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Abstract
For a triangular array of numbers a,;, n = 2,3,... ,
Jj = 0,1,...,n, the refinement equation with mask P,(z) =

Z}I:o arn j 27 has for each n, a unique solution ¢,,, which when
suitably normalized, converges to the Gaussian if P,(z) has
all roots in a sector inside the left half-plane and satisfying
P.(1) = 1, P,(=1) = 0. The Gaussian, being the extremal
function that attains the optimal constant in the uncertainty
product, passes this characteristic to ¢,, whose uncertainty
product converges to the optimal constant. The object is to
analyse this phenomena for ¢,, as well as for the corresponding
wavelets.

1 Introduction

For n > 2, let

P.(z) = Zamjzj, (1.1)
7=0
be a polynomial with all its roots in the left half-plane {z: R z < 0}
and satisfying
P,(1)=1, P.,(-1)=0. (1.2)



2 Goodman and Lee

It is known that the refinement equation

$n(z) = 2056022 — j), z €R, (1.3)

=0

has a unique solution satisfying ffzo ¢, = 1. Moreover it is shown
in [5] that ¢, is continuous, non-negative and has support in [0, n].
In the special case P,(z) =27"(z+ 1)", ¢, is the uniform B-spline
of degree n — 1 with knots at 0,1,...,n. We shall refer to ¢, as a
refinable function with symbol P,.

Now suppose that the roots of P, are —r, ;, 7 = 1,...,n. It is
shown in [2] that if we assume the stronger condition that for some

Bin [0,7),
|argr, ;| < B, forj=1,...,n, n=2,3,...,

and furthermore

o
%%oo as n — 00, (1.4)

then a suitable shift and scaling of ¢, converges to the Gaussian
: — 1 _—z?/2 :
function G(z) == i /2, To be precise, let

n

1
Hn = Z m (1.5)

J=1

and N

Then $n has mean zero and standard deviation 1 and lim,,_ $n =G
in LP(R), 1 < p < 0o. Moreover we have convergence in the frequency

2
—u*/2 where the convergence

domain, i.e. lim,_ o0 ¢, (u) = G(u) = e
is uniform on R.

The above properties are useful for many applications, e.g. sig-
nal processing, because the Gaussian function gives optimal time-
frequency localisation. Thus we may approximate the Gaussian func-

tion by a refinable function ¢, with compact support which has fast
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algorithms for practical implementation. A natural choice is the uni-
form B-spline of degree n — 1, but it was shown in [2] that other
choices of ¢, give, in a sense, faster rates of convergence to the
Gaussian.

To make precise the optimal time-frequency localisation of the
Gaussian, we recall Heisenberg’s Uncertainty Principle. For an L?
function ¢ for which [* 27|¢(z)|%dx exists, j = 1,2, we write

He = Tl @)

and
{I2, @ = no)?1o(@) Pdn b
141 |

Similarly if [ uj|$(u)|2du exists, j = 1,2, we may define 5
and A$' Thus Ay is the standard deviation of the density function

A¢ =

(1.8)

|#|?/]|¢||3 and gives a measure of the localisation of ¢ in the time

domain. Similarly Az is the standard deviation of ‘5‘2/”(}5\”5 and
measures the localisation of ¢ in the frequency domain. The uncer-
tainty product AgyA- gives an overall measure of the time-frequency
localisation of ¢. Clearly for any constants ¢, yp € R, and ¢ > 0, the
function c¢(o - —u) has the same uncertainty product as ¢. Heisen-
berg’s Uncertainty Principle states that for any ¢ as above,

AgAg > o, (1.9)

DN —

and equality holds if and only if ¢ = ¢G(o + —p) for some ¢, pp € R,
and o > 0, (see [4] for a general discussion). So for the sequence (¢,,)
of refinable functions, as above, to approach optimal time-frequency
localisation, we would desire

lim Ay A~ = !
This is proved in Section 3 under the further assumption P, (—1) = 0.

In applications such as signal processing it is also important to
have good time-frequency localisation for the wavelet corresponding
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to the refinable function ¢,, as above, which is defined as follows.
Let

_ /_°° bulz+ Y)ouly)dy, z€R,  (110)

n—1

Qn(z) == Y. ®,(j)z/, zeC\{0}. (1.11)

j=—n+1

Then the wavelet corresponding to ¢, is defined, up to multiplication
by a constant, as 1,(2+ —1), where 1), is defined by

Ba() = €mQu(e NP TN G (), weER.  (112)

We note that since P,(—1) = 0, we have 1,(0) = 0. For a
function ¢ with 12(0) = 0 (associated with a bandpass filter), the
definition of the uncertainty product is modified to reflect the fact
that ;E treats positive and negative frequency bands separately. Let

pt = /Ooou‘{b\(u)‘?du//ooo‘{b\(u)‘?du, (1.13)
At = {/Om(u_ut 2| 5(w) du// ‘gb du} o (L14)

where we assume these are well- deﬁned (Note that for a real-valued

function 1, |1L7| is even and so [;° |p )|2du = 2||¢||2 and the def-
inition of A% is unaltered by replacing fo by f_oo in (1.13) and

(1.14).) Then a measure of the time-frequency localisation of 1 is
given by A¢A$.

It is shown in ([3], Theorem 1) that if ¢» € L?NL! is a real-valued
symmetric or anti-symmetric function that satisfies t¢)(¢) € L?, ¢’ €
L* and ¥(0) = 0, then

1
AyAT >
vEs > 5
and the lower bound cannot be improved or attained.

A sequence of functions which are asymptotically optimal are the

modulated Gaussians

Gp(z) =sin(A2)G(z), n=12,...,
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where A\, — 00 as n — 0. To see this we note that

2iGy(u) = e~ ()2 = An)/2
Th‘lsl% — A, = 0asn — oo and so

2 [ (= Ap)2e™ (4= 2n) dy
. + _ . 0
dm (8%) = Jim R

2
J2 wte™du
— — 00

e 7

Also
) fooo ‘Gﬁl(u)‘ du
Gn — N
I ‘Gn(u)‘ du
and so
00 —(u=Xn)? 4,
lim A% = lim fo (u—)\n)Qe (=) du :l
n—00 Gn n—o00 fooo e—(“_/\ﬂ)Qdu 2.
Thus
1

- +
7"}L>moo AG"AG" o 5
In Section 4, we consider the wavelets ,, as above. We as-
sume further that P, is reciprocal (which ensures 1, is symmetric
or anti-symmetric), the roots of P, are real (and hence negative),
and P!(—1) = 0. It is then proved that for certain k,, o,, a;, with
Op — 00 as n — 00,

kn’g//)\n(u/crn) _ e~ s(umonan)?

in LP(0,00), 1 < p < oo. Taking inverse Fourier transforms shows
that the difference between |k, |, (o) and either 2 cos(o,a,2)G ()
or 2sin(o,a,z)G(z) converges to 0in LI(R), 2 < ¢ < oo.

Finally we deduce that if we also have P/(—1) =0, then

1
lim Ay, A% =2

n—00 2!
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and so the wavelets v, have asymptotically optimal time-frequency
location.

In [6] it was shown that the uniform B-spline converged to the
Gaussian and the difference between the B-spline wavelets and mod-
ulated Gaussians converged to zero, both in time and frequency do-
mains. In [3] this was extended to more general scaling functions ¢,
and corresponding wavelets 1, and it was shown that the appropri-
ate uncertainty products converged to the optimal value as n — o
for both ¢, and ,. It was assumed that the symbol P, for ¢, was
reciprocal and had real roots. Moreover it was assumed that P, (z)
had a factor (z 4+ 1)™” where m,, > Cn for a constant C. These
assumptions allowed the use of similar techniques to those used for
the case of B-splines. In this paper we use the different techniques
in [2] to allow us to relax all of these conditions for the case of ¢,
and for the case of ¥, to relax the final condition to require P, (z)
to have merely a factor of (z 4+ 1)*. These together with the results
in [2] will provide a more complete undertsanding of the asymptotic
behaviour of scaling functions that approximate the Gaussian and
the asymptotic properties of the corresponding wavelets.

2 A Preliminary Result

In this section we state a result that will be needed later. Taking
Fourier transforms of (1.3) gives

bn(u) = Po(e™%)g,(u/2), ueR, (2.1)

and it follows that
on(w) =[] Pale™™*), ueR, (2.2)
k=1

where the infinite product converges uniformly. Recalling (1.2) and
that the roots of P, are —r, ;, 7 =1,...,n, gives

R n oo G_iu/Qk-I-T'n'
ou(w) =[] o8, wer. (2.3)
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In order to consider the convergence of an(u) to e=*’/2, we need to
consider the covergence of products as in (2.3). The following result
actually covers more general products which will be encountered in
Section 4. It extends a corresponding result in [2] on asymptotic
normality and also gives convergence of derivatives. Although its
proof is of the same form as that of Theorem 1.2 of [2], we sketch it
here for completeness.

Theorem 2.1 For vy € [0,%), let D, comprise all z € C satisfying
the inequality

z z

(1+2)? (1+2)2
Suppose that for n =1,2,..., f, is defined by

‘% < tanvy R

'mo 4 Sp 00 _j; k
e “L‘I‘,unj e—tu/2 +>\n]
B =T]—"III] ——=* ueR, (24
where i, j=1,...,rp, and Xy ;, j=1,...,8,, n=1,2,..., lie in

D, for some v € [0, %) and are bounded away from —1.
Suppose that for u, € R and o, > 0, with ¢, = 00 as n — 0,

Fulw) i= el £, (u/ ) (2.5
satisfies f1(0) = 0 and f"(0) = —1. Then as n — oo,
Jalw) = e Fw) = —uem 2,
locally uniformly on R.

Proor. A simple calculation shows that

Tn _l Sn .l
o =Y = - (2.6)
= 1+ Hn,; = 1+ >\n,]
2 ~ fing IS Ay
ol = S YRR N R— (2.7)
2 Tk o? T3 2 T T AT

Thus the condition lim, .0, = oo implies lim,,_y s (7 + $,) = 00.
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As in the proof of Theorem 1.2 of [2] we write

Sn

logﬁl(u):l Mn—I_ZFHn,_MO_— +ZZF 7Ja2k 7

7=1 7=1 k=1

13
FOuﬂ==bg<e_+“>,

I+ p
and expanding F(u,t) in a Taylor series about ¢ = 0 gives

where

logfn :——+ZU —iu) Zau P, j) -I-Z 2y_1 ,

(2.8)
where, under the conditions on pu, ;, A, ;, there is a constant A > 0
with

v—2

M5
ay (i, )| < secy B ———,
| (/L 7.7)| = Y (1+,Un7])2
A2 Anj
lay (Anj)| < secy R m

Thus, from (2.8), (2.6) and (2.7),

2

log J(u) + | < secyz_: %AH

S
- Anj

N fin,j 1
X R + r —2—
2 R i P T 2 R Ay
S lul? L ANT?
sec'yz|y| (a_>
v=3 n

Alul® ( Ahd)_
< secy —— |1 - —

On, On

IA

whenever Alu| < o,. Since o, — 00 as n — o0, limn_moﬁl(u) =
e~v’/2 locally uniformly on R.
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Differentiating (2.8) gives

fr/L ZZU‘“ —iu) i”u (#n,j) +Z 2u_1

fn("’) j=1

and, as before,

L

o0
—}—u‘ < sec7Za;”|u|l’_1A”_2

fn(u) v=3
n M
X R mJ R ——
jz:; 1+Hn_7 _12; 1+>\n3)2
o] v—2
< sec |7 —
< qec'y;|u| (0n>
Alu? ( A|u|>_
= secy 1-
UTL UTL
whenever Alu| < 0,. Thus lim,_. [/ (1) = —ue™*"/? locally uni-
formly in R. a

As noted in [2], the set D, contains the sector |argz| < v and
for z = 4re??, r >0,y <0 < 7, 2 lies in D, if and only if

sin (52) sin (“47)
— g ST S — g
(%) =S ST

In particular, D, contains the unit circle r = 1.

3 Asymptotic Optimality of Refinable Func-
tions

We suppose that (¢,,) is a sequence of refinable functions as in Section
1.

Theorem 3.1 If P/(—1) =0, then

1
lim Ag, Ag = 7 (3.1)

n—o0
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PROOF. We recall that lim,_e0 ¢n = G in LP(R), 1 < p < oo. From
(1.6) we see that (3.1) is equivalent to

) 1
lim As A= = 3 (3.2)

n—00 no ¢,

We also recall that EEn is defined so that

/00 226, (z)dz = /00 2?G(z)dz = 1. (3.3)
Firstly we shall show that
nh_}rglO /OO ngn(m)de = /OO 22G(7)*dx. (3.4)
Take ¢ > 0 and choose A > 1 so that
/ 2 G (z)dz < e. (3.5)
lz|>A

Choose N so that for all n > N and |z| < A,
€

(%60 (2)* — 2°G(2)*| < 57,

k=1,2. (3.6)
Take any » > N. Then

‘/_i x2$n(x)dm_/ 2G(2)da

< €

A
—A
and so by (3.3),

‘/ 22, (z)da —/ 2’G(z)dx
|z|>A |z|>A

< €.

So by (3.5),
/ 22, (z)dz < 2e.
|z|>A
Thus for large enough n,

27 N2 L/ 27
/|x|>Aac bulede < o | #aade <
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and so
/ 22, (z) dx —/ 22G(z)dz| < 2e.
|z|>A |z|>A
By (3.6), for all large enough n,
A A
‘/ w2q§n(w)2d$—/ 2’G(z) dz| < €
—A —-A
and (3.4) follows.
Also for large enough n,
A A
‘/ zé,(z) de —/ G (z)%dz| < e,
—-A —-A

[ lelateyde< [ a0t <
|z|>A

|z|>A

and as before,

lim /Z 2o (x)2dn = /Oo 2G(z)dz = 0. (3.7)

n—oo J_ o
Since - -
li_>m / gn(ac)de:/ G(z)%dz,
(3.4) and (3.7) give

. 1
To complete the proof we need to show that lim, ;. Az = Ag
and since |$n(u)|2 is even and lim,,_ . H&gnﬂg = HGHQ, it remains to
show that
“9F 2 <y 2
nh—{%o _Oou |p,, (w)|"du = /_Oo ue™" du. (3.8)

Let </I\>n(u) = |6, (w)|? and f(z) = ﬁe“ﬁ/“, so that f(u) = e,
Then (3.8) is equivalent to

lim @7 (0) = f"(0). (3.9)

n—oo
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Recall that ¢, is the refinable function with symbol P, (z), which we
may write as (2 + 1)%p,(2). Then @, is, up to scaling, the refinable
function with symbol P, (2) P, (27" = (2+1)2(z7 4+ 1)2pa(2)pa(z71).
It follows that

(I)Z(m) = 77n($+ 1) - 27771(53) + nn(x - 1)7

where 7,, is the refinable function with symbol (z+1)(z7"+1)p, (2)p.(z71),
up to scaling. Since this polynomial has all roots in the left half-
plane, it follows from [5], and [1], that n, satisfies the following
property: for any sequence (};) in R, the number of inflections of

the function 2 A;jn,(- — j) is bounded by the number of in-
flections in the polygonal arc with vertices (j,A;), 7 € Z. Thus the
function @/ has at most four inflections.

Now lim,,_y00 @, (1) = e=* /2 locally uniformly on R and so lim,,_, o0 (®/)"(u) =
()" (u) locally uniformly on R. Now f” has exactly four inflections
and it follows as in the proof of Lemma 5.1 of [2] that ®!/ converges
to f" uniformly on a neighbounded of 0. So (3.9) holds. O

4 Asymptotic Optimality of Wavelets

Throughout this section we shall assume that the roots of P, in (1.1)
are real and negative, and that P, is reciprocal, i.e. the roots are
invariant under the transformation z — z~'. It follows that ¢, is
symmetric, i.e. ¢,(2) = ¢n(n —z), z € R.

We define @, and (), asin (1.10) and (1.11). It is easily seen that
®,, is a refinable function with mask P,(z)P,(z71). It follows that
®,, is continuous with support [—n, n] and satisfies ®,(—z) = ¢, (),
z € R. The Laurent polynomial @), is called the Euler-Frobenius
polynomial corresponding to ¢,. From the work of [5] we know that
@Qn has real negative roots. As in (1.12) we define the wavelet, up to
multiplication by a constant as ¢, (2 - —1), where ¥, is defined by

Pn(u) = €™Qu(e™ TN P (et NG (u), uweR.  (4.1)

Suppose that the roots of P, are =X, 1,...,—A,,. By (1.2) we
may suppose A, = 1. We write

- 1 _ ,
Anj 1= 5()\71,]- + )\n;-), j=1,...,n,
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and for simplicity drop the first subscript » when it is unambiguous
to do so. Note that A; > 1,7 =1,...,n, and

(€7 4 A)) (™ + A7) = 2e~"(\; + cosu) .
Also
eT 4] = 2emu/2 cos%
= V2?14 cosu)'/?, —r<u<m,

and therefore
5, 1/2
P,(e _“‘ = e~ tnu/2 H ( + COSU) , —nm<u<m.

Similarly, if the roots of @, are —p1, ..., —pn—1, —,ul_l, R —,u;il,
and setting fi; := %(,uj + ,Ltj_l), j=1,...,n—1, then for a constant
An >0,

n—1

Qule™™) = A, [T () + cosw).

7=1
So from (4.1) and (2.2),

$n(u) = Bpe ™% f(u), u€R, (4.2)
)

where B, > 0, f,(u) is real,
n—1 n
|fu(u)] = I_I(,&‘7 — cosu) H(S\J - cosu)l/2
7=1 i=1

+ cos ku) 12
X H H (A—H) . u€R,(4.3)

k=1j=1

fu(u) > 0,0 <u<2m, f,(0) = fu(27) =0, fu(—u) = (=1)"fu(u).
We shall make the following mild assumption on the growth rate
of A, ; with n. There are constants K > 0 and 0 < ¢ < 1 such that
{j:iwg K}‘ >on, n=2,3,.... (4.4)

This can be reformulated as follows.
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Lemma 4.1 Condition (4.4) holds if and only if there is a constant
C > 0 with

n

1
Y ———>Cn, n=23,.... (4.5)
(Anj+1)?

i=1

Proovr. If (4.4) holds, then

n

Z ! > an n=23
(g +1)2 = (K417 e

which gives (4.5).
Conversely, suppose that (4.4) does not hold. Take any e > 0.
Then there exists n such that

Gt Any <2 < em.

If X, ; > e '/2 then (X, ; 4+ 1)7% < ¢ and so

= ! 5 < 2ne
]—1 ( nvj + ]
Thus there is no constant C' for which (4.5) holds. O

We can now study the shape of the graph of f, in [0, 27], which
will lead to the asymptotic behaviour of ,,.

Lemma 4.2 There is a number o > 0 such that f, in (4.2) has a
unique local maximum in [0, 27| at o, with

e
— <o, <T—a, n=2,3,....

3

Proor. For n = 2,3,..., putting F,(u) := log fu(u), 0 < u < 27,
gives by (4.3),

n—1

sin u 1« sinu 1 2=F sin(27%u)
(u) Z fij —cosu 24 j Z Aj + cos(27Fu)

7=1 7=1 =1 k=1
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For # < w < 2m, all these terms are negative and so
Fi(u) <0, m<u<?2n.

For 0 < u %,

1 1 2
Fla) > Ly Sne —Z sin(u/2)
2 Aj—cosu 24 X+ cos(u/2)

1 "X (sin u — sin(u / )) + sin(3u/2)
N QZ (A; — cosu)(A; + cos(u/2)) =0

since sin u > sin(u/2).
Now by condition (4.4), for 0 < u < m,

¥ () < 3nsinu sin(u/2)

1 = nG(w
2(1 — cosu) 17K +cos(u/2) b

say. Since G(m) < 0, we can choose @ > 0 with G(u) < 0 for
m—a<u<m7. Thus forn=2,3,...,

Fl(u)<0, 7—a<u<mn.

Finally we note that for 7 <u <,

n_l,ucosu 1 1= Ajcosu—1
e —1 Ly~ Ajeosuzl
]z:; — cosu) 2 ]z:; (A; — cosu)?
=k, 1
Ay TR g
]1k122k)\ +c052k))

since all terms are negative.

Thus we have shown that forn =2,3,..., F)(u) > 0,0 < u < 2,
Fl(u) <0, 7 —a<u<2r and F)/(u) <0, 7 <u <7 Hence F,
has a unique local maximum in (0,27) at a,, with %’T <o, <T—a.
The result follows. O

It will be convenient to renormalise the wavelet 1, by defining

N
W (a) = L)

W¢n($)7 z € R,
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where B,, is as in (4.2), from which it follows that for even n,

fol(u)

V) = 2705 (4.8)
while for odd n,
B, (u) = L2
ifn(an)
We next define ¢, > 0 by
o =~ 1(0) (4.9
y (4.7) we see that
e 2 ¢
Un>§ Hy+1 2+§j:1
So by condition (4.4) and Lemma 4.1,
op > an, n=2,3,..., (4.10)
for some a > 0. Also from (4.7),
o, <V2n, n=23,.... (4.11)

Theorem 4.3 If j, denotes the number 1 or i as n is even or odd,
then

lim ]nl/I}n (w/on + ) = 6_7‘2/2,
n—00

2
Jim R (/o +an) = —ue

where the convergence is locally uniform on R.

Proor. We consider even n, the case for odd n differing only by
a factor of . Putting f,(u) = ¥, (u/0, + a,), we see from (4.8),
Lemma 4.2 and (4.9) that
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We also have from (4.1),

n—1 (e—iu/an _ Mjeian)(e—iu/an _ Mj—leiozn)

s — i(2n—=1)ufoy,
fn(u) € H (1 _ Hjemn)(l _ 'uj—leian)

j=1
—tufoy, _ )\jeian

n
€
X | | -
. 1-— )\jew‘"
J=1

which is of form (2.5), (2.4) in Theorem 2.1. In order to apply
Theorem 2.1 we need that for n = 2,3,..., —uje’™, —pTleton § =

J
1,...,n — 1, —)\jem", 7 =1,...,n, )\jem”/Qk, 7 =1,...,n, k =
1,2,..., all lie in D, for some ~ in [0, 7) and are bounded away from

—1. From Lemma 4.2, 7 —a, < Fand 3¢ < -5, k=1,2,...,

and hence all the above numbers lie in the sector |argz| < 7 for

00 iu/?kan + )\jeian/Qk

e €
H H 14+ )\jeian/Qk !

j:l k=1

v = max{%,5 — §}. Since D, contains this sector, the condition is
satisfied.

We see from (4.10) that o, — o0 as n — 0o. Then Theorem 2.1
gives the desired result. |

In Theorem 4.3 we consider convergence of {I\l; because this will be
needed later for convergence of the uncertainty products. In order to
extend Theorem 4.3 to convergence in LF(R) we shall need to apply
the Dominated Convergence Theorem. For this are shall need the
further condition that P, has a double root at —1, i.e. P/(—=1) =0.

Lemma 4.4 Let

A+ cos(2 Fu
k=1

Then for any K > 1, there is a constant p < 1 such that py(u) <
pr(m), ()] < ppa(r), for u> 3 and 1 < A< K.,

Proor. Fix A > 1 and let R(u) = ’\’;“—_If’f“ For 7 < u < 27,

R(u/2%) < R(z/2%), k =1,2,..., and so

< R(u/2) _ )\—}—cos(u/Q).
- R(m/2) A
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Thus
pa(u) < pa(m), m<u <2, (4.12)
and
1 3T
u) < |1—-——= m), — <u<l?2mr
@ < (1- ) mm, s
For 27 < u < 3,
pa) = R(w/2)ma (/2) € 5 (m)

by (4.12). So for any K > 1 there is a constant p < 1 such that for
1<A<K, 3 <u<3m,

pix(u) < ppa (). (4.13)
Now for all w > 3,
() = R(u/2)pir (u/2) < pir(u/2)

and successive application of this gives (4.13) for all u > 37”
Now ph (u) = — 3°32, 2 v (u), where

A cos(27u)  sin(27Fu)
vi(u) == .
J#k

vk (u)| lo—O[ R(277u) sin (27 Fu) 1
B R(27Im) A+cos(2=Fu) — X
For 37” <u <27,

|v1(u)|  sin(37/4) 1
@ =X SV

So

A < pa(m), 7w <u<
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3T
)l < pra(r),

for a constant p < 1. Now since py(u) = R(u/2)p(u/2),

<u <27,

()| = 1R'<u/2>mu/2>+1R<u/2>u;<u/2>

IA

|/m(u/2 |+ 5 ‘/L/\ u/2)|.

So recalling (4.12),

Lemma 4.5 If P/ (- )_O then for constants A > 0,0 < p < 1,
0<o <1, u>3”,n—23

Ap”u-ﬂa?n(wn,
Anp”™u=?| G (m).

| ()]
6, (u)

IA N

Proor. We may write

_2u nlf[ <)\)\+:_019 u) o™ (%) 7

for m = 2 or 3. We note that

— w o\ pp sin(27Fw) sin(u/2) sm(u/Q)
HCOS <2’“+‘> N H 2sin(2=k=1y) nh—%o 27gin(2=n=1u) w2

k=1

Recalling (2.2), Lemma 4.4 and condition (4.4) gives the result. O

Lemma 4.6 If P/(—1) = 0, then there is a cosntant C' > 0 such
that for w > 0,(37/2 — ay), n = 2,3,..., |0, (u/0, + a,)| and

V! (u)0n + a)| are bounded by C'(1 + u)=2
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Proor. For all u,

|Qn(e—i(u+7r))Pn(e—i(u+rr))| < Qn(l)Pn(l),

and so by Lemma 4.5, on recalling (4.1), for u > 7”,

|9n(w)| < Ap”"u? | ().

Since |U,, ()] < |, ()] = 1, for u > 0, (3 — ay,),

\/I}n (u/on+an)| < Ap”" (u/o, + ozn)_2
C(1+u)~2,

IA

for some C' > 0, by (4.11).
Similarly we see that for a constant B > 0,

(I};’L (u/an + O‘n) < Bnp" (u/an + an)_z

and the result follows. O

Remark
The above method of proof shows that if P, has a root at z = —1
of multiplicity m, then Lemma 4.6 holds with (1 4 u)~?2 replaced by

(14 u)=™.

Lemma 4.7 There are constants a, b > 0 such that for —o,o, <
u< op(F—an),n=23,..., U, (u/0n + an) iqj% (u/o, + a,)| <

—bu?

and

PRrROOF. As in the proof of Lemma 4.2 we put F,(u) = log f,(u),
0 < u < 27. Recall from (4.7) that for 7 <u <,

n—1 n

1—jijcosu 1—)\ cos U
FII ]
Z ; — cosu) QZ

— )\ — cosu)
j—l
1l 14+ )\ cos ku)
+ . 4.14
2]21;22’“)\+c052]*)) (4.14)
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We also recall condition (4.4) and note that for p > K, Z <u <,

n

1 —pcosu 1 - Kcosu 1 Z 1—5\jcosu

(A; — cosu)?’

(p—cosu)? ~ (K —cosu)? ~ on =

A <K

It G (u) denotes the right-hand side of (4.14) with the summa-
tions taken only for ii; < K, A\; < K, then for § <u <,

) < (14 2) 6t

Since |G (u)| < |F)/(u)|, T < u <, there is a constant C' > 0 with

|45 (w)] 2\ Gn(u) 7T
<(14Z2 < ~< <
7o)l <\ 7)) ¢ ogsmorsm
since
(K+1)‘2<ﬂ<K+1 0<z<1,1<A<K
— ()\-I_x)Q — b — — 3 — — .

As F!(ay,) =0,

1
F,.(u) < F,(ay) + §C'_1(u — )2 (o), g <u<m.

Recalling that 02 = —F”(«,,) we have
| 2 2 T
fn(u) < fn(an) exp _56 (u - an) On | B <u<m,
and hence

~

U, (u/o, + an)| < 6_50_1“2, on (/2 — ) <u < on(m— ay).

(4.15)

Also for § <u <,
|7 ()] < Clu = a| Ff ()]
and so

| fu(w)] = [ fa()l[F(w)| < Coglu— anl| fu(u),
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which gives

\/I\f; (u/on + ) . Op (z — oen> <u<op(r—ay).

< Clul [, (u/0 + an)

2
(4.16)
By Lemma 4.2 we may choose o, 0 < a < &, with 7 — a; > @,
n = 2,3,... Let E(u) = exp(—a’u?/8C7?). For 7 < u < 2,

(1) < f,(m) and so for o, (T —ay,) < u < 0,(3F — o), (4.15) gives
2

K/I}H (u/op+a,) < exp (—%C_l(ﬂ' — an)20721>

= EQ2rno,0”Hr — a,))
< E(270,) < E(u), (4.17)

since T — a, > o and u < Un(‘O’TTr —ay,) < 27moy,.

Now from (4.6) and (4.10), there is a constant A > 0 such that
form <u< 37”,
|F7(u)] < @A, < Aoy

Thus 3
] S A fu(w), m<us< T
and so for o, (7 — @) < u < 0, (3 — ),
U (ufo,+an)| < Ac?|U, (u/on+ o)

< Aa~?u? ‘K/I}n (u/on + an)

(418
since u > o, (7 — a,) > o0

>
For 0 < 1 < , fu(u) < fa(5) and 50 for —oun < u < oa(5 —
ay), (4.15) gives

lll}n (u/on + o)

VAN

D

>

o

|

N |
Q
1
ENEN

|

=}

S
SN——
[}

)

S
N———

< EQ2ro,) < E(u), (4.19)

since a, — 5 > & > a and |u| < 0,0, < 270,

us
6
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Now we see from (4.6) that for 0 < u < T,
S osinu 1<~ sinu
fu(w)] < ——+ - = falu).
R e R D D reerverd L

Noting that

A A+1 A+1

sinu - A+ cos(27Fu) (10—01 )\—I—cos(Q_k_lﬂ'))_l
k=1

is bounded for A > 1,0 < u < 7, and recalling from Lemma 4.2 that

Jn is increasing in [0, 7], we see that for a constant K,

[fa(w)] < Knfo(7/2), 0<u<7/2

So by (4.10) there is a constant B such that for —o,a, < u <

O-n(% - O‘n)v

-~

V! (ufo, + ay)| < Bafﬁln (7/20, + ay) < Bi—gu?ﬁ(u), (4.20)

as in (4.19) and since |u| > o, (an, — ) > 0,7/6.
The result now follows from (4.15)—(4.20). O

LLemmas 4.6 and 4.7 allow us to apply the Dominated Conver-
gence Theorem to prove the following

Theorem 4.8 Suppose P,(—1) = 0. If j, denotes the number 1 or
1 as n is even or odd, then as n — oo,

R (u/on) — ¢=z(u=onan)®
i—nlfl;(u/an) + (u— an(yn)e—%(“—anan)Q -0,
in LP(0,00), 1 <p < oo.
ProoOF. We need consider only even n. Let

K/I}n U/Op+ ), U> —0,0n,
potw) = { Fvfon ko 0

otherwise.
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From Theorem 4.3, limy_o0 hp(u) = /2 and lim, ., b, (u) =

—ue~¥’ /2 locally uniformly. By Lemmas 4.5 and 4.7, h,, and hl, are

dominated by
h(u) = max{C(1+ |u)~2,ae™""}, ueR.
So by the Dominated Convergence Theorem,

im ho(u) =e 72 lim B (u) = —ue™ /2 (4.21)

n—0oo0 n—oo

in LP(R), 1 < p < oo. Also since h, e~ /2 and we=*"/2 all tend to 0
as u — to00, it follows that the convergence in (4.21) is also uniform.
The result follows. O

Since W, (—u) = (=1)"W,(u), u € R, we have a corresponding
result on (—o00,0). Adding these together and taking inverse Fourier
transforms gives the following

Theorem 4.9 Suppose P/ (—1) =0. As n — oo, for even n,
0, ¥y (0p2) — 2cos(opa,2)G (2) — 0,

and for odd n,
o,V (op2) — 2sin(o,0,2)G(2) — 0,

where the convergence is in L1(R), 2 < ¢ < oo.

Finally we show that the wavelets ¥,, have asymptotically opti-
mal time-frequency localisation, as deseribed in Section 1 (see (1.13),
(1.14)).

Theorem 4.10 If P)(—1) =0, then

1
Al ARy, =5
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Proor. Since ¥, (—z) = (-1)"¥,(z), z € R, we see that py, as in
(1.7), is 0 and so from (1.8),
Az — S 22 (2)Pda
o J o [V (@) 2d
I W (u) 2du
S22 W w)Pdu
Jo© 19, (u) *du
J5e W, (u)|2du

By Theorem 4.8, as n — o0,

| [#n /e

2 oo )
du — / e~ (u=onom)® 1o
0

and so - -
an/ |l/I}n(u)|2du—>/ e du, (4.22)
0 —00

since 0, — 00. Also by Theorem 4.8, as n — oo,

1 [~
!
o2 | [Fh /o)

2 - 2
du — / (U — opay)2e”(4=omen) dy 4
0

and so . - -
— |lTJ;L(u)|2du —>/ e du.
On 0 —00
Thus ,
O wem"du 1
n—00 o € du 2

By Theorem 4.3 and Lemmas 4.6 and 4.7, for j = 1, 2,

2

(U — O'nan)j ‘{I}n (U/Un) - (u — G'nan)je_(u_ona")2 —0asn— o

in L'(0,00). Thus as n — oo,

o0
/ (v — opay)
0

~ 2
U, (u/o,)| du—0, (4.24)
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/Om(u — o) | (w0

Now

du — / u?e™ du. (4.25)

o 2 o 2
/ u‘llin(u) du = %/ u‘\I!n (u/oy)| du
0 O0n Jo
L[ ¥ Yaut 2 [ e Y
= U_%/o (u— opa,) |V, (u/0y,) u—l—a ) ‘ n(ufo,)| du.
Thus from (1.13),
+ fo — 0,0, |lIl (u/an)|2du
M, = G'nfo |\I/ (u/o,)|?du "
and hence from (4.22) and (4.24),
nh_)rrgo Un(,ugn —ay,) =0. (4.26)
By (1.14)
o fo )W ()] *du
2
n(a) =
n fo |lIl u)|?du

Jo© (w—=onpk )? W, (/)|
W, (u)0,)|2du

o |
foo 2=y 1
- f e =3 (4.27)

as n — 00, by (4.26), (4.25) and (4.22). The result then follows from
(4.23) and (4.27). O
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