.

Any polynomialP of degreen at most can be written in the Bernstein–Bézier representation

P(u) =
∑
|α|=n

pαb
n
α(u). (34)

The vectorp = (pα: |α| = n) contains theBernstein coefficientsof P . We denote the set of all Bernste
coefficients of a given degreen by

Pn := {
(pα: |α| = n): pα ∈ R, |α| = n

}
.
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As in Section 3, we denote byΠn the space of all polynomials of degree� n over Td , and byLn the
space of polynomials of degreen that are orthogonal to every polynomial of degree< n overTd . Eq. (34)
defines an isomorphism between polynomialsP ∈ Πn and coefficientsp ∈ Pn. When we use upper- an
lower-case letters henceforth, we assume they are connected by (34).

We first seek a generalization of Lemma 3. For that purpose, we recall theBernstein–Durrmeye
operatorVn :C(Td) → Πn defined by

Vnf =
∑
|α|=n

〈f, bn
α〉

〈1, bn
α〉

bn
α = (n+ d)!

n!
∑
|α|=n

〈
f, bn

α

〉
bn
α.

The following result has been proved in (Derriennic, 1985, Theorem II.1):

Theorem 3. The spaceLm is an eigenspace ofVn with the eigenvalue

λm,n :=


(n+ d)!n!
(n +m + d)!(n − m)! m � n,

0 m> n.

We also recall thedegree elevationoperatorR :Pn → Pn+1, which satisfies

P(u) =
∑

|α|=n+1

(Rp)αb
n+1
α (u),

where

Rp =
(

d∑
j=0

αj

n + 1
pα−εj : |α| = n+ 1

)
(35)

and εj for j = 0, . . . , n denote the canonical unit multi-indices—i.e.,ε0 = (1,0,0, . . . ,0), ε1 = (0,1,
0, . . . ,0), . . . , etc.

Consider now the inner product〈· , ·〉n :Pn × Pn → R defined by

〈p,q〉n =
∑
|α|=n

pαqα. (36)

Lemma 6. LetP ∈ Lm andQ ∈ Πn have Bernstein coefficientsp ∈ Pm andq ∈ Pn, respectively, where
m � n. Then

〈P,Q〉 = n!λm,n

(n + d)!
〈
Rn−mp,q

〉
n
. (37)

Proof. By the definition of the degree elevation operator and Theorem 3, we obtain∑
|α|=n

(
Rn−mp

)
α
bn
α = P = 1

λm,n

VnP = (n+ d)!
n!λm,n

∑
|α|=n

〈
P,bn

α

〉
bn
α,

and by comparing coefficients we find that

Rn−mp =
(
(n+ d)!
n!λm,n

〈
P,bn

α

〉
: |α| = n

)
.
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Hence, we have

〈P,Q〉 =
∑
|α|=n

qα
〈
P,bn

α

〉= ∑
|α|=n

qα
n!λm,n

(n + d)!
(
Rn−mp

)
α

= n!λm,n

(n+ d)!
〈
Rn−mp,q

〉
n
. ✷

Now if we take Bernstein coefficientsp ∈ Pn−1 andq ∈ Pn, we can apply degree elevation to comp

〈Rp,q〉n = 〈
p,Rtq

〉
n−1

whereRt , the formal adjoint ofR, is defined by∑
|α|=n−1

pα

(
Rtq

)
α

=
∑
|α|=n

qα(Rp)α =
∑
|α|=n

qα

d∑
j=0

αj

n
pα−εj =

∑
|α|=n−1

d∑
j=0

qα+εj

αj + 1

n
pα,

that is,

Rtq =
(

d∑
j=0

αj + 1

n
qα+εj : |α| = n− 1

)
. (38)

Note that the linear operatorRt is adegree reductionoperator. Moreover,Rt can be used to characteri
the spaceLn as follows:

Lemma 7. For P ∈ Πn with Bernstein coefficientsp ∈ Pn, we have

P ∈ Ln ⇔ Rtp = 0.

Proof. To prove necessity, assume thatP ∈ Ln has Bernstein coefficientsp ∈ Pn and note that, for an
Q ∈ Πn−1 with Bernstein coefficientsq ∈ Pn−1, Lemma 6 yields

0= 〈P,Q〉 = n!λn,n

(n+ d)! 〈p,Rq〉n = n!λn,n

(n + d)!
〈
Rtp, q

〉
n−1.

Specifically, choosing the polynomialsQ = βn
α for eachα ∈ N

d+1
0 with |α| = n− 1, we obtainRtp = 0.

Conversely, assume thatRtp = 0. From (38) we observe this implies, fork = 0, . . . , n− 1 andα̂ ∈ N
d
0

with |α̂| = n− k − 1, that

p(α̂,k+1) = −
d−1∑
j=0

α̂j + 1

k + 1
p(α̂+εj ,k) = −n− k

k + 1

(
Rtp̂k

)
α̂
, (39)

wherep̂k = (p(α̂,k): |α̂| = n− k). That is,

p̂k+1 = −n− k

k + 1
Rtp̂k. (40)

In other words, the conditionsRtp = 0 and the valuesp(α̂,0) for α̂ ∈ N
d
0 with |α̂| = n, determinep

completely. In particular,

dim
{
p ∈ Pn: Rtp = 0

}
�
(
n + d − 1

d − 1

)
= dimLn.
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However, by what we proved before, we also know that

Ln ∼
{
p ∈ Pn:

∑
|α|=n

pαb
n
α ∈ Ln

}
⊆ {

p ∈ Pn: Rtp = 0
}
,

and since the dimensions of the above two finite-dimensional vector spaces coincide, they m
identical. ✷

Moreover, Eq. (39) has another immediate consequence:

Corollary 1. For any given (d − 1)-variate polynomialP̂ ∈ Πn, there exists a uniqued-variate
polynomialP ∈ Ln such that

P̂ (û) ≡ P(û,0) for û ∈ Td−1.

Proof. We observe that̂P = P(·,0) is equivalent top(α̂,0) = p̂α̂ for eachα̂ ∈ N
d
0 with |α̂| = n, and

by (39), which is in turn equivalent toP ∈ Ln, this definesp uniquely. ✷
This corollary shows that our construction agrees with the “standard” theory (Askey, 197

orthogonal polynomials. Univariate orthogonal polynomials are often not normalized to haveintegral
1, but rather in such a way that the value at one end of the integration interval is 1 (which is th
orthogonal polynomial in zero variables). This normalization ensures that the orthogonal polyn
possess rational coefficients. Our construction extends this mode of normalization by demanding
orthogonality for all polynomials, and that the restriction of any orthogonal polynomial ind variables to
one face of the simplexTd is again an orthogonal polynomial ind − 1 variables.

The next result—which shows that, for orthogonal polynomials,Rt is “almost” an inverse ofR—will
be crucial for what follows.

Lemma 8. LetP ∈ Ln have Bernstein coefficientsp ∈ Pn, and letj, k ∈ N satisfyj � k. Then(
Rt
)j
Rkp = µn,j,k R

k−jp, (41)

where

µn,j,k = (n+ d + k)!
(n + d + k − j)!

(n+ k − j)!
(n+ k)!

λn+k−j,n

λn+k,n

.

Proof. Choose Bernstein coefficientsp(γ ) for γ ∈ N
d
0 with |γ | � n, so that the associated polynomia

Pγ =
∑
|α|=n

pα(γ )b
n
α

form an orthonormal basis forΠn. Then by Lemma 6 we have, for|γ | = n and|η| � n,〈
Rn+k−j−|η|p(η),

(
Rt
)j
Rkp(γ )

〉
n+k−j

= 〈
Rn+k−|η|p(η),Rkp(γ )

〉
n+k

= (n+ d + k)!
(n+ k)!λn+k,|η|

〈Pη,Pγ 〉

= (n+ d + k)!
(n+ k)!λn+k,n

δη,γ .
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On the other hand, another application of Lemma 6 also yields〈
Rn+k−j−|η|p(η),Rk−jp(γ )

〉
n+k−j

= (n+ k − j + d)!
(n+ k − j)!λn+k−j,n

δη,γ ,

and since the vectorsRn−|η|p, |η| � n, are a basis forPn, we conclude that(
Rt
)j
Rkp(γ ) = (n+ d + k)!

(n+ d + k − j)!
(n+ k − j)!
(n + k)!

λn+k−j,n

λn+k,n

Rk−jp(γ ),

which proves the lemma.✷
We now describe a method to constructd-variate orthogonal polynomialsP d

α ∈ Π|α| for α ∈ N
d
0, which

satisfy∫
T d

P d
α (u)P

d
β (u)du = Kαδα,β for α,β ∈ N

d
0,

whereKα > 0 for α ∈ N
d
0. This method will be recursive with respect tod, where the casesd = 1 and

2 have already been dealt with. Letp(d,α) ∈ P|α| denote the Bernstein coefficients of these orthogo
polynomials, i.e.,

P d
α =

∑
|β|=|α|

pβ(d,α)b
|α|
β , α ∈ N

d
0.

With eachα ∈ N
d
0, we associate an̂α = (α1, . . . , αd−1) ∈ N

d−1
0 and, following Corollary 1, we “initialize”

the polynomialP d
α so that

P d
α

∣∣
ud=0 = P d−1

α̂
.

Clearly, the construction will work as described in (40), that is, we set

p̂0(d,α) := R|α|−|α̂|p(d − 1, α̂), (42)

p̂k+1(d,α) := −n− k

k + 1
Rtp̂k(d,α), k = 0, . . . , |α| − 1. (43)

Hence, fork = 0, . . . , n, we have

p̂k(d,α) = (−1)k
(

k∏
j=1

n − j + 1

j

)(
Rt
)k
Rαdp(d − 1, α̂). (44)

This construction has an appealing geometric interpretation: the initializing equation (42) ensuresP d
α

coincides withP d−1
α̂

on the faceud+1 = 0 of the simplexTd+1, while the second equation (43) guarante
that Rtp(d,α) = 0, which in turn means thatP d

α ∈ L|α|. Moreover, Eq. (44) and Lemma 8 imply, fo
k = 0, . . . , αd , that

p̂k(d,α) = (−1)k
(

k∏
j=1

n − j + 1

j

)
µ|α̂|,k,αd

Rαd−kp(d − 1, α̂). (45)
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p̂αd
(d,α) = (−1)αd

(
k∏

j=1

n− j + 1

j

)
µ|α̂|,αd ,αd

p(d − 1, α̂),

and sinceP d−1
α̂

∈ L|α̂|, and henceRtp(d − 1, α̂) = 0, it follows that

p̂k(d,α) = 0 for k = αd + 1, . . . , n. (46)

We are now ready to show that this construction gives an orthogonal basis.

Theorem 4. The polynomialsP d
α , |α| = n, with Bernstein coefficientsp(d,α) defined by(42) and (43),

form an orthogonal basis forLn, n ∈ N.

Proof. The proof proceeds by induction ond, the cased = 1 being trivial. Ford > 1 we first remark
that, by construction, we haveP d

α ∈ L|α|, so all we have to show is that〈P d
α ,P

d
β 〉 = 0 wheneverα �= β

and|α| = |β|.
Suppose nowα,β ∈ N

d
0 are such that|α| = |β| andα �= β. Note this also implies that̂α �= β̂ , since if

α̂ = β̂ and|α| = |β|, then

αd = |α| − |α̂| = |β| − |β̂| = βd

and thereforeα = β. Furthermore, we can assume without loss of generality thatαd � βd . Then, by (46),
we have〈

p̂k(d,α), p̂k(d, β)
〉
n−k

= 0 for k = αd + 1, . . . , n. (47)

On the other hand, whenk � αd we first note that this impliesn− k � |α̂|, and henceλn−k,|α̂| > 0. Taking
this into account, we obtain from (45) and Lemma 6 that〈

p̂k(d,α), p̂k(d, β)
〉
n−k

=
(

k∏
j=1

n− j + 1

j

)2

µ|α̂|,k,αd
µ|β̂|,k,βd

〈
Rαd−kp(d − 1, α̂),Rβd−kp(d − 1, β̂)

〉
n−k

=
(

k∏
j=1

n− j + 1

j

)2

µ|α̂|,k,αd
µ|β̂|,k,βd

(n− k + d − 1)!
(n− k)!λn−k,|α̂|

〈
P d−1
α̂

, P d−1
β̂

〉= 0. (48)

Thus, (47) and (48) yield〈
p̂k(d,α), p̂k(d, β)

〉
n−k

= 0 for k = 0, . . . , n

and, consequently,〈
p(d,α),p(d,β)

〉
n
=

n∑
k=0

〈
p̂k(d,α), p̂k(d, β)

〉
n−k

= 0. (49)

But (49), the fact thatP d
α ,P

d
β ∈ Ln, and a final application of Lemma 6 yield〈

P d
α ,P

d
β

〉= n!λn,n

(n+ d)!
〈
p(d,α),p(d,β)

〉
n
= 0,

which proves orthogonality. ✷
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6. Other extensions and generalizations

Our construction of orthogonal bases for triangular and higher-dimensional simplex doma
just preliminary results, and many other aspects of this problem deserve further investigation. W
emphasized the importance of the degree ordering (16) of the basis functions, for example, in app
where least-squares approximants of increasing degree are to be computed. As noted in Sectio
ordering precludes orthogonal bases that have symmetry (or antisymmetry) with respect to the
triangle or simplex.

For some applications, an orthogonal basis that comprises homogeneous polynomials of fix
degree2 n may be preferred, and in this context we expect that a greater degree of symmet
structure in the Bernstein representations of the orthogonal basis functions will become appare
consideration is not merely of aesthetic interest: it may also influence stability considerations—s
example, (Farouki, 2000b) in the univariate case.

Finally, we mention the problem of constructing orthogonal bases under prescribed bounda
straints. Least-squares polynomial approximations of given functions over bounded domains do
general, match values of the given function on the domain boundary. Hence, piecewise least-squ
proximants computed using standard orthogonal bases do not exhibit evenC0 continuity (Farouki, 2000a
Lachance, 1988)—this is usually unacceptable. In the univariate case, the classical orthogon
Chebyshev or Legendre) polynomials can be modified to yield best approximants that are con
to match function values and derivatives to a prescribed order at the ends of the approximation
Such an adaptation should also be possible for our bivariate (and multivariate) systems of orth
polynomials over simplexes. However, a detailed investigation of this problem exceeds our curren

7. Closure

We have described a scheme to construct a degree-ordered orthogonal basis for polyno
the barycentric coordinates over any triangular domainT . Although the basis coincides with know
orthogonal systems over triangles, its construction in the Bernstein form offers numerically
algorithms that allow the coefficients to be computed by either closed-form expressions or
recursion relations. The coefficients exhibit an intuitive structure, closely related to the behavior
univariate Legendre polynomials. The scheme also admits a natural generalization to the constru
orthogonal bases over simplexes in an arbitrary number of dimensions. We expect that these or
bases will find diverse applications in problems concerned with the approximation or interpola
bivariate and multivariate data.
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